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Preface

In this monograph, we combine operator techniques with state space methods
to solve factorization, spectral estimation, and interpolation problems arising in
control and signal processing. We present both the theory and algorithms with
some Matlab code to solve these problems.

A classical approach to spectral factorization problems in control theory is
based on Riccati equations arising in linear quadratic control theory and Kalman
filtering. One advantage of this approach is that it readily leads to algorithms
in the non-degenerate case. On the other hand, this approach does not easily
generalize to the nonrational case, and it is not always transparent where the
Riccati equations are coming from.

Operator theory has developed some elegant methods to prove the existence
of a solution to some of these factorization and spectral estimation problems in a
very general setting. However, these techniques are in general not used to develop
computational algorithms. In this monograph, we will use operator theory with
state space methods to derive computational methods to solve factorization, spec-
tral estimation, and interpolation problems. It is emphasized that our approach is
geometric and the algorithms are obtained as a special application of the theory.
We will present two methods for spectral factorization. One method derives algo-
rithms based on finite sections of a certain Toeplitz matrix. The other approach
uses operator theory to develop the Riccati factorization method. Finally, we use
isometric extension techniques to solve some interpolation problems.

The monograph is divided into five parts. In the first part, we present some
classical results from operator theory. This includes the Wold decomposition, uni-
lateral and bilateral shifts, the Beurling-Lax-Halmos Theorem, and the Naimark
representation Theorem. Chapter 5 on the Naimark representation Theorem is
one of the fundamental tools that is used throughout the monograph. The reader
familiar with operator theory can skip this part and refer back to it as needed.
This part also includes some results on rational functions which are not usually
presented in elementary operator theory. The first part is self contained and is
written for someone with a minimal background in operator theory. The other
four parts are more or less independent of each other, and can be read separately.
There may be some cross references. However, this should not cause any major
difficulty.

In part II, we develop finite section techniques to compute the inner-outer
factorization of rational functions and solve a spectral factorization problem in
both the square and non-square cases. Furthermore, operator techniques are used
to solve some sinusoid estimation problems in signal processing. In particular,
we use geometric methods to develop the Capon-Genorimus sinusoid estimation
algorithm. Finite section methods are also used to solve some sinusoid estimation
problems. Many of these techniques are based on the Levinson and Kalman-Ho
algorithm. Several examples using Matlab are given.
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In part III, we use Riccati techniques to solve factorization and Darlington
synthesis problems. These Riccati techniques are developed from the Naimark
representation Theorem. Chapter 11 is devoted to the Kalman filter. This chapter
can be read independently from the rest of the monograph. This is included to
demonstrate where the Riccati equations in control theory originally came from,
and how they can be used to solve Kalman and Wiener filtering problems.

The fourth part is an introduction to positive real and H° type interpolation
problems. Our approach is based on extending a contraction to an isometry. Here
we do not present the set of all solutions, we just give the central solution and
corresponding state space formula. The central solution is the one that is most
widely used in applications.

The fifth part is the appendix which includes a short review of state space
techniques used throughout the monograph. We also place a special emphasis
on the Kalman-Ho algorithm, which plays a fundamental role in some of our
computational techniques. The last chapter is devoted to the Levinson algorithm.
Finally, the Gohberg-Semencul-Heinig inversion formula for a positive Toeplitz
operator is presented.

It is assumed that the reader is familiar with linear algebra, and some ele-
mentary facts from operator theory such as the projection theorem, the adjoint
of an operator and a positive operator. Our approach is geometric and we do not
rely on measure theoretic techniques. It is also assumed that the reader is familiar
with some elementary concepts from linear systems theory such as controllability,
observability and state space realization. A review of some of these state space
techniques is given in the appendix. Some sections can be skipped without any
loss of continuity and the reader will be notified when this is the case. We have
also used the notes at the end of the chapter to develop some technical connections
between our results and some of the existing theory. Finally, it is noted that we
developed our theory using Hardy spaces of functions which are analytic outside
the open unit disc. This was done mainly because these Hardy spaces are more
naturally suited to the fast Fourier transform algorithm in Matlab and state space
methods.

We hope that this monograph is beneficial to both mathematicians and en-
gineers. We believe that the operator theoretic foundation provides additional
insight into spectral factorization and signal processing. Moreover, this framework
may be useful for other engineering applications. Finally, the applications and
examples may provide some additional insight into other mathematical problems.

August, 2009 The authors
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Chapter 1

The Wold Decomposition

In this chapter we will introduce the classical Wold decomposition for an isometry
U on K. The Wold decomposition was initially used to decompose a wide sense sta-
tionary random process into its deterministic and purely nondeterministic parts.
We will also study unilateral and bilateral shifts, and present an introduction to
Toeplitz operators. Finally, the Wold decomposition along with Toeplitz and shift
operators will play a fundamental role in our approach to signal processing and
factorization theory.

1.1 The Unilateral Shift

This section is devoted to the unilateral shift and some of its properties. Recall
that A is an operator if A is a bounded linear map acting between two Hilbert
spaces. The adjoint of an operator A is denoted by A*. If H is a subspace of
a Hilbert space K, then Py denotes the orthogonal projection onto H. Finally,
the identity operator on a Hilbert space X is denoted by Ix or just I when the
underlying space is understood.

Recall that an operator A mapping X into ) is an isometry, if A*A =1, or
equivalently, || Az| = ||z| for all  in X. In other words, an isometry is an operator
which preserves the norm. In particular, an isometry is one to one. We say that
an operator A is a co-isometry, if A* is an isometry. The operator A mapping X
into Y is unitary, if A*A = Iy and AA* = Iy. An operator A is unitary if and
only if A is an isometry and A is onto ). Observe that A is unitary if and only if
both A and A* are isometries. Finally, for an example of an operator which is an
isometry but not unitary, consider the operator A given by

1 1
A= — :C — C2
\/5[1}
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For the moment assume that U is an operator acting on a finite dimensional
space X. Then U is an isometry if and only if U is a unitary operator. If U is an
isometry, then U is one to one. Because X is finite dimensional and U on X is one
to one, U must be onto, and thus, U is unitary. In a moment, we will introduce
the unilateral shift, which is an example of an isometry on an infinite dimensional
space which is not unitary.

Let us establish some further terminology. An operator ® mapping X into
Y is invertible if & admits a bounded inverse, that is, there exists an operator ¥
mapping Y into X such that ®¥ = Iy and V& = Ix. We say that two operators
Aon X and B on Y are unitarily equivalent (respectively similar), if there exists a
unitary operator (respectively an invertible operator) ® mapping X onto ) such
that ®A = B®. We say that an operator @ intertwines A on X with B on Y, if
@ is an operator mapping X into ) such that QA = B(Q. In particular, A and B
are unitarily equivalent (respectively similar) if and only if there exists a unitary
operator (respectively an invertible operator) intertwining A with B. Finally, we
say that L is a cyclic set for an operator A on X, if £L C X and

x=\/ AL (1.1.1)
n=0

As expected, \/ denotes the closed linear span.

Let U be an isometry on K. We say that a subspace £ C K is a wandering
subspace for U, if for all positive integers m and n, the subspace U™ L is orthogonal
to the subspace U™ L, when m # n. (By positive we mean greater than or equal to
zero. A subspace is a closed linear space.) Notice that £ is a wandering subspace
for U if and only if the subspace U™L is orthogonal to £, for all integers n > 1.
(The proof is left as an exercise.) If £ is wandering for U, then My (L) is the
invariant subspace for U defined by

My (L) = émc - {7 UL, (1.1.2)
n=0 n=0

It is emphasized that a vector g is in M (£) if and only if g = Y ;° U"gy, where
gn € L for all integers n > 0 and ||g[|* = >°;" ||gn||? is finite.

If U is an isometry on K, then £ = ker U* is a wandering subspace for U.
(The kernel of an operator A is denoted by ker A.) To see this, let f and g be
any two vectors in £ = kerU*. Then (U"f,g) = (f,U*"g) = (f,0) = 0, for all
n > 1. Hence U™ L is orthogonal to £ for all n > 1. Therefore ker U* is a wandering
subspace for U.

We say that S is a unilateral shift or forward shift on 61(5), if S is the
operator given by
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O O ~NO
O ~NO O
~N o O O
o O oo

on 3 (€). (1.1.3)

The identity operator I on £ appears immediately below the main diagonal and
zeros everywhere else. As expected, ¢2 (£) is the Hilbert space formed by the set
of all vectors of the form

Jo
fi >
f=1f,| where I£11? = E | fall? < o0 and f,, € € for all n > 0.

n=0

Notice that S is an isometry. Since the first row of S is all zeros, the unilateral
shift is not onto. In other words, the unilateral shift is not a unitary operator.
The dimension of £ is called the multiplicity of S. In a moment, we will show that
two unilateral shifts with the same multiplicity are unitarily equivalent. Notice
that £ = ker S* is the subspace of ¢ (£) obtained by embedding & into the first
component of ¢2 (£), that is,

c:mw%{[ﬁo OO~~V€ﬁwyh64.

Clearly, (3 (£) = M4 (L) = ®&FS"L. (The transpose of a vector or matrix is de-
noted by ¢r.) In other words, £ is a cyclic and wandering subspace for S. Motivated
by this analysis we define the following general or abstract version of a unilateral
shift.

Definition 1.1.1. An operator U on K is a unilateral shift, if U is an isometry and
U contains a cyclic wandering subspace £, that is, L = M (£). In this case, the
dimension of L is called the multiplicity of U.

Assume that U is a (general) unilateral shift on IC. Then kerU* = KO UK is
the only cyclic wandering subspace for U. Let L be any cyclic wandering subspace
for U. Tt is sufficient to show that £ = ker U*. Since £ is orthogonal to U’ L for
all j > 1, and K = @FUIL, we see that L is orthogonal to UK. In other words,
L C ker U*. To show that £ = ker U*, assume that g is a vector in ker U*, which is
orthogonal to £. Since g is in ker U*, then g must be orthogonal to UK = ®$U’ L.
Thus ¢ is orthogonal to £ and U’L for all j > 1. Because £ is cyclic for U, the
vector g must be zero. Therefore £ = ker U*, which proves our claim.

The previous analysis shows that an isometry U on K is a unilateral shift if
and only if £ & UK is cyclic for U, or equivalently, K = M (ker U*).
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We claim that two unilateral shifts are unitarily equivalent if and only if they
have the same multiplicity. In particular, if U is a unilateral shift of multiplicity
n, then U is unitarily equivalent to the unilateral shift S on (3. (E) where the
dimension of £ is n.

To verify this, let U on M4 (£) and S on M4 (€) be two unilateral shifts,
where £ = kerU* and £ = ker S* have the same dimension. Without loss of
generality we can assume that £ = £. Any vector f in M (€) = ®FS*E admits
a unique representation of the form f = ®5°S*gy, where each gi is in £ and
17112 = >0 llgx|/? is finite. Let W be the linear relation mapping M. (€) onto
M (L) = ®FU*L defined by

WY Shge=> Urgr (g€ €and Y |gil® < o0). (1.1.4)
k=0 k=0 k=0

Since [[WF]2 = | S5 Urgel? = Y5 gl = 12 it follows that W is an
isometry. Because W is onto, W is unitary. We claim that W intertwines S with
U, that is, WS = UW. To show this, observe that

UWF=UY Ulgpe=> Urtlg =W Sktlg =WSsFf.
k=0 k=0 k=0

Therefore WS = UW. In other words, U and S are unitarily equivalent.

Let U be a unilateral shift on  and £ the cyclic wandering subspace for
U. If Y is a cyclic subspace for U, then dim £ < dim ). To see this, recall that
L = K 6 UK. Because L is orthogonal to UK, we have PU"Y = {0} for all
integers n > 1. Since Y is cyclic for U, we obtain

L=P:K =P \/ U"y =P:).

n=0

In other words, £ = P;). Therefore dim £ < dim ).

1.2 The Eigenvalues for the Backward Shift

If A is an operator on X, then A™ converges to zero in the strong operator topology
if A™x converges to zero as n tends to infinity for each z in X. If S is a unilateral
shift on K, then S* is called the backward shift on K. In other words, an operator
is a backward shift, if it is adjoint to a unilateral or forward shift.

As before, let S be a unilateral shift on K. We claim that S*™ converges to
zero in the strong operator topology. Due to unitary equivalence, without loss of
generality, we can assume that S is the unilateral shift on ¢3 (€) given in (1.1.3).
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Then the adjoint S* of S is given by

S* = on £3 (€). (1.2.1)

O O O O
O O O M~
O O ~NO
O ~NO O

In this case, S* is called the backward shift on ¢%(€). To show that S*" converges
to zero in the strong operator topology, let f be any vector in Ei (). Then S*™ f
is the vector given by

fn fO

Jnt1 f1

STF=1 fase where f=1 7, | € (&) (n>0).

Since || f]|2 = Yo7 Ifx]|? is finite, [|S**f||? = Y pe,, || f&l* must converge to zero
as n approaches infinity. In other words, if S* is the backward shift, then S*"
converges to zero in the strong operator topology.

It is easy to verify that the unilateral shift S has no eigenvalues. However,
the set of all eigenvalues for S* is the open unit disc D = {z € C: |z| < 1}. In
fact, for each A in D, a corresponding eigenvector 1y is given by

/
Af
Urp = | N2f (fe&and f#0). (1.2.2)

Notice that each nonzero f in £ determines an eigenvector for the eigenvalue A. So
the dimension of the kernel of S* — AI equals the dimension of £. In other words,
the dimension of the eigenspace for S* corresponding to the eigenvalue A equals
the dimension of £. (Recall that the kernel of A — AT is called the eigenspace for
the operator A corresponding to the eigenvalue A.) Finally, the dimension of the
kernel of S* — AI equals the multiplicity of S.

To obtain the form of the eigenvectorsin (1.2.2), let g= [ go g1 g2 - ]tr
ltoe)a vector in £2 (£) such that S*g = Ag. (The transpose of a vector is denoted by
".) Then

g1 g0

92 . g1
g | =5 9=2=X| ¢, |- (1.2.3)
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If A = 0, then g, must be zero for all £ > 1. Hence g = p4,. On the other
hand, if A # 0, then (1.2.3) shows that g1 = Ago, g2 = Ag1 = A?go. By continuing
in this fashion, we see that gi = Mgy for all k& > 0. Therefore the eigenvector
corresponding to A is given by g = 15y where f = go is nonzero. Finally, observe
that

I1f112

2 — 2 )\277, —

is finite for all A in D. Thus 9, is a nonzero vector in ¢2 (£) such that S*i, =
Ay ¢. Therefore the set of all eigenvalues of S* is given by DD. Moreover, for each
fixed A in I, the corresponding eigenvector is 15¢. In particular, the eigenspace
for A is given by

ker(S* - )\I) = {w)\f fe 5} (1.2.4)

Observe that || f||? = ||v/1 — [A[?¥xf||?. Hence the mapping f — /1 — [\*¥ns
defines a unitary operator from £ onto the eigenspace for S* corresponding to the
eigenvalue A. Finally, it is noted that the multiplicity of the eigenvalue X is the
dimension of £.

A contraction is an operator whose norm is less than or equal to one. Recall
that the spectrum of an operator is closed. Because S* is a contraction and the
set of all eigenvalues for S* is D, it follows that the spectrum for S* is the closed
unit disc D. Recall also that A is in the spectrum of an operator A if and only if
A is in the spectrum of A*. Hence the spectrum for the unilateral S is also the
closed unit disc D.

1.3 The Wold Decomposition

Let A be an operator on X. Recall that a subspace X} reduces A if X7 is an
invariant subspace for both A and A*. Observe that X} reduces A if and only if
its orthogonal complement X5 = X & A} is also a reducing subspace for A*. The
notation A = A; ® Ay on X1 @ X means that X7, or equivalently, X5 is a reducing
subspace for A, and the space X = X; @ Xs. Furthermore, A; is the operator on
X defined by A; = A|X}, while Ay is the operator on X defined by A = A|As.
Finally, it is noted that the notation A = A; & A on X & As is equivalent to
saying that A admits a matrix representation of the form

- Al 0 Xl
4 2)e 2]
The following result is known as the Wold decomposition, it shows that any isom-

etry U on K can be uniquely decomposed into a unilateral shift and a unitary
operator.

Theorem 1.3.1 (Wold decomposition). Let U be an isometry on K. Then U admits
a unique decomposition of the form U =S®V on K1 @V, where S is a unilateral



1.3. The Wold Decomposition 9

shift on Ky and V' is a unitary operator on V. Moreover, the subspace K4 and V
are determined by

Ky =@U"kerU*) and V=)U"K. (1.3.1)

n=0 n=0

In particular, U admits a matriz representation of the form

S0 K+
U—[Ov}on{v]. (1.3.2)
The multiplicity of S equals the dimension of the kernel of U*. Finally, it is noted
that the subspaces K1 or V may be zero.

Proof. Let £ =kerU*. Then L is a wandering subspace for U. Because
kerU* =Ko UK,
the space K = £ & UK. By induction,

K=LoUK=LoUL®UK)
=LoULQUK=LoULSU*(LaUK)
=LOULBU LUK =---
=@op_ UL e UK.

This readily implies that
UK =Ko (ep_,U"L) (n >0). (1.3.3)

Let Kt be the subspace of K defined by K = @5°U"L, and set V = Ko K;. We
claim that the subspace V = (), U"K; see (1.3.1). To verify this, observe that a
vector g is an element in V if and only if g is orthogonal to U¥L, for all integers
k > 0. By consulting (1.3.3), this vector g must be in UK, for all n > 0. The
subspaces {U"K}$° are decreasing, that is, U" T C UK for all n > 0. Hence g
isin (,—o UK. Thus g is in V if and only if g € ()~ UK. Therefore the subspace
Y is given by (1.3.1).

Notice that both £, and V are both invariant subspaces for U. In other
words, K1 and V are reducing subspaces for U such that I = K @& V. Now let S
be the operator on K4 defined by S = U|K4, and V be the operator on V given
by V =U|V. Then U admits a matrix representation of the form

1S 0 K+
o3 2] [5]
Since L is a cyclic wandering subspace for S, it follows that S is a unilateral shift
on K.
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To verify that V is unitary it is sufficient to show that ¥V = V'V, or equiva-
lently, the kernel of V* is zero. Assume that ¢ is a vector in V such that V*p = 0.
Since U = S @V, we see that U*p = 0. Hence ¢ is a vector in £ C K. In other
words, ¢ is in VN K4 = {0}. Therefore ¢ = 0, and V is unitary.

To complete the proof, it remains to show that the decomposition U = S&V
is unique. Assume that U = S1 & V; on Ky & V1, where Sy is a unilateral shift and
V1 is unitary. Then the cyclic wandering subspace £, for S is determined by

Ly =ker ST =ker(S} @ V") = kerU* = L.

Hence £ = L£;. This readily implies that

Ki= é)S{‘El = éé)U”El = é)U”E =K;.

Thus K = K. Because V is the orthogonal complement of X in K, and V; is the
orthogonal complement of K7 in K, it follows that V = V;. Therefore the Wold
decomposition of U is unique. |

Lemma 1.3.2. Two unitary operators U on K and Z on Z are similar if and only
if they are unitarily equivalent.

Proof. Obviously, if U and Z are unitarily equivalent, then they are similar. As-
sume that U and Z are two unitary operators such that UW = WZ where
W is an invertible operator mapping Z onto K. By taking the adjoint, we see
that W*U* = Z*W*. Multiplying by U on the right and Z on the left, we ob-
tain W*U = ZW*. Multiplying by W on the right with UW = WZ, yields
W*WZ = ZW*W. This readily implies that (W*W)"Z = Z(W*W)" for all
integers n > 0. So for any polynomial p(A) this implies that

p(W*W)Z = Zp(W*W). (1.3.4)

Recall that if A is any positive operator on X, then there exists a sequence of
polynomials {p, }§° such that p,(A) converges to the positive square root A'/2 of
A in the strong operator topology; see Problem 95 in Halmos [126]. So by choosing
the appropriate polynomials and passing limits in (1.3.4), we see that RZ = ZR
where R is the positive square root of W*W. Since W is invertible, R is also
invertible. Moreover, ® = WR™! is a unitary operator from Z onto K. To see this
simply observe that ®*® = I and ® is onto. Using W = ® R, we obtain

Ub=UPRR '=UWR '=WZR '=®dRZR '=dZRR ' = dZ.

Therefore U® = & 7. O

Theorem 1.3.3. Two isometries U on K and Z on Z are similar if and only if
they are unitarily equivalent.
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Proof. Clearly, if U and Z are unitarily equivalent, then they are similar. Assume
that U and Z are two isometries such that UW = W Z where W is an invertible
operator mapping Z onto K. Let U = S@V on My (kerU*)®Vand Z=8S®V
on M (ker Z*) & V be the Wold decompositions of U and Z, where S and S are
unilateral shifts while V and V are unitary operators. Using W*U* = Z*W* along
with the fact that W* in invertible, it follows that ker Z* = W* ker U*. (This is
left as an exercise.) In particular, ker U* and ker Z* have the same dimension. So
the unilateral shifts S and S have the same multiplicity. In other words, S and S
are unitarily equivalent. _ _

It remains to show that V on V = NFU"K and V on V = N§°Z"Z are
unitarily equivalent. For any integer n > 0, we have

WY CWZ"Z = U"WZ = U"K.

By taking the infinite intersections, we see that Wy Cy. Using W~ 1U ZW—1,
a similar argument shows that W~ 1V C V or equivalently, V C WV. In other
words, WV = V. Hence W maps V one to one and onto V. Since UwW = w2z,
it follows that W[V : ¥ — V is an invertible operator intertwining V=2 \V
with V' = Z|V. According to Lemma 1.3.2, the operators V and V are unitarily
equivalent. O

1.4 The Bilateral Shift

This section is devoted to the bilateral shift, which plays a basic role in our ap-
proach to factorization theory. Throughout ¢?(£) is the Hilbert space consisting
of all square summable two-sided vectors with values in &, that is, £2(&) is the set
of all vectors of the form

o .

f=1fo| where ||f||*> = Z | full? < o0 and f,, € & for all n.
.fl n=—o0o

Moreover, 2 () is the Hilbert space formed by the set of all vectors of the form

— 00

f= :;—3 where | f|* = Z | fall> < 0o and f,, € & for all n < 0.
—2 n=-—1

[

Finally, it is noted that ¢2(£) admits an orthogonal decomposition of the form
C(E) =2(E)  3(E).
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Let U be a unitary operator on K. Let us emphasize that U in this section
is unitary. Using UU* = I, we say that a subspace L is wandering for U if and
only if UL is orthogonal to U* L for all integers n # k. In this case, we define the
subspace M (L) of K by

M(L)= @ UL, (1.4.1)
It is emphasized that a vector g is in M(L) if and only if g = Y>> U™g,, where
gn € & for all integers n and ||g[|* = 357 [|g.[|* is finite. Since M(L) is invariant
for both U and U*, the subspace M(L) is a reducing subspace for U. Moreover,
the subspace M, (L) is an invariant subspace for U. Recall that the wandering
subspace £ is uniquely determined by M (L), that is, £L = M (L) © UM (L).
However, the subspace M (L) cannot be used to determine the wandering subspace
L. For example, both £ and UL are wandering for U and M (L) = M(UL). Clearly,
L and UL have the same dimension. This is a special case of the following result.

Proposition 1.4.1. Let £ and &£ be two wandering subspaces for a unitary operator
U on K. Assume that M(E) C M(L). Then dim & < dim L. Finally, if € is finite
dimensional, then M(E) = M(L) if and only if € and L have the same dimension.

Proof. Recall that M(E) C M(L). For the moment assume that dim £ > R where
N is the cardinality of the integers. Then

Rdim £ = dim M(L) > dim M(E) = Rdim €.

Hence dim £ > dim £.

Now assume that the dimension of £ equals m is finite. Let {e;}7* be an
orthonormal basis for £ and {¢;}} be an orthonormal basis for £. Because £ and
L are both wandering subspaces, we see that

{Ukejzlgjgmand —oo <k < oo}
{ngojzlgjgnand —oo <k < oo}
form an orthonormal basis for M(E) and M (L), respectively.

By employing Bessel’s inequality [¢;[> > Y, [(¢;, U¥e;)|? and Parseval’s
equality >, |(U**;,€:))? = ||ei||?, we obtain

dim £ =" [l = (), Ures)?
j=1 ki

= (U Fgs e =Y Jles]? (1.4.2)
Jki i=1

=dim¢€.

Thus dim € < dim L.
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If dim & = dim £, then we have equality in (1.4.2). Hence

ol = 1(ps, Uren)]*  (forall 1 < j < n).
ki

Since {U%e;};x is an orthonormal basis for M(&), this implies that {p;}7 is
contained in the subspace M(E). Hence M(L) C M(E). Combining this with
the hypothesis M(E) C M(L) yields M(E) = M(L). On the other hand, if
M(E) = M(L), then {U¥e;} i, is an orthonormal basis for M(L). In this case, we
have equality in (1.4.2), that is, dim & = dim L. |

An operator U on K is called a bilateral shift if U is a unitary operator and
K = M(L) where L is a wandering subspace for U. The dimension of £ is the
multiplicity for U. The wandering subspace £ is not uniquely determined by U.
However, Proposition 1.4.1 shows that the multiplicity of U is independent of the
wandering subspace satisfying K = M(L). For an example of a bilateral shift
consider the unitary operator U on ¢?(€) defined by

on (*(€) = (1.4.3)

O OO M~
O O~ O

0
0]

I

0

The box around zero represents the zero-zero entry Uyg = 0 of U. Notice that the
identity I on £ appears immediately below the main diagonal and all other entries
are zeros. Clearly, U in (1.4.3) is unitary. To show that this U is a bilateral shift,

observe that
L=|-- 00 00

is a wandering subspace for U such that ¢2(£) = M(L). Finally, it is noted that
dim & is the multiplicity of U.

Two bilateral shifts with the same multiplicity are unitarily equivalent. To
see this, let U on M(L) and U; on M(L1) be two bilateral shifts of the same
multiplicity where £ is wandering for U and £, is wandering for U;. Since U
and U; have the same multiplicity, without loss of generality we can assume that
L = L;. Now let ® be the unitary operator mapping M (L) onto M(L;) defined
by

tr

dpx Ugy =02 Ulgn  (©2,U"gn € M(L)).

Then it is easy to verify that ® intertwines U with U;. In other words, U and U; are
unitarily equivalent. Finally, it is noted that any bilateral shift with multiplicity
n is unitarily equivalent to the bilateral shift on U on ¢?(€) in (1.4.3) where n is
the dimension of €.
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Let T be an operator mapping & into ). Then we say that U is an extension
of T if U is an operator mapping H into K such that U|JX = T where X is a
subspace of H and )Y is a subspace of K. Notice that U is an extension of 7" if and
only if U admits a matrix representation of the form

U_{A 0][Hex}%[/€ey}
c T |- X y '

Now assume that T is an operator on X. Then U on K is an extension of T’
if U|JX =T where X C K. We say that two extensions U on K and Uy on Ky of T
are isomorphic if there exists a unitary operator ® mapping K onto Xy such that
OU = U1 P and X = Iy.

For example, let S be the unilateral shift on ¢% (€) in (1.1.3) and U on ¢*(€)

the bilateral shift in (1.4.3). Then U is an extension of S. In other words, U admits
a matrix representation of the form

U= [ a0 } on £2(€) = [ %Eg ] (1.4.4)

Clearly, U and S have the same multiplicity. Recall that any unilateral shift is
unitarily equivalent to the unilateral shift S on ¢2(€), and any bilateral shift
is unitarily equivalent to the bilateral shift U on ¢2(£). This readily yields the
following result.

Proposition 1.4.2. Any unilateral shift can be extended to a bilateral shift with the
same multiplicity.

As before, consider the matrix representation for the bilateral shift U on
(%(€) in (1.4.4) where S on £2 (£) is the unilateral shift. Notice that

o0

eE) =\ Ui,

n=—oo

Because éi(ﬁ ) is an invariant subspace for U, the previous equality is equivalent to
2(&) = /7 U™ (). Motivated by this, let Uy be any isometry on K. Then we
say that U on K is a minimal unitary extension of U, if U is a unitary extension
of Uy satisfying

K= \/ UKy or equivalently K = \/ UK. (1.4.5)

n=—oo n=0

Clearly, the bilateral shift U on ¢2(€) in (1.4.4) is a minimal unitary extension of
the unilateral shift S on ¢2 (€). By virtue of the Wold decomposition any isometry
U4 admits a minimal unitary extension. To see this, let Uy = S@®V on L ©V
be the Wold decomposition of U} where S is a unilateral shift and V' is unitary.
Without loss of generality we can assume that S is the unilateral shift on K =
(%(€). Then U ® V on (?(£) @V is a minimal unitary extension of S where U is
the bilateral shift on ¢2(£). This proves the first part of the following result.
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Proposition 1.4.3. Any isometry Uy on K1 admits a minimal unitary extension.
Moreover, all minimal unitary extensions of Uy are unique up to an isomorphism.

Proof. To complete the proof it remains to establish the uniqueness result. Let
U on K and Z on Z be two minimal unitary extensions of U,. Let {g;}>°,, be a
sequence of vectors in Ky with compact support, that is, the number of nonzero
vectors in {gx}>, is finite. Then we obtain

1Y ZRal? = (Z8gk, Z7g;) =D (2" gk, i) + > (g, 277" g))

k=—o k,j k>j k<j
k—j ik
=Y (U gk, 9) + > (g5 UL "g5)
k>3 k<j
=D U gk g)) + Y (g6 U g =1 > Urgel®.
k>3 k<j k=—oc0

This and the minimality condition imposed on U and Z imply that the relation

® Y =) Ula

k=—0c0 k=—o0

defines an isometry mapping a dense set in Z into a dense set in L. So ® can be
extended by continuity to a unitary operator also denoted by ® mapping Z onto
K. For any sequence of vectors {gx} >, in K with compact support, the definition
of @ yields

©Z Y Zhge= > UMlg.=U® Y Z'g.
k=—o0 k=—oc0 k=—o
In other words, ®Z = U®. Clearly, ®|K = 1. O

The spectrum of the bilateral shift. Recall that the spectrum o(A) of an operator
A on X is the set of all points A in the complex plane such that Al — A is not
invertible. It is well known that the spectrum for A is closed; see Halmos [126].
Recall that the unilateral shift has no eigenvalues. Moreover, the spectrum for the
unilateral shift is the closed unit disc D. It is easy to show that the bilateral shift
also has no eigenvalues. We claim that the spectrum for the bilateral shift is the
unit circle T={z € C: |z]| = 1}.

To see this, let U be the bilateral shift on £2(€) and A be any complex number
on the unit circle. Consider the unit vector ¢,, determined by

- 1 — —n—2 —n—1 tr
‘Pn—%['u()()f)\f'“)\ F A0 0

where f is any unit vector in £. Notice that the vector ¢,, has precisely n nonzero
components. A simple calculation shows that
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~n—1
IMfIP A" fI12 2

n n

IA = U)epu® =

This readily implies that ||(A] —U)py|| converges to zero as n tends to infinity. So
for any A on the unit circle, \I — U is not invertible. Hence T C o(U). Because the
spectrum of any unitary operator is contained in the unit circle, and the bilateral
shift is a unitary operator, we see that T = o(U).

1.5 Abstract Toeplitz Operators

Proposition 1.5.2 below will be used to develop some fundamental factorization
results in future chapters. In order to prove Proposition 1.5.2, we needed to present
the notion of an abstract Toeplitz operator and some preliminary results in Propo-
sition 1.5.1. In Chapter 2 these results will also be used to analyze Laurent and
Toeplitz block matrix operators. Finally, the proofs in this section are given for
completeness. However, the techniques developed in these proofs are not used later
on, and thus, may be skipped by the reader.

Let A be an operator on X and B an operator on ). The set of all operators
T intertwining A with B is denoted by Z(A, B), that is, Z(A, B) is the set of all
operators T' mapping X" into ) such that TA = BT. An abstract “causal” Toeplitz
operator is an operator which intertwines two isometries. This is a generalization
of the definition of the classical causal Toeplitz operator which intertwines two
unilateral shifts on the appropriate 63_() spaces; see Chapter 2. The following
result provides some insight into studying classical Toeplitz operators.

Proposition 1.5.1. Let U on K be a minimal unitary extension of an isometry Uy
on Ky and Z on Z a unitary (not necessarily minimal) extension of an isometry
Zi on Z4. Let T be an operator in Z(Uy, Z4). Then the following holds.

(i) There exists a unique operator L in T(U,Z) extending T .
(ii) This operator L is given by
L = strong lim Z*"TU"P, (1.5.1)

n—oo
where P, is the orthogonal projection onto U*"K .
(iii) The operator L and T have the same norm, that is, ||L|| = ||T-

(iv) If the range of T is dense in Z1 and Z is a minimal unitary extension of
Z 4, then the range of L is dense in Z.

(v) If T is an isometry, then L is an isometry.
(vi) If T is unitary and Z is a minimal unitary extension of Z, then L is unitary.

Proof. First let us show that L in (1.5.1) is a well-defined operator. Let g be a
vector in K. For any integers n > j > 0, we have

LU g = Z*""TU"P,U" g = Z""TU" g = Z*"TU} g = Z*" 21/ Tg = Z"Ty.
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For any integer j > 0, we have
LUYg=27"Tg (g€ K, and j>0). (1.5.2)

So L is a well-defined linear map on U*K. Choosing j = 0, yields LI, = T.
Notice that {U*/KC4 }5° is an increasing sequence of subspaces, that is, U* K C
U*ITLKC, . Since U is a minimal unitary extension, {U*/K}5° is dense in K. In
other words, L is a well-defined linear map on a dense set in K. To show that L is
bounded, notice that for any integer j > 0 and g in K, we have

ILUSgll = 2Tl < IT|lllgl = ITIUg]].

Thus | L|| < ||T||- Because L|K = T, the operators L and T have the same norm.
Finally, observe that L can be uniquely extended by continuity to an operator also
denoted by L from K into Z. In fact, the formula in (1.5.1) yields this extension
of L.
We claim that L is in Z(U, Z). For any integer j > 0 and ¢ in K, equation
(1.5.2) yields
LU*UY g = LUt g =7*H1Tg=7Z*LU"g.

Since {U*K 4 }&° is dense in Ky, we see that LU* = Z*L. Multiplying by Z on
the left and U on the right, shows that ZL = LU.

Let M be any operator in Z(U, Z) extending T'. Then (1.5.2) with Z*M =
MU* yields

LU%g=2Tg=7""Mg=MU"g (geKy and j>0).

Since {U*K4}&° is dense in K, we see that L = M. Therefore Parts (i) to (iii)
hold.

To prove that Part (iv) holds, assume that the range of T' is dense in Z; and
Z is a minimal unitary extension of Z;. By consulting (1.5.2), we see that

ranl 2 \/ Z9TK, = \/ 272, = 2.
j=0 j=0

In other words, the range of L is dense in Z.
To verify that Part (v) holds, assume that T is an isometry. By consulting
(1.5.2), we obtain

ILU gl = 129Tg| = llgll = IU"gll (g € K4 and j > 0).

Since {U*K, }5° is dense in K, we see that L is an isometry.

Clearly, the range of an isometry is closed. So if an isometry L mapping K
into Z is onto a dense set in Z, then L is a unitary operator. In other words, Part
(vi) is an immediate consequence of Parts (iv) and (v). O
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An operator W from X into ) is a quasi-affinity if W is one to one and the
range of W is dense in Y. This sets the stage for the following result.

Proposition 1.5.2. Let S be the unilateral shift on Zf_ (&) where € is finite dimen-
sional. Let Uy be an isometry on Ky whose wandering subspace L = K © ULK
has the same dimension as E. Then S is unitarily equivalent to Uy if and only if
there is a quasi-affinity intertwining S with Us.

Proof. Let Uy =S4+ @V on M4 (L) @V be the Wold decomposition of U} where
Sy is the unilateral shift and V' is unitary. Because S and Sy have the same
multiplicity, S and S, are unitarily equivalent. So without loss of generality, we
assume that Sy = S is the unilateral shift on ¢2 (£). To complete the proof, it
remains to show that ¥V = {0} when there exists a quasi-affinity W in Z(S,Uy).
Let U be the bilateral shift on ¢2(£) viewed as a minimal unitary extension of
S. Let Z be the minimal unitary extension of Uy given by Z =U @V on Z =
2(€) @ V. According to Proposition 1.5.1, there exists a unique operator L in
Z(U, Z) extending W. Moreover, the range of L is dense in Z; see Part (iv) of
Proposition 1.5.1.

We claim that U is unitarily equivalent to Z. By taking the adjoint of ZL =
LU, we obtain U*L* = L*Z*. Because both U and Z are unitary, L*Z = UL*.
Hence ZLL* = LL*Z. This implies that Z(LL*)" = (LL*)"Z for all integers
n > 0. So for any polynomial p(\) we have Zp(LL*) = p(LL*)Z. Recall that one
can choose a sequence of polynomials {p,}§° such that p,(LL*) converges in the
strong operator topology to (LL*)1/2, the positive square root of LL*; see Problem
121 in Halmos [126]. Thus Z(LL*)'/? = (LL*)'/2Z. Since L is onto a dense set,
ker L* is zero. So L admits a polar decomposition of the form L = (LL*)Y/2Q
where (2 is a co-isometry from £2(€) onto Z (that is, Q* is an isometry). So using
ZL = LU once again

(LL*)Y?QU = LU = ZL = Z(LL*)/?Q = (LL*)"/?ZQ.
Since the kernel of (LL*)'/? is zero, QU = Z. By taking the adjoint, this readily
yields Q*Z* = U*Q*, or equivalently, UQ* = Q*Z.
Now let us show that ¥V = {0}. Let {¢;}} be an orthonormal basis for &.

Then
{ngojzlgjgnand —oo<k<oo}

is an orthonormal basis for £2(£). Let us embed ¢; ® 0 in E @V C L(E) ® V.
Using Parseval’s equality and Bessel’s inequality along with the fact that Q is a
co-isometry, we have

n=>Y llei@0l> =Y (2 (pi ©0),U*p;)]
=1

i, 4, k

=) I ZMpi®0), 01> < D llwsll* = n. (1.5.3)
j=1

i, J, k
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Since n = n, we have equality in (1.5.3). This means that £ which equals the span
of {¢;}7 must be contained in the span of the orthonormal set

(V' Z*(p; ®0):1<i<nand —oo<k < oo}

In other words, £ C Q*(¢£2(£)@®{0}) where € is viewed as a subspace corresponding
to the zero component of £2(£). Since {U"E}>=, spans ¢2(£) and UFQ* = Q*ZF,
for all integers k, the subspace ¢2(£) C Q*(¢£2(€) @ {0}). Hence the isometry Q* is
onto and * is unitary. Therefore 2 is unitary and Q%(&) = ¢2(€) @ {0}. Because
Q is unitary, V = {0} and Uy is a unilateral shift. O

Corollary 1.5.3. Let S be the unilateral shift on Ei (&) where £ is finite dimensional,
and Uy be an isometry on Ki. Assume that there exists a quasi-affinity W in
Z(S,U), the subspace Ky © WSEF(E) and € have the same dimension. Then S

is unitarily equivalent to Uy .

Proof. Because W is a quasi-affinity, the subspace UK equals the closure of
UyWiEE(E) = WSEZ(E). Hence the wandering subspace ker U for Uy is given by

L=K;oUKy =K, o WSE2(E).

Since £ and £ have the same dimension, Proposition 1.5.2 shows that U, is uni-
tarily equivalent to S. ]

1.5.1 Abstract Toeplitz operators viewed as a compression

Let Uy on K4 and Z; on Z, be two isometries. Then we say that T is a Toeplitz
operator with respect to Uy and Z if T is an operator mapping K4 into Z; such
that T'= Z1TU,. Finally, it is noted that if 7" is an operator in Z(U4, Z, ), then
T is a Toeplitz operator with respect to Uy and Z4. In this case, T is called a
causal Toeplitz operator with respect to U4 and Z, . The results in this section will
be used to prove some properties of Toeplitz and Laurent operators in Chapter 2.
As mentioned earlier, the proofs in this section are given for completeness. The
techniques developed in these proofs are not used later on, and thus, may be
skipped by the reader.

Proposition 1.5.4. Let U on K be a minimal unitary extension of an isometry Uy
on Ky and Z on Z a minimal unitary extension of an isometry Zy on Z,. Then
T is a Toeplitz operator with respect to Uy and Zy if and only if there exists an
operator L mapping K into Z such that

T =Pz LKy where LeI(U, Z). (1.5.4)

In this case the following holds.
(i) There is only one operator L in Z(U, Z) satisfying T = Pz, L|K,.



20 Chapter 1. The Wold Decomposition

(ii) This operator L is given by

L = weak lim Z*"TU"P, (1.5.5)

n—oo
where P, is the orthogonal projection onto U*"K .
(iil) The operators T and L have the same norm, that is, ||L|| = ||T].

Proof. Assume that T' = Pz, L|K where L is in Z(U, Z). Then for g in K and
h in Z,, we have

(ZiTUyg,h) = (P2, LUyg,Zh) = (LUg, Zh)
= (ZLg,Zh) = (Pz,Lg,h) = (Tg,h).

Since this holds for all g in £, and h in Z,, we see that T = Z7TU,. In other
words, T is a Toeplitz operator with respect to U; and Z.

On the other hand, assume that T'= ZyTU, . For any integer n > 0, let K,
and Z,, be the subspaces defined by

’Cn = U*n’CJ’_ and Zn = Z*"Z+

Observe that the subspaces {K,, }§° and {Z,,}§° are increasing, that is, K, C Ky 41
and Z,, C Z,41. The minimality conditions on U and Z imply that {,}5° and
{Z,}& are respectively dense in K and Z. Let T}, be the operator mapping K into
Z defined by

T, =2"TU"P, (n>0). (1.5.6)

Notice that Ty = T Px_ . We claim that for all integers n > j:
Pz, T|K; = THK;  (0<j <n). (1.5.7)

The equation T' = ZYTU, implies that T' = Z{"TUY for all integers v > 0.
Moreover, U P;U* g = g where g is in K. For g in K4 and h in Z, we have

(Pz,T,U"g,Z*h) = (T,U" g, Z* h) = (Z*"TU"P,U* g, Z*7 )
= (TU" g, 2" h) = (2" TU g, h) = (Tg,h)
= (Z¥TUIP;U* g, Z* h) = (T;U* g, Z* h).
This yields (1.5.7). By consulting (1.5.6), we see that ||T,] < ||T||. Since T =
Pz T,|K,, we see that ||T5,|| = ||T']| for all integers n > 0. Because {K,,}§° and
{Z,}5° are respectively dense in K and Z, equation (1.5.7) implies that T;, con-
verges in the weak operator topology to an operator L mapping K into Z. Finally,

since ||T,|| = ||T|| for all n > 0, we see that T" and L have the same norm.
To show that L is in Z(U, Z), first observe that

Pz LKy = TolKn (0> 0). (1.5.8)
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For any integers n > j > 0 with g in K4 and h in Z, equations (1.5.7) and (1.5.6)
yield

(LUU*j+1g,Z*jh) — (TnU*jg,Z*jh) _ (TjU*jg, Z*jh)
= (Z9TUP;U* g, Z*h) = (Tg, h)

= (Z*j+1TUj+1Pj+1U*j+lg7 Z*j'Hh)

= ([j1U " g, 277 h) = (Pz,,, LU g, 27 D)
= (LU*j"rlg’ Z*-H'lh) _ (ZLU*j"rlg’ Z*jh)'

Hence (LUU*tg, Z*ih) = (ZLU**tg, Z*Ih). Because {K, }° and {Z,}§° are
respectively dense in I and Z, we arrive at LU = ZL.

To show that there is only one L satisfying (1.5.4), assume that M is an
operator in Z(U, Z) such that T'= Pz, M|K,. As before, choose any g in ;. and
h in Z,. Then for any integer n > 0, we have

(LU™"g,Z*"h) = (Z"LU""g,h) = (Tg,h) = (Mg,h) = (MU*"g, Z""P).

Because {K,,}3° and {Z,}5° are respectively dense in K and Z, we arrive at
L = M. Hence Parts (i) to (iii) hold. O

Let Uy be an isometry on K. Then we say that T is a Toeplitz operator
with respect to Uy if T' is an operator on K4 satisfying Uy TU, = T'. Recall that
an operator A on X is the compression of an operator L on K if X C K and
A= PyL|X.

Now let U on K be a minimal unitary extension for an isometry U; on
K4, and T an operator on K. Then Proposition 1.5.4 shows that T is a Toeplitz
operator with respect to U, if and only if there exists an operator L in Z(U, U) such
that T" equals the compression of L to K, that is, UL = LU and T' = Px, L|K,..
Moreover, there is only one operator L in Z(U,U) such that T is the compression
of L to K. This operator L is given by

L = weak lim U""TU"P, (1.5.9)

n—oo

where P, is the orthogonal projection onto U*"K,. Finally, L and T have the
same norm.

Now assume that T is a self-adjoint Toeplitz operator with respect to Us.
Then U*"TU"™P, is a sequence of self-adjoint operators. Since the weak limit of
self-adjoint operators is self-adjoint, Equation (1.5.9) shows that L is also a self-
adjoint operator.

Recall that an operator A on X is positive if (Az,z) > 0 for all x in X. We
say that an operator A on X is strictly positive if there exists a positive scalar
§ > 0 such that (Ax,z) > d|/z||? for all z in X. It is noted that A is strictly
positive if and only if A is positive and invertible. Finally, A is a strictly positive
operator if and only if there exists a § > 0 such that

§ = inf{(Az,z) : ||z|| = 1}. (1.5.10)
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In this case, [|[A71]| = 1/4.

Corollary 1.5.5. Let U on K be a minimal unitary extension of an isometry U,
on Ky, and T on K4 a Toeplitz operator with respect to Uy. Let L on K be the
unique operator in Z(U,U) such that T is the compression of L to K. Then T is
positive if and only if L is positive. Moreover, L is strictly positive if and only if
T is strictly positive. In this case, L~' and T~ have the same norm.

Proof. If L is positive, then its compression 7" must also be a positive operator.
If T is a positive operator, then equation (1.5.6) shows that T;, = P, U**TU"P,
is a sequence of positive operators. Since T}, converges to L in the weak operator
topology, it follows that L is also a positive operator.

For any integer n > 0, we have U™ L = LU", and thus,

(LU g, U*"g) = (U"LU*"g,g) = (Lg, g) (g € K).
Recall that {U*"K;}§° is dense in IC and T' = Py, L|KC,. Using this we have

inf{(Lz,z) : ||z| =1} = nf{(LU*"g,U™g):|lg]|=1,9 € K+ and n >0}
= inf{(Tyg,9): |9l = 1}.

Hence L is strictly positive if and only if T is strictly positive. In this case, the
previous equation also shows that L~! and 7! have the same norm. O

1.6 Notes

The results in this chapter are classical. For an introduction to functional analysis
see [59]. An introduction to operator theory with applications is given in Gohberg-
Goldberg-Kaashoek [112] and Young [202]. The results concerning isometries and
the Wold decomposition are also classical; see [80, 82, 126, 112, 114, 182, 198] for
further results in this direction. Finally, the abstract Toeplitz theory in Section
1.5 was taken from Foias-Frazho [82].



Chapter 2

Toeplitz and Laurent Operators

Toeplitz and Laurent operators play a basic role in systems theory. For example, a
lower triangular Toeplitz matrix can be viewed as an input-output map for a linear
causal time invariant system. First we introduce the Fourier transform. Then we
will study Toeplitz and Laurent operators. The Fourier transform will be used to
turn Laurent operators into multiplication operators and visa versa.

2.1 The Fourier Transform

In this section, we will present a short review of the Fourier transform. Through-
out, L?(€) is the Hilbert space formed by the set of all Lebesgue measurable,
square integrable functions with values in £ over the interval [0, 27). In all of our
applications concerning the space L?(€) (or L% (€) or H%(E) introduced below),
the subspace & is finite dimensional. So whenever we write L?(€) (or L%(€) or
H?(£)) it understood that & is finite dimensional. The inner product between two
functions f and g in L?(€) is given by

1

T o

27
(1) = 5= [ () gt do.

It is well known that a Lebesgue measurable function f with values in £ is in
L2(€) if and only if f admits a Fourier series expansion of the form

oo

f(ezw) — Z e_“’"kfk where Z ||fk:H2 < 0.

k=—o k=—o00

Recall that the Fourier coefficients { f }°>°,, are the vectors in £ determined by

1 2
fo = fe*)e“*dw.
271— 0
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Finally, Parserval’s theorem shows that

o0

(f,9) = (fr-gn)e,

k=—o00

where f(e®) = Y e ™ fi, and g(e™) = Y™ e kg, are the Fourier series
expansion for f and g respectively. In particular, || f||* = > || fx[/*.

The Fourier transform F¢ is the unitary operator mapping ¢2(€) onto L?(&)
defined by

]-'g[-" f-2 [ fi fa "'TTZ i e . (2.1.1)

k=—o0

The box around fj represents the zero component of a vector f in £2().
We say that Z is the bilateral shift on L?(€) if Z is the unitary operator on
L?(€) defined by

(Zg)(e) = e7g(e™) (g € L*(€)).

To see that Z is indeed a bilateral shift, observe that (Z*g)(e*) = e™g(e'). Since
Z and Z* are both isometries, Z is unitary. Notice that £ is a wandering subspace
for Z satisfying L?(£) = M(E). Here & is the set of all constant functions in L?().
By definition Z is a bilateral shift. Finally, it is noted that the dimension of £ is
the multiplicity of Z. Let U be the bilateral shift on ¢*(£) and Z the bilateral
shift on L?(€). Since U and Z are both bilateral shifts of the same multiplicity,
they are unitarily equivalent. Moreover, the Fourier transform F¢ is the unitary
operator which intertwines U with Z, that is, FcU = ZF¢.

2.1.1 The subspace L2 (&)

Throughout L3 (€) is the subspace of L?(€) consisting of the set of all functions
g in L?(&) whose Fourier coefficients are zero for all n < 0, that is,

L3 (&) ={g € L*(&) : g(e) = Ze_“"kgk}. (2.1.2)
k=0

The Fourier transform .7-'2' is the unitary operator mapping ¢2 (£) onto L? (&)
given by Fg = Fe|L%(€), that is,

o0

Filgo a1 92 "']trzze_wkgk ([90 o1 9 "']treei(g))
k=0

We say that Z is the unilateral shift on L2 (£) if Z is the isometry on L2 (&)
defined by

(Zg)(e™) = eg(e) (g9 € LE(E)).
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Clearly, Z is an isometry. To see that Z is indeed a unilateral shift, observe that
that & is a wandering subspace for Z satisfying L3 (£) = M4(€). By definition
Z is a unilateral shift. The dimension of £ is the multiplicity of Z. Let S be the
unilateral shift on ¢2 (£). Recall that the multiplicity of S is also the dimension of
E. Hence S is unitarily equivalent to Z. Finally, it is noted that .7-'; is the unitary
operator which intertwines S with Z, that is, .7-'2’5 = ng'.

The subspaces L?(£,)) and L>(£,Y). In all of our applications concerning the
spaces L2(€,Y) or L>(£,)), the subspace & and ) are finite dimensional. So
whenever we write L2(€,)) or L*°(£,Y) it understood that & and Y are finite
dimensional.

The set of all operators mapping & into ) is denoted by £(£,Y). Throughout
L?(€,Y) is the set of all Lebesgue measurable functions F' over the interval [0, 27)
with values in £(€,)) such that

1 27
|3 = —/ trace(F(e")F ()" )dw < 0.
27 0

Notice that F is in L?(£,)) if and only if F' admits a Fourier series expansion
of the form F = > e “*F), and Y™ F;F), is finite. In this case, |[F||3 =
> trace(Fi Fy). Finally, if F and G are two function in L*(€,)), then the
inner product between F' and G is given by

1 2 1 27
(F,G) = —/ trace(F(e™)G(e™)" )dw = —/ trace(G(e™ ) F(e"))dw.
T™Jo 2 0
Throughout L*(&£,)) is the set of all, uniformly bounded, Lebesgue mea-
surable functions F with values in £(£,)) over the interval [0,27). Recall that
L*°(&,Y) is a Banach space under the norm

| F'|| o = essential-sup{||F(e*)| : 0 <w < 27}. (2.1.3)

Notice that L>°(&,)) is a proper subset of L%(&,)).

2.2 Hardy Spaces

In this section we will review some standard results concerning Hardy spaces of
functions which are analytic outside the closed unit disc, that is, analytic in the
region

Dy ={zeC:|z| >1}. (2.2.1)

It is emphasized that we assume that these functions are also analytic at infinity.
In other words, f(z) is analytic in D4 if and only if f(1/z) is analytic in the open
unit disc D = {z € C: |z| < 1}. So the function f(z) = z is not analytic in D.
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Let [ ho hi hy - ]tr be a vector in Ei(é‘). Consider the function h

defined by
h(z) = Zz‘khk.
k=0

We claim that h is analytic in Dy . Let z be a complex number such that |z| > r > 1.
The Cauchy-Schwartz inequality yields

2
S| <3 e Dl < i Dl
k=0 k=0 k=0 k=0

Hence the series >y, 2~ *hy converges uniformly for any disc of radius r > 1. In
other words, h(z) is analytic in D..

Throughout, H?(£) is the Hardy space consisting of the set of all &-valued
analytic functions in D4 such that

B2 = hel* < oo where h(z)=>_ z *hy (2.2.2)
k=0 k=0

is the Taylor’s series expansion of h at infinity. The norm of a function h is H?(€)
is simply the ¢2(€) norm of the Taylor coefficients {h}§ of h. So H*(E) is a
Hilbert space under this norm. If £ = C is the set of complex numbers, then
we denote H?(C) by H?2. Finally, it is noted that not every function analytic
in Dy is in H?(E). For example, the function 1/(z — 1) is analytic in D, and
not in H? due to the pole at 1. Observe that 1/(z — 1) = >7° 27", and thus,
/= DI =57 1= oc.

Let h be a function in H?(E) and h(z) = > 27 Fhy its Taylor’s series
expansion about infinity. It is well known that as 7 > 1 tends to 1, the function
h(re™) converges to a function h(e’) almost everywhere with respect to the
Lebesgue measure . Moreover, h is a function in L2 (€) and admits a Fourier
series expansion of the form

E(elw) _ ie_lwkhb

k=0

It is noted that the H? norm of h(z) equals the L? norm of h, that is,
2 S 2 L [T 2 72
Il = el = 3= [ (e Pdw = [l
k=0

On the other hand, assume that h(e™) is a function in L2 (€). Then h admits
a Fourier series expansion of the form h = Y 0" e =" hy, and h(z) = > 5 2 "hy,

defines a function in H2(£). So the functions h(z) in H2(£) and h(e*) in L% (€)
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uniquely determine each other. To be precise, let ® be the mapping from H?(€)
into L2 (€) defined by

h(e™) = (®h)(e™) = Ze_wkhk where h(z) = Z 27khy,
k=0 k=0

is the Taylor’s series expansion of h in H?(€). Then ® defines a unitary operator
from H?(&) onto L2 (£). Due to this unitary identification we drop the tilde no-
tation on % and simply write h(e™) for the function ®h. In other words, if h is
in H?(£) and we write h(e'), then we mean that h(e'”) is the function in L3 (&)
given by h(e™) = (®h)(e). Finally, using this identification we also view H?(€)
as the subspace of L?(€) corresponding to L2 (£). Motivated by this identification,
we use H*(€) and L2 (£) interchangeably.

Due to the previous identification between H?(£) and L2 (€), we also view
the Fourier transform F/ as the unitary operator from ¢2 (€) onto H?(£) defined
by

Jo fo
1 i ; f1 )

FE| 1 D) =Dz where T | €4E). (2.2.3)
. k=0 .

Let II¢ be the orthogonal projection from éi(é‘ ) onto £ which picks out the first
component of ¢34 (£), that is,

Me=[1 0 0 --- ]:43(8)—¢&.

Let S be the unilateral shift on ¢% (€); see equation (1.1.3). If h is an element in
(%2 (€), then the Fourier transform of h is given by the representation

(FER)(2) =He(I — 2718*) Th = 21le (2] — S*)7'h (W€ £3(E)). (2.24)

To see this, let h = [ hg hi ha --- |"". Observe that hj, = IgS**h for all
integers k > 0. Using the fact that ||z71S*|| < 1, for each z in D, we have
e(I— 218" th=Tg Y %" h=">" 2" 5"
k=0 k=0

27 Fhy, = (FEh)(2).

M

el
Il

0

Finally, it is noted that the Fourier transform in (2.2.4) can also be written in the
following “state space” form:

(F&h)(z) = Heh+g(zI — S*)7'S*h  (he P (€) and z € Dy). (2.2.5)
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Let Sg be the operator on H2(£) defined by multiplication by 1/z on H?(E),
that is,

(Seh)(z) = @ (h € H*(E) and z € D). (2.2.6)

Notice that Sg is an isometry on H?(€). Moreover, the set of all constant functions
& in H?(&) is a cyclic wandering subspace for Sg. In other words, Sg is a unilateral
shift on H?(£). Hence S is unitarily equivalent to the unilateral shift S on ¢% (€).
In fact, it is easy to verify that the Fourier transform F, g’ intertwines the unilateral
shift S on £2 (€) with Sg. To be precise, F S = Sg FF . Motivated by this, we will
simply call the isometry Sg in (2.2.6) the wunilateral shift on H?(€). The adjoint
of S¢ is determined by

(Sgh)(2) = zh(z) — zh(o0) (h € H*(&)). (2.2.7)
By a slight abuse of notation we set

h(co) = lim h(r)  (h€ H*(E)).
Notice that h(oco) = hg where hg is the first component in the Taylor series ex-
pansion for h(z) =Y 0" 2 Fhy.

The set of all eigenvalues for the backward shift operator equals the open
unit disc D; see Section 1.2. In particular, by taking the Fourier transform of
the eigenvector in (1.2.2), or by direct computation, we see that the set of all
eigenvectors ¢ for S% corresponding to the eigenvalue A in D are given by

S*p=MAp where ¢= %f (AeDand feé). (2.2.8)
Finally, it is noted that the eigenvector ¢ = zf/(z — \) corresponding to the
eigenvalue A has a pole at .

The subspaces H2(£,Y) and H>(€,)). In all of our applications concerning the
spaces H2(E,Y) and H>®(E,Y), the subspace £ and Y are finite dimensional. So
whenever we write H2(E,)) or H*®(€,)) it is understood that £ and ) are finite
dimensional.

We say that a function © is in H2(£,)) if ©(z) is analytic in D, with values
in £(&,)), and

|02 = Z trace(0,,0;) < oo where ©O(z)= Z 27 "0y, (2.2.9)
n=0 n=0
If © is a function in H?(€,Y), then as r > 1 tends to 1, the function ©(re*) con-

verges almost everywhere to a function ©(e*) of the form ©(e) = > e7“"0,,.
As expected, {0,}5° are the Taylor coefficients for © in (2.2.9). In this case,



2.3. Multiplication Operators 29

1O|lzz = ||©(e™)]|L2. So without loss of generality, we can also express © as a
function on the unit circle, that is, ©(e") = > ;e "“"0,,. Finally, due to this
identification H2(£,Y) can be viewed as the subspace of L?(€,)) consisting of all
functions of the form Y ° e %Oy

Recall that H>°(£,Y) is the Banach space formed by the set of all uniformly
bounded, analytic functions in Dy with values in £(£,Y). The H* norm of a
function © in H*(€,)), denoted by ||©||~, is given by

1O][cc = sup{[|©(2)]| : z € Dy }. (2.2.10)

Notice that H®(€,Y) is a subset of H?(E,Y). If © is a function in H>®(E,)),
then ©(e™) is a function in L*°(€,)) whose Fourier series expansion is of the
form Zgo e~k@,. In particular, by the maximum modulus theorem, the H>
norm of © is also given by the L° norm of ©(e*), that is,

I19]lcc = essential-sup{]|©(e")] : 0 < w < 27}. (2.2.11)

Finally, it is noted that H>°(£,)) can be viewed as the subspace of L>*(&,))
consisting of all functions of the form Y " e="*Oy.

2.3 Multiplication Operators

Let F be a Lebesgue measurable function with values in £(&€,Y). Throughout Mp
denotes multiplication by F', that is,

(Mrg)(e™) = F(e™)g(e™) (2.3.1)

where g is a Lebesgue measurable function with values in £. We say that My is a
multiplication operator if (Mpg)(e™) = F(e)g(e') defines an operator, that is,
a bounded linear map from L?(£) into L?()). In this section, we will show that
Mp defines an operator if and only if F' is a function in L*>°(€,)). Moreover, in
this case, |Mp|| = || Fco-

Let F be a function in L*°(€,)). Then we claim that | Mp| < ||F|ls, and
thus, Mr is a well-defined operator mapping L?(&) into L?()). To verify this for
g in L?(€), we have

27 2 27
rgl = o [ g7 < e [T g as = piz o2
21 0 - 27 0 &

Hence | Mp|| < || F|lco- Lemma 2.3.1 below shows that | Mp|| = || F||. Notice that
Mp intertwines the bilateral shift U on L?(£) with the bilateral shift Z on L?()).
In Section 2.4, we will show that an operator intertwines two bilateral shifts if and
only if it is a multiplication operator.

We say that a function F is rigid if F is a function in L>°(&,Y) and F(e™) :
£ — ) is an isometry almost everywhere with respect to the Lebesgue measure.
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Lemma 2.3.1. Let F be a Lebesgue measurable function with values in L(E,Y) over
the interval [0,2m). Then Mg defines an operator from L*(E) into L*(Y) if and
only if F is in L*°(E,Y). In this case, the following holds.

(i) The norm of Mp equals the L> norm of F, that is, ||Mp| = || F||co-
(ii) The operator Mg is an isometry if and only if F is rigid.

(iii) The operator MF is invertible if and only if F~' is a function in L>°(Y,E).
In this case, Mp' = Mp-1 and |Mp'| = ||F 7Yoo

Proof. Assume that My is an operator, that is, || Mp|| < co. Let

n
(p(ezw) — Z ake—zkw
k=—n
be any scalar-valued trigonometric polynomial. Then for any vector a in &, we
obtain
1 2 1 2
5 | P@)PIF(e)alPdw = o— | [[F(e")p(e")al *dw
s 2 Jo
IMpeal® < ||MF|*eall?

1 27 »
= IMelPlal 5 [ e,
T Jo

(Notice that we have equality if Mp is an isometry.) Using the fact that the
trigonometric polynomials are dense in the continuous functions of period 27, we
obtain

1 2T 1 2T
3= | p@lFE el < el [ ps (232)

where p(w) is any positive continuous function. (We have equality if Mp is an
isometry.) By employing Lebesgue’s dominated convergence theorem, we can find
an appropriate sequence of functions such that the inequality in (2.3.2) holds for
all bounded positive measurable functions p. By choosing p to be the characteristic
function with an arbitrary small support, we see that

[1E(e™)all < [|MF|ol (2.3.3)

almost everywhere with respect to the Lebesgue measure. So ||F|lc < ||Mp||. In
particular, F' is in L*>°(€,)). Recall we have already shown that | Mp| < || F|c-
Hence | Mp| = ||F|lcc and Part (i) holds.

If Mp is an isometry, then we have equality in (2.3.3), that is, ||F'(e*)a| =
|la|]| almost everywhere with respect to the Lebesgue measure. Hence F' is rigid.
On the other hand, if F is rigid, then it readily follows that ||[Mpg|| = ||g|| for all
g in L?(€), and thus, M is an isometry. This yields Part (ii).
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Recall that (Mpg)(e™) = F(e*)g(e*) where g is in L*(£). So MF is in-
vertible if and only if F(e*) is almost everywhere invertible with respect to the
Lebesgue measure and the mapping y — F(e*) 1y(e™) defines a bounded lin-
ear map from L?()) into L?(€). In other words, My is invertible if and only if
the multiplication map Mp-1 defines an operator. In this case, M;l = Mp-1.In
particular, || Mz = | F~! |- O

Remark 2.3.2. Assume that F is a function in L*°(€,&). Then My is a positive
operator on L?(£) if and only if F(e*) is almost everywhere a positive operator
with respect to the Lebesgue measure. Moreover, M is strictly positive if and only
if F(e™) is almost everywhere a positive operator with respect to the Lebesgue
measure and F~1 is in L>®(&, €).

To see this observe that for any g in L>*(&, ), we have

1

(Mrg,g) = 27r/0 W(F(e“")g(e“’),g(e“’))dw. (2.3.4)

If F(e*) is almost everywhere a positive operator with respect to the Lebesgue
measure, then the right-hand side of (2.3.4) is positive, and thus, M is a positive
operator. On the other hand, if My is a positive operator, then choosing any
function g which is constant on a set of Lebesgue measure and zero otherwise,
shows that F'(e’) is almost everywhere a positive operator. This prove the first
part of Remark 2.3.2. The second half follows from Part (iii) of Lemma 2.3.1.

2.4 Laurent Operators

The set of all trigonometric polynomials with values in £ is denoted by Pirig(€). In
other words, Pirig(€) is the set of all functions of the form Zzzm are” ™k where
ay is a vector in £ while m and n are finite integers. Throughout £¢(£) is the linear
manifold consisting of the set of all vectors in ¢?(£) with compact support. The
Fourier transform of £°(£) equals Pyrig(E), that is, Fel(E) = Prrig(E).

We say that L is a Laurent matriz if L is a block matrix of the form

. Fy F, F_,
L=\ - F |FR| F. - |. (2.4.1)

F F L

Here {F}}*>, is a sequence of operators mapping & into ). The box around Fj
represents the 0-0 component of the Laurent matrix. Notice that all the diagonal

entries of the Laurent matrix are the same. Moreover, the j + 1 column of the
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Laurent matrix is the j column shifted down. In other words, L is a Laurent
matrix if and only if the entries of L;, = Fj_; for all integers 7 and k where
{F;}>, is a sequence of operators mapping £ into ). Now assume that ¢ is a
vector in £¢(€). Then Lg is well defined and the n-th component of Lg is given by

S Fajgi (0%, € ((€)). (2.4.2)

j=—oc0

Let F be the function with values in £(€,)) formally defined by

> Fret, (2.4.3)

k=—o0

Clearly, F' and {Fy}>, formally determine each other. Motivated by this we
say that F' is the symbol for L. In this case, the Laurent matrix L in (2.4.1) is
denoted by L = Lp. In systems theory terminology, a Laurent matrix corresponds
to convolution between the (impulse response) sequence {F;}>°, and the (input)
sequence {g;}>°.

We say that L is a Laurent operator mapping ¢?(€) into £2(Y) if L is an
operator and L admits a matrix representation of the form in (2.4.1) with respect
to the standard basis for £2(€) and ¢?())). Now assume that L = L is a Laurent
operator with symbol F'. Since L is an operator all the columns in Lg are square
summable, that is, Y>> ||Fja||? is finite for all a in £. In particular, F' must be a
function in L?(€,Y). In this case, F is the Fourier transform of {F}}>_ and the
symbol F for Lp is well defined. In a moment we will see that Lp is defined as an
operator from ¢2(&) into ¢?()) if and only if F is in L>®(€,)).

Let F be a function in L?(€,)). Then the columns of Lr are square sum-
mable, and Lf is a well-defined linear map from ¢¢(€) into ¢2()). If g is a vector
in £¢(&), then we claim that

FyLrg = MpFeg (g€ (°(€) and F € L*(E,))). (2.4.4)

In systems theory terminology, this states that convolution in the time domain
corresponds to multiplication in the frequency domain. To see this observe that
(2.4.2) yields

(fyLFg Z e—wn i = Z e—uu(n 7) je—iwjgj

— Ze—ikakze—iwj _F uu)(f g)( uu)

Hence (2.4.4) holds. The following result shows that L is an operator if and only
if F'is a function in L>°(&,)). Recall that Z(A, B) denotes the set of all operators
intertwining A on X and B on ).
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Theorem 2.4.1. Let Ug and Uy be the bilateral shifts on (?(€) and (?()), respec-
tively. Then an operator L is in Z(Ug,Uy) if and only if L = Lp is a Laurent
operator where F' is a function in L>®(E,Y). In this case, |L|| = ||F||o. Finally,
Ly is an isometry if and only if F is rigid.

Proof. Assume that L is a Laurent operator with symbol F'. As noted earlier F' is
a function in L?(£,)). Using the matrix representation for L in (2.4.1), it is easy
to check that UyL = LUg. Therefore L is in Z(Ug, Uy).

Assume that L is an operator in Z(Ug,Uy). Then we claim that L is a
Laurent operator. To see this, let us identify £ (respectively ) with the subspace
of /2(€) corresponding to the zero component of ¢2(€) (respectively ¢£2())). Then
& is a wandering subspace for Ug such that £2(£) = M(€) and Y is a wandering
subspace for Uy such that ¢2(Y) = M(Y). Let L;x be the j-k entry of L with
respect to the basis {U2E}>,, for (2(€) and {UY}>,, for £2(Y). Then Lj; =
HyUJ*,jLUngg where IIy (respectively II¢) is the orthogonal projection from £2())
onto Y (respectively from ¢2(£) onto £) which picks out the zero component ) in
02(Y) (respectively € in ¢2(£)). Using this we have

Ly = MyUy LU = Ty U3/ USLITE = My U9 ™ LI = L.

Hence Lj = Lj_j o for all integers j and k. Setting F;, = L, ¢ for all integers n,
shows that L admits a matrix representation of the form in (2.4.1). Therefore L
is a Laurent operator, which proves our claim. Finally, L = L where the symbol
F for L is the Fourier transform of {F;}> .

So far we have shown that L is a Laurent operator if and only if L is an
operator in Z(Ug, Uy). Moreover, in this case, L = Ly where F is a function in
L?(€,Y). Clearly, £¢(€) is dense in £%(£). Recall that the Fourier transform JFy is
a unitary operator mapping ¢?(V) onto L?(V). According to (2.4.4), the operator
Mp defines an operator mapping L?(€) into L?(Y) if and only if Ly defines an
operator mapping ¢2(€) into £2()). In this case, L is unitarily equivalent to M,
that is,

FyLp = MpFe. (2.4.5)

Lemma 2.3.1 implies that M defines an operator if and only if F is a function in
L*°(&,Y). In other words, if Ly is a Laurent operator, then its symbol F' must be
a function in L>°(€,Y) and ||Lr|| = || F||cc- On the other hand, if F' is a function
in L>®(&,Y), then (2.4.5) shows that Lp is a well-defined Laurent operator. So
there is a one to one correspondence between the set of all Laurent operators
mapping ¢2(€) into £?()) and the set of all functions F in L°°(€,)). Moreover,
|Lr|| = [|[MF|| = | F||s- Finally, it is noted that Lemma 2.3.1 along with the fact
that M and L are unitarily equivalent, also show that Ly is an isometry if and
only if F is rigid. O

Let A be a function in L*°(V,Y) and B in L*(&,V). Then AB is a function
in L*°(&,Y). By consulting (2.4.5), or by performing a simple calculation we see
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that LyLp = Lap. Finally, it is noted that if Lr is a Laurent operator with
symbol F', then L% = Lp- is a Laurent operator with symbol F* = F(e™)*.

Corollary 2.4.2. Let Zg be the bilateral shift on L*(E) and Zy be the bilateral shift
on L*(Y). Then an operator M is in Z(Zg, Zy) if and only if M = Mp where F is
a function in L=°(E,Y). In this case, ||Mp|| = || F|lco. Finally, Mp is an isometry
if and only if F is rigid.

Proof. If F is a function in L>°(&,Y), then clearly, Mp is in Z(Zg, Zy). Now
assume that M is in Z(Zg, Zy). Recall that FeUg = ZgFe and FyUy = ZyFy.
As before, Ug is the bilateral shift on ¢2(£) and Uy the bilateral shift on ¢2()).
Then L = .7-'§1M.7:5 is an operator in Z(Ug,Uy). Hence L = Lp is a Laurent
operator where F is a function in L>°(&,Y). According to (2.4.5), the operator
M = Mp. O

Corollary 2.4.3. Let Sg be the unilateral shift on €% (E) and Uy the bilateral shift on
(%(Y). Then an operator T is in I(Sg,Uy) if and only if T = Lp|¢%(E) where L
is a Laurent operator and F is a function in L°°(E,Y). In this case, |T|| = || F||co-
Finally, T is an isometry if and only if F is rigid.

Proof. Assume that T is in Z(Sg, Uy). The bilateral shift Ug on ¢%(£) is a (mini-
mal) unitary extension of Sg. By Proposition 1.5.1, there exists a unique operator
L in Z(Ug, Uy) extending T In this case, T = L|¢3 (£) and ||T|| = ||L||. Moreover,
L is an isometry if and only if T is an isometry. According to Theorem 2.4.1, the op-
erator L is Laurent, that is, L = Lp where F' is a function in L*>°(£,)). Moreover,
Lp is an isometry if and only if F is rigid. On the other hand, if T = Lp|¢2 (),
then T is in Z(Sg,Uy) and Ly is an extension of T'. Proposition 1.5.1 shows that
Ly is the only extension of T in Z(Ug, Uy). Hence | T|| = || Lr||- O

By taking the appropriate Fourier transforms in Corollary 2.4.3, or by mim-
icking the proof of this corollary, we arrive at the following result.

Corollary 2.4.4. Let Sg be the unilateral shift on L3.(E) and U the bilateral shift
on L*(Y). Then an operator T is in I(Se,Us) if and only if T = Mp|L3 (E) where
My is a multiplication operator and F is a function in L (E,Y). In this case,
IT]| = [|Flloo- Finally, T is an isometry if and only if F is rigid.

2.5 Toeplitz Operators and Matrices
We say that T is a Toeplitz matriz if T is a block matrix of the form
Fy F, F,

P F, F,
I'=\r F F - |- (2.5.1)
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Here {F},}>° is a sequence of operators mapping & into ). Let F' be the function
with values in £(€,)) formally defined by

F(e¥) = i Fle ™k, (2.5.2)

k=—o00

Clearly, F' and {F}}>, formally determine each other. Motivated by this we say
that F' is the symbol for T. In this case, the Toeplitz matrix T in (2.5.1) is denoted
by T = TF.

We say that the Toeplitz matrix T in (2.5.1) is an operator if it defines a
bounded linear map from ¢2 (£) into €2 ()). In other words, T is a Toeplitz operator
mapping (2 () into ¢34 (Y) if T' is a bounded linear map and 7' admits a matrix
representation of the form

Fo Fy F.,
po | B o B e 2.5.3
=\r B R .| GE-C0) (2:5.3)

with respect to the standard orthonormal basis for (2 (£) and ¢2 ().

Let Sg be the unilateral shift on ¢2 (£) and Sy be the unilateral shift on
(3(Y). Let T be an operator mapping ¢3 (£) into ¢3 (Y). Then we claim that T
is a Toeplitz operator if and only if S3;T'Se = T. If T is a Toeplitz operator,
then a simple calculation involving the matrix representation in (2.5.3) shows
that S3,7'Se = T. On the other hand, if S, T'Se = T', then the entries T}, of T' are
determined by

Too Tor To2 -+ Ty T2 Tis
Ty T Tig - . Tor Ty T3
Too Toy Tog --- | =T =5TSe=| Ty Ty Tu
So if Fj = Tjg for j > 0 and F_; = Tp; for j < 0, then T admits a matrix

representation of the form (2.5.3). In other words, T is a Toeplitz operator.

Recall that the bilateral shift Ug on £2(€), respectively Uy on £?()) is the
minimal unitary extension of Sg, respectively Sy. Moreover, L is a Laurent op-
erator mapping ¢2(£) into ¢?())) if and only if L is in Z(Ug,Uy). Let T be an
operator mapping Z?._(S) into zi(y). According to Proposition 1.5.4, the oper-
ator T is Toeplitz if and only if there exists a Laurent operator L such that
T = P_L|(3(€) where Py is the orthogonal projection onto €3 (Y). In this case,
the Laurent operator L is uniquely determined by 7. Moreover, the symbol for L
is a function in F in L*>(&,Y). Since T = Py L|(3 (£), it follows that F' is also
the symbol for T'. In other words, T and L have the same symbol F'. Finally, it is
noted that ||Tr| = ||Lr|| = || F||co- This analysis with Remark 2.3.2, readily yields
the following result.
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Proposition 2.5.1. Let T be an operator mapping (3 () into €%(Y) and Py be the
orthogonal projection onto éi(y). Then T is a Toeplitz operator if and only if
there exists a Laurent operator Ly with symbol F' such that

T =Py Lp|3 () where F € L>®(E,Y). (2.5.4)

Moreover, in this case the following holds.
(i) There is only one Laurent operator Lp satisfying T = Py Lp|2 (E).

) The operators T = Tr and Lp have the same symbol F.

(iii) The operators Ty and Ly have the same norm: ||Tr| = || Lr|| = || F|lco-
)

Assume that € = Y. Then Tr is positive if and only if F(e™) > 0 almost
everywhere with respect to the Lebesgue measure.

(v) Assume that € = Y. Then Tp > 61 for some scalar 6 > 0 if and only if
F(e™) > 61 almost everywhere with respect to the Lebesgue measure. In this
case, T is strictly positive and || Tp'|| = [|F | 0o-

Finally, it is noted that if T is a Toeplitz operator, then its adjoint 7% is
also a Toeplitz operator, and (Tr)* = Tp+. In other words, the symbol for the
adjoint of T is F™*.

2.6 Toeplitz Matrices and H> Functions

We say that L is a lower triangular or causal Laurent matriz if L is a Laurent
matrix of the form

NN 0 0 .-
L=1|-- 6, 6] o - |. (2.6.1)

Oy ©; 06

Here {O4}5° is a sequence of operators mapping £ into ). The box around ©q
represents the 0-0 component of the Laurent matrix. All the entries above the
main diagonal are zero, and the diagonal entries of the Laurent matrix are the
same. Now assume that g is a vector in £°(£). Then Lg is well defined and the
n-th component of Lg is given by

(Lg)n = Z On-j9; (@295 € £°(E)). (2.6.2)

j=—o0



2.6. Toeplitz Matrices and H* Functions 37

The symbol for this Laurent matrix is the function with values in £(£€,)) formally
defined by

O(e™) = Y Ore k. (2.6.3)
k=0

As before, L is also denoted by L = Lg. The Laurent matrix Lg defines an operator
mapping £2(€) into £2(Y) if and only if © is a function in L>(€,)). Recall that a
function © = Y07 Ore™* is in L>°(€,Y) if and only if O(z) = > ;" 2770, is in
H®°(&,Y). In this case, O(e™) are the boundary values of ©(z). So Lg defines an
operator if and only if ©(z) is in H*(&,Y). Finally, || Le| = ||O||cc-

We say that T is a lower triangular or causal Toeplitz matrixz if T is a Toeplitz
matrix of the form

O 0 0
0, 0y 0

I'=10, 6, 6 - |- (2.6.4)

The symbol for T is the function formally defined by ©(z) = > 2~*Oy. Finally,
it is noted that T defines an operator from ¢2 (€) into ¢ (Y) if and only if O(z)
is a function in H*°(&,Y). In this case, || Lol|| = ||[To|| = ||©]| co-

We say that T' is a lower triangular or causal Toeplitz operator mapping 63_ &)
into £2 () if T admits a matrix representation of the form in (2.6.4) with respect
to the standard basis for £% (€) and ¢2 (). In this case, T' is denoted by Te where
© is the symbol for T'. Let Sy denote the unilateral shift on ¢ (V). Let T be an
operator mapping ¢34 (£) into ¢4 (). We claim that T is a lower triangular Toeplitz
operator if and only if T intertwines Sg with Sy, that is, T'Sg = SyT. If T is a
Toeplitz operator, then using the matrix representations for 7', Sg and Sy, it is
easy to verify that T intertwines Sg with Sy. On the other hand, if T' intertwines
Se with Sy, then using T as the j-k entry of T', we obtain

0 0 0o - Tor To2 Tos
Too Tor To2 --- Ty, Tz Tis

Tw T Tia - | =T=TSe=| Ty Ty Toa

By matching the components of this matrix, we see that T = 0 if £ > j and
T =Tj_roifj > k.SoT is alower triangular Toeplitz operator with symbol © =

Yo 27 ?T}j0. Summing up the previous analysis we readily obtain the following
result.

Theorem 2.6.1. The following holds for Toeplitz matrices.

(i) Let To be the lower triangular Toeplitz matriz given in (2.6.4), where {©}&°
is a sequence of operators in L(E,Y). Then To is an operator mapping Ei &)
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into €%.(Y) if and only if ©(z) = >0 27 %Oy, defines a function in H*(E,Y).
In this case, the operator norm of Tgo equals the H>® norm of ©, that is,
[Tell = 11©lloc-

(ii) Let T be an operator mapping (% (E) into (2.(Y). Then T is a lower triangular
Toeplitz matriz if and only if T intertwines the unilateral shift Se on 63_ &)
with the unilateral shift Sy on (3.(Y). In this case, T = Te where © is a
function in H>®(E,Y).

Alternate proof of Part (1). Assume that © is a function in H*°(&£,)). Then To
can be written as To = Le|¢%(€). Since © is in H*(E,)), we see that Le |3 (€)
is an operator. Hence Tg is an operator and ||To|| < ||Lo|| = ||©]|co. Proposition
2.5.1 shows that ||Tel|| = || Le]|| = ||©]|cc. However, for the moment all we need is
the easy part, that is, ||Te|| < ||O]co-

Assume that Tg is an operator. The first column of Tg can be viewed as
an operator from & into ¢2 (). In particular, Y ;° ©70) < oo. This implies that
O = 37" 2 %0}, defines a function in H3(€,Y). Fix ain Dy = {z € C: |z| > 1}
and consider the vector

el )=[F @7'f @72 -]
where f is in ). Then

05 ©7 ©3 - f ()" f
) 0 O er - @'f (@~ 'e(@)*f
Toealf)=] 0 0 ©F - @72f | = | @ 20(a)*f

Observe that the square of the norm of the vector on the right-hand side of the
previous equation is given by

. S ) O(a)* /2
75 palPIZ =3 e lO0) 12 = 12CL I,
2 ol ol
This readily implies that
ot 71 I Tol2117]12

e = I8 ea DI < 18P eatr)? = T2
Hence for each « in D, we have ||©(a)* f|| < ||To]l||f]]- So [|©(a)| < ||Te|- By
taking the supremum over all o in D, we see that © is a function in H>°(&,)) and
1Ollcc < ||To]|. Thus © is in H>°(&,Y). Because O is in H*(E,)), our previous

analysis shows that || Te|| < ||O|leo- Therefore ||©] = ||To]|- O

Throughout ¢%(€) is the linear manifold consisting of all vectors in ¢2(€)
with compact support. Clearly, ¢4 (£) is dense in £3 (€). Let P(£) be the space of
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all polynomials in 1/z with values in &, that is, P(£) = {f : f = > 27 ¥ fi} where
each fx is a vector in £ and n is finite. Notice that P(E) is the Fourier transform
of ¢4 (£). Now let ¢ be any vector in ¢% (€) and p = FZ ¢ the Fourier transform of
q. Let To be the lower triangular Toeplitz matrix given by (2.6.4) where © is in
H?(£,Y). In this case, Toq is a vector in £2()), and the Fourier transform of Tog
is the function in H2())) determined by

(FéToq)(2) = O(2)p(z) (2 €D4).

In system theory terminology, Teq corresponds to convolution in the discrete time
domain, while ©(z)p(z) corresponds to multiplication in the z or frequency do-
main. In other words, the equation (FZ Teq)(z) = ©(2)p(z) says that the Fourier
transform of convolution in the time domain is multiplication in the frequency or
z domain.

Let A be a function in H>*(£,)Y) and B a function in H>*(V, ). Then it is
easy to show that Tap = TaTg.

We say that © is an inner function if © is a function in H*°(£,Y) and O(e™)
is almost everywhere an isometry mapping £ into Y with respect to the Lebesgue
measure. In other words, an inner function is a rigid function in H*°(£, ). Finally,
it is noted that in the engineering literature, inner functions are called all-pass
transfer functions or all-pass filters.

Proposition 2.6.2. Let F' be a function in L*°(E,Y). Then F is an inner function
if and only if Tr is an isometry. Furthermore, F' is a unitary constant mapping €
onto Y if and only if Tr is a unitary operator.

Proof. Assume that F' is an inner function, then F' is rigid and by definition F
is in H>°(£,)). Hence L is an isometry mapping ¢?(€) into £2()). Because F is
in H>°(€,Y), the operator Ly maps ¢2(€) into £%(Y), and thus, Tr = Lp|l%(E).
Therefore T is an isometry.

Now assume that Tr is an isometry. Recall that Tr admits a matrix repre-
sentation of the form

Fo Fy F.,
P I Y 2.6.5
F = Fy, Fi F, - . +( )—> +(y) ( -0. )

where F' = Ziooo e~k F, is the Fourier series expansion for F. Because TF is an
isometry, all the columns of T are isometries. Consider the zero and n-th column
of Tr. So for any a in £ and integer n > 0, we have

00 0o —1
D IFal® = flal* =Y [1Frall* + > [[Fral®  (a€ ).
k=0 k=0

k=—n
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This readily implies that Fy, = 0 for all integers k£ < 0. In other words, F is a
function in H*°(£,Y). In particular, this implies that Tp = Lp|¢3(£). Because
Tr is an isometry, the operator Ly |¢2 (€) from ¢3 (€) into €3 (Y) is also an isometry.
According to Corollary 2.4.3, the function F' must be rigid. Therefore F' is a rigid
function in H*°(€,)). By definition F is inner.

If F is a unitary constant mapping £ onto ), then F' and F* are both inner
functions. Hence Tr and T« = T} are both isometries. In other words, T is
unitary. On the other hand, if T is unitary, then Tr is an isometry, and thus, F’
is an inner function. Since T = Tr+ is also an isometry, F'* is an inner function.
Because F' and F* are both functions in the appropriate H>(,-) spaces, F is a
constant function mapping £ into ). In other words, F' and F* are both constant
inner functions. Therefore F' is a unitary constant. (|

Let © be a function in H*(£,)), then Mé’ is the multiplication operator
mapping H?(€) into H?()) defined by

(Mg £)(2) = 0(2)f(2) (z €Dy and f € H*(E)). (2.6.6)

Notice that Mg = Me|H?(£). Using the Fourier transform, it follows that Mg is
unitarily equivalent to the lower triangular Toeplitz operator Tg, that is,

FyTo = MIFE (B € HX(E,D)). (2.6.7)

By taking the Fourier transform, Theorem 2.6.1 in the H? setting is given by the
following result.

Theorem 2.6.3. Let T' be an operator mapping H?(E) into H2(Y). Then T = Mg
for some © in H*®(E,Y) if and only if T intertwines the unilateral shift Sg on
H2(E) with the unilateral shift Sy on H*(Y). In this case, |T|| = || Mg || = [|©]|-

Let © be a function in H>(&,Y), then Proposition 2.6.2 shows that Mg is
an isometry if and only if © is an inner function. Moreover, Mé’ is unitary if and
only if © is a unitary constant. Finally, let A be a function in H*>°(£,)) and B a
function in H>°(V, £). Then it follows that M f5z = M M}.

2.7 Notes

All the results in this chapter are classical; see [30, 80, 114, 168, 198] for further
results on Toeplitz, Laurent and multiplication operators. In fact, some our ideas
in this chapter were taken from Sz.-Nagy-Foias [198]. For some further results on
Hardy spaces see Duren [76], Granett [106], Hoffman [134] and Koosis [151]. Propo-
sition 2.5.1 is due to Brown-Halmos [45]. Finally, it is noted that we used Hardy
spaces corresponding to functions which are analytic in Dy . Many researchers in
operator theory use Hardy spaces corresponding to functions which are analytic in
the open unit disc . We used the Hardy space corresponding to functions which
are analytic in D4, because these Hardy spaces are more naturally suited for state
space realization theory in engineering and algorithms in Matlab.



Chapter 3

Inner and Outer Functions

In this chapter we will study inner and outer functions. In particular, we will
show that any function in H?(£,)) admits a unique inner-outer factorization.
Inner-outer factorizations play a fundamental role in many optimization and in-
terpolation problems arising in systems theory and signal processing. In Chapter
4 we will study state space realizations for rational inner and outer functions. Fi-
nally, recall that throughout this monograph, we assume that the spaces £ and Y
in H2(£,Y), L*(€,Y), H*®(E,Y) and L*>(€,)) are all finite dimensional. Many
of our results hold in the case when £ and ) are separable Hilbert spaces. How-
ever, they are finite dimensional in our applications. So we only work in the finite
dimensional setting.

3.1 The Beurling-Lax-Halmos Theorem

This section is devoted to the Beurling-Lax-Halmos theorem, which shows that
the set of all invariant subspaces for the unilateral shift are characterized by the
set of all inner functions. Recall that © is an inner function if © is in H*(&,))
and O(e') is almost everywhere an isometry mapping £ into ) with respect to
the Lebesgue measure.

Theorem 3.1.1 (Beurling-Lax-Halmos). Let S be a unilateral shift on (3.(Y). Then
M is an invariant subspace for S if and only if M admits a representation of
the form M = Tel3 (£), where © is an inner function in H*(E,Y). Moreover,
this representation is unique up to a constant unitary operator on the right. To
be precise, if M = Tyl?: (D) where U is an inner function in H*(D,Y), then
O(z) = U(2)Q where Q is a constant unitary operator mapping £ onto D.

Proof. Let Sy denote the unilateral shift on ¢3 (V). If © is an inner function
in H*(£,Y), then Tg is an isometric lower triangular Toeplitz matrix. Using
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SyTe = TeS¢ it follows that
SyT@gi_(g) = T@Sgéi_(g) - T@éi(é‘).

Therefore To /2 (€) is an invariant subspace for Sy.
Now assume that M is an invariant subspace for Sy. Let U be the isometry
on M defined by U = Sy| M. Observe that

UM =[] SyMC () SH3(Y) ={0}.

n=0 n=0 n=0
In other words, the future space in the Wold decomposition of U is {0}, that is,
U is a unilateral shift. Let £ = M & SyM be the cyclic wandering subspace
determined by U. In particular, we have M = @&g°S};L. Let ® be any isometry
mapping the space £ into Zf_ () such that the range of ® equals £. By construction
M = @°SLOE. In particular, {SP}5° forms a set of orthonormal operators
mapping & into e‘i(y), that is, (S@@)*S;@ = Ol where dy,, is the Kronecker
delta. This readily implies that

T=[® Sy® S3® S50 - ]:02(8) — (V)

is an isometry whose range equals M. Notice that SyT = T'Sg. So T is a lower
triangular Toeplitz operator. Since this 7T is also an isometry, there exists a unique
inner function © in H*(€,)) such that T' = Tg. In fact, O is the Fourier transform
of ®, that is,

O(z) = (f;@)(z) (z € Dy). (3.1.1)

Therefore M equals the range of To.

Assume that M = Tel%(€) = Tyl? (D), where © is an inner function in
H(£,Y) and ¥ is an inner function in H*°(D, ). Because Tg and Ty are both
isometries with the same range M, it follows that W = T§Te is a unitary operator
mapping ¢2 (£) onto (2 (D). (If V4 : V1 — K and V5 : Vo — K are two isometries
with the same range M, then V; : V1 — M and V5 : V5, — M can be viewed as
unitary operators whose ranges are onto M. Hence V;*V; is unitary.) We claim
that TgW = Tg. Because M is the range of an isometry Ty, this implies that
Ppry = TyTy. Using this, we obtain

ToW =TyT3Te = PuTe = To.

Hence TyW = Tg. Using this along with the fact that both T and Ty intertwine
the appropriate unilateral shifts, we obtain

Ty SpW = SyTeW = SyTe = TeSe = TyW Se.
Thus Ty SpW = TgW Sg. Because Ty is one to one, WSeg = SpW. Since W is
a unitary operator intertwining Sg¢ with Sp, we see that W = Tq, where  is

a constant unitary operator mapping £ onto D; see Proposition 2.6.2. In other
words, Te = TeW = TyTq. Therefore ©(z) = ¥(2)Q for all z in D.. O
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Remark 3.1.2. As before, let M be an invariant subspace for the unilateral shift Sy
on £ (). Let ® be any isometry mapping a space € into ¢34 () such that the range
of ® equals M & SyM. The proof of the Beurling-Lax-Halmos Theorem shows
that ©(z) = (F3; ®)(z) is an inner function in H> (&, Y) satisfying M = Tel2 (V).

Recall that if © is any function in H*(&,Y), then the Fourier transform
.7-";,' To = Mé’ .7-"2' where Mé’ is the multiplication operator mapping H2(£) into
H?(Y) determined by ©; see (2.6.6) and (2.6.7). By taking the appropriate Fourier
transforms in Theorem 3.1.1, we obtain the following H? version of the Beurling-
Lax-Halmos theorem.

Corollary 3.1.3. Let S be a unilateral shift on H*(Y), then M is an invariant sub-
space for S if and only if M = ©OH?(E) where © is an inner function in H*(E,Y).
Moreover, this representation is unique up to a constant unitary operator on the
right. To be precise, if M = WH?(D) where V is an inner function in H>(D,Y),
then ©(z) = ¥(2)Q2 where § is a constant unitary operator mapping € onto D.

3.1.1 The invariant subspaces for the backward shift

Let © be an inner function in H*(&,Y). Then H(O) is the subspace defined by
H(©) = H*(Y) © OH?(€). (3.1.2)

According to the Beurling-Lax-Halmos Theorem, ©@ H2(£) is an invariant subspace
for the forward shift S on H2()). So H(©) is an invariant subspace for the back-
ward shift S*. (Recall that M is an invariant subspace for an operator A on X if
and only if X © M is an invariant subspace for A*.) Moreover, H is an invariant
subspace for the backward shift if and only if H = H(©) for some inner function
© in H*(&,Y). Furthermore, this inner function © is unique up to a constant
unitary operator on the right.

Let © be a function in H*(£,)) and ¥ a function in H*°(D,)). Then we
say that U is a left divisor of © if there exists a function ® in H*°(£, D) such that
O(z) = U(z)®(z) for all z in Dy . In this case, if both © and ¥ are inner functions,
then ® must also be an inner function. To see this observe that for all a in &, we
have

[@(e™)all = [[®(e™)@(e)al| = [|©(™)] = [la]

almost everywhere with respect to the Lebesgue measure. So ® is a function in
H®(&,D) whose boundary values are almost everywhere an isometry. Hence ® is
an inner function.

Assume that W is an inner function in H*°(D,Y) and ® is an inner function
in H*(€,D). Then we claim that

H(UD) = H(V) ® TH(D). (3.1.3)
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To see this observe that

H(UP) = H*(YV) © VOH?*(E) = H*(Y) © ¥ (H*(D) © H(®))
=H*(Y) e (VH*(D) © VH(®)) = (H*(Y) © VH?*(D)) & VH(P)
=H(V) ® UH(P).

Therefore (3.1.3) holds.
Let © be an inner function in H*°(£,Y) and ¥ an inner function in H*(D, Y).
We claim that ¥ is a left divisor of © if and only if

H(V) C H(O). (3.1.4)

To verify this, assume that © = ¥® where ® is an inner function. Then (3.1.3)
shows that H(¥) C H(O). On the other hand, assume that H(¥) C H(O). By
taking the orthogonal complement of the subspaces H(¥) and H(O), we see that
OH?*(E) C WH?(D), or equivalently, by employing the inverse Fourier transform
Tol%(€) C Tyl? (D). Since © and ¥ are inner, both T and Ty are isometries.
So the range of the isometry T is contained in the range of the isometry Ty.
Thus T' = (Tw)*Te is an isometry mapping ¢2 (£) into ¢3 (D). (If V4 : V1 — K
and V5 : Vo, — K are two isometries, then V; : Vi — ViV, and V4 @ Vo — Vo)
can be viewed as unitary operators. If V1V C VaVs, then V5F|V1)) is an isometry
from V4V into V,. Hence V5'V; is an isometry.) Because TyTy is the orthogonal
projection onto the range of Ty and the range of Ty is contained in the range of
Ty, we see that TyT = Te. Let Sz denote the unilateral shift on ¢2 (£). Then we
have
TyTSe =ToSe = SyT@ = Squ;T =TgSpT.

Hence Ty (TSe — SpT) = 0. Since Ty is an isometry, T'Se = SpT. In other
words, T is an isometry which intertwines the unilateral shift Sg with Sp. This
implies that T = Tg where ® is an inner function in H*°(&,D). The identity
To = TyTe = Tye, shows that © = WP, which proves our claim.
Let © and ¥ be two inner functions acting on the appropriate H(+, -) spaces.
By taking the appropriate orthogonal complements in the Beurling-Lax-Halmos
Theorem, we see that H(0©) = H(¥) if and only if © equals ¥ up to a constant
unitary operator on the right.
Let © be an inner function in H*°(£,Y) and ¥ an inner function in H*°(D, Y).
We say that Q2 is a common left inner divisor to © and W if € is a left inner divisor
for both © and W. Moreover, T is the greatest common left inner divisor to © and
U if
e T is a left inner divisor for ©® and ¥,
e if Q) is a left inner divisor for © and W, then € is a left inner divisor of Y.

The greatest common left inner divisor is unique up to a unitary constant on the
right. Notice that H(©) N H(¥) is an invariant subspace for the backward shift
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S5 Hence there exists an inner function Y such that H(©) NH(¥) = H(Y). This
inner function T is the greatest common left inner divisor for © and V.

Using the fact that H(Y) is a subspace for both H(©) and H(¥), it follows
that T is a common left inner divisor for ©® and W. Let 2 be any common left
inner divisor for both © and ¥. Because H(f) is a subspace for both H(©) and
H(T), we obtain

H(Q) C H(O) NH(W) = H(T).

Since H(2) C H(T), it follows that €2 is a left inner divisor for Y. In other words,
T the greatest common left inner divisor for ©® and ¥. If YT is another greatest
common left inner divisor for ©® and W, then Y is a left divisor for T; and Y is
a left divisor for Y. In other words, H(Y) = H(Y1). Therefore T equals Y7 up to
a unitary constant on the right.

We say that © and ¥ are prime on the left if the only common left inner
divisor between © and V¥ is a unitary constant. We claim that © and ¥ are prime
on the left if and only if H(©) N H(¥) = {0}. If © and ¥ are prime on the
left, then the only common left inner divisor is a unitary constant. So the greatest
common left inner divisor Y is a unitary constant. In this case, H(Y) = {0}. Hence
H(O©)NH(P) = {0}. On the other hand, if H(©) NH(T¥) = {0}, then H(T) = {0}
where T is the greatest common left inner divisor. Using the fact that H(I) = {0},
it follows that T equals the identity I up to a unitary constant on the right. In
other words, T is a unitary constant, and © and ¥ are prime on the left.

Using the fact that @ H%(£) equals the orthogonal complement of H(©), we
obtain the following result.

Remark 3.1.4. Let © in H*(£,)) and ¥ in H*°(D, Y) be inner functions. Clearly,
O©H?(E) and WH?(D) are invariant subspaces for the unilateral shift on H?()).
Then OH?(£) C WH?(D) if and only if ¥ is a left inner divisor of ©. Moreover,
OH?(&) = WH?(D) if and only if © equals ¥ up to a constant unitary operator on
the right. Finally, H?()) = ©H?(£)\/ YH?(D) if and only if © and ¥ are prime
on the left.

3.2 Inner-Outer Factorizations

In this section, we will show that any function © in H?(€,)) admits a unique
inner-outer factorization.

Let O(2) = Y.o” 27*O be the Taylor series expansion for a function © in
H?(E,Y). Let To be the lower triangular Toeplitz matrix determined by ©, that
is,

© 0 0
O 6y 0
To=]10, ©, O - |- (3.2.1)



46 Chapter 3. Inner and Outer Functions

Because O is in H?(£,)), all the columns of Tg can be viewed as operators
mapping & into % (Y). In other words, Te is a well-defined linear map from ¢4 (£)
into £2 (). Let W be any linear map from ¢4 (£) into 3 ()), that is, assume that
W is linear and Wx € ¢2 () for all z in (5 (£). Then W = Tg for some function
O in H?(£,Y) if and only if SyWaz = W Sgz for all z in €5 (€). In this case, O is
the Fourier transform of the first column of W, that is,

O=FWI[I 00 - ]".

As expected, Sy is the unilateral shift on £3 (V).

We say that © is an outer function if © is a function in H*(€,Y) and Tel (£)
is dense in £2 (). By taking the Fourier transform, we see that a function © in
H?(&,Y) is outer if and only if OP(£) = H?(Y). (The set of all polynomials
>0 @nz” " in 27! with values in € is denoted by P(€).) In engineering terminol-
ogy, an outer function is called a minimum phase transfer function or minimum
phase filter.

A function © in H?(£,Y) is both inner and outer if and only if © is a unitary
constant mapping £ onto ). If © is inner and outer, then Tg is a unitary operator.
According to Proposition 2.6.2, the function © must be a unitary constant. On
the other hand, if © is a unitary constant, then Tg is a unitary operator. Hence
O is both inner and outer.

Let © be a function in H%(£,)). Then we say that © = 6,0, is an inner-
outer factorization of © if ©; is an inner function in some H*(V,)) space and
O, is an outer function in H?(£,V). In this case, ©; is called the inner part of ©,
and O, is called the outer part of ©. The following result shows that any function
in H?(£,Y) admits a unique inner-outer factorization.

Theorem 3.2.1. Let © be a function in H*(£,Y). Then © admits a unique factor-
ization of the form © = 0,0, where O, is an outer function in H*(E,V) and ©;
is an inner function in H*(V,)). By unique we mean that if © = ¥, ¥, where ¥,
is an outer function in H*(E,D) and V; is an inner function in H>(D,Y), then
there exists a constant unitary operator ® mapping V onto D such that ¥, = ®O,
and \Iflq) = @i'

Proof. Set M = Tgt% (£). Using the fact that Te intertwines the forward shifts
Se with Sy, we obtain

SyTels (€) = ToSel5(E) € Tl (£).

In other words, M is an invariant subspace for Sy. By the Beurling-Lax-Halmos
theorem, M = Tg,¢2 (V) where ©; is an inner function in H>*(V,Y). Let W be
the linear map from 5 () into €3 (V) defined by W = T¢ Te. Because Tol5 (£) is
dense in M and Te, is an isometry whose range equals M, it follow that WS (€)
is dense in (3 (V). Using Py = To, T, we arrive at To, W = Tox for x in 5 (£).
Moreover, we have

T@,iSVW.’L' = SyT@,i Wz = SyT@CC = T@Sg.fc = T@i WSgCC.
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Thus Te,SyWx = Te,W Scx. Because T, is one to one, we have SyWz = W Sgx.
Thus W = Te, where 6, is a function in H*(E,V). Since W{< (€) is dense in
£2(V), we see that O, is an outer function. Finally, Te,e, = Te,Te, = Te implies
that © admits an inner-outer factorization ©(z) = 0,(z)0,(z) for all z in D..

Now assume that © = ¥, ¥, where ¥, is an outer function in H?(£, D) and
U, is an inner function in H°°(D,)). Then we have

0;H*(V) = 0,0,P (&) = OP(E) = ¥, ¥,P(&) = ¥, H*(D).
In other words, ©;H*(V) = ¥;H?*(D). According to the Beurling-Lax-Halmos

Theorem, ©; = U;® where ¢ is a constant unitary operator mapping V onto D.
This readily implies that

v, U, =0=0,0,=1Y,00,.

In other words, ¥, (¥, — ®6,) = 0. Because ¥; is almost everywhere an isometry
on the boundary, ¥, = ®0,,. O

Remark 3.2.2. Let © be a function in H?(&,Y). Notice that M = Tgl () is an
invariant subspace for the unilateral shift Sy on (3 (Y). Let ® be any isometry
mapping a space € into £3 (Y) such that the range of ® equals M & Sy M. Let ©;
be the Fourier transform of ®, that is,

0i(z) = (Fy ®)(2) (z €Dy). (3.2.2)
Then Remark 3.1.2 and the proof of Theorem 3.2.1 shows that ©; is the inner part
of ©. The outer part ©, of © is given by 0,(e*) = 0;(e™)*O ().
In some future chapters, we will present algorithms to compute the inner-
outer factorization for matrix-valued rational functions.

Remark 3.2.3. Assume that © is an outer function in H?(€,Y) and fix a in Dy.
Then the range of O(«) equals Y, that is, ©(a)€ = Y. In particular, the dimension
of Y is less than or equal to the dimension of £. If £ and ) are of the same
dimension, then ©(«) is invertible for each fixed « in D..

To verify our claim, first let us show that the function

az

ay(z) = — 1Y (a,z€ Dy and y € V) (3.2.3)
has the reproducing property
(fs eay) = (f(a),y) (y € Y and f € H*(D)). (3.2.4)

Let f(z) = > 5" faz™" be the Taylor’s series expansion for a function f in H*(Y).
Thus

(f,az(az — 1) y) = (f, (1 — alz>_ y) = (Z fnz™™, Z(az)_"y)
n=0 n=0

= (faa™y) = (f(a),y).

n=0
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This yields the reproducing property of az(az — 1)~y displayed in (3.2.4).

Now let us show that, for any fixed o in Dy, the range of ©(«) equals V.
Assume that there exists a vector y in ) which is orthogonal to ©(«)&. Then for
any polynomial h in P(£), the reproducing property of @z(az — 1)~y yields

(Oh, pay) = (B(a)h(a),y) =0 (heP(£)).

Since © is an outer function in H2(&,)), we must have OP(£) = H?()), and thus,
the vector y must be zero. Therefore the range of ©(«) equals ). This verifies our
claim.

Remark 3.2.4. Assume that © is an outer function in H?(£,Y). Then ©(e*)€ = Y
almost everywhere with respect to the Lebesgue measure. In particular, if £ and
Y are of the same dimension, then ©(e*) is almost everywhere invertible.

Because O is outer we have H2()) = ©OP(£). So given any y in ), there exists
a sequence of polynomials p,, such that Op,, converges to y in L?()). (Here H?()))
is viewed as a subspace of L?()).) This implies that ©(e*)p,(e*) converges to
y almost everywhere as n tends to infinity. In other words, y € ©(e™)E except
on a set of measure zero. Now let y run through a countable dense set ), in ).
Since the countable union of sets of measure zero is also a set of measure zero, it
follows that ), is contained in ©(e')E except on a set of measure zero. Therefore
O(e™)E = Y almost everywhere.

Co-inner and co-outer functions. Let © be a function which is analytic in D4
with values in £(€,Y). Then © is the function defined by ©(z) = ©(%)* where
zis in Dy. If O(z) = > ;°27"0,, is the Taylor series expansion for ©, then
O(z) = >0 2 ™07 is the Taylor series expansion for O. Notice that © is analytic

in D, with values in £(),€). Observe that © = ©. Furthermore, (AB) = BA
where A and B are analytic functions in D, acting between the appropriate spaces.
We say that © is co-inner if © is inner. If © is inner and co-inner, then © is
called inner from both sides or a two-sided inner function. Notice that © is inner
from both sides if and only if © is an inner function and its boundary values
©(e™) are almost everywhere unitary operators with respect to the Lebesgue
measure. As expected, we say that © is co-outer if O is an outer function. We
say that © = ©.,0; is a co-outer co-inner factorization of © if O, is co-outer
and ©; is co-inner. So ©® = O.,0O; is a co-outer co-inner factorization of © if
and only if © = @cz@co is an inner-outer factorization of ©. Since the inner-outer
factorization, is unique up to a constant unitary operator, the co-outer co-inner
factorization is also unique up to a constant unitary operator. Finally, it is noted
that any f function in H*°(&£,Y) admits a co-outer co-inner factorization. To see
this, let 6= ©,0, be the inner-outer factorization for O where ©, is inner and
©, is outer. Then © = @O@Z is the co-outer co-inner factorization of ©.
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3.3 Invertible Outer Functions

We say that © is an invertible outer function if © is a function in H*°(&,Y), the
inverse ©(z)~! exists for all 2z in Dy, and ©~! is a function in H>(Y, ). For
example, (2z +1)/(3z+ 1) is an invertible outer function. The function (1 + z)/z
is outer and not an invertible outer function.

Let © be a function in H*(E,)). Then Tg is an invertible operator mapping
51(5) onto (3(Y) if and only if © is an invertible outer function. In this case,
(To) ™" = Tos.

Recall that if A isin H*(V,Y) and B is in H®(E,V), then Tap = TaTs.
So if © is an invertible outer function, then TeTg-1 =17 = I and Tg-1Te = I.
In other words, Tg-1 is the inverse of Tg. Now assume that Ty is invertible, and
let @ be the inverse of Tg. Let Sg be the unilateral shift on ¢2 (£) and Sy the
unilateral shift on e‘i(y). Because To intertwines Sg with Sy, it follows that @
intertwines Sy with Sg. In other words, @ is a lower triangular Toeplitz operator.
Hence @ = Ty where ¥ is a function in H* (), ). Since I = TyTe = Tye and
I = ToTy = Tow, it follows that I = ¥(z)O(z) and I = O(z)¥(z). Therefore
O(2)~! = ¥(2) exists and is a function in H* (Y, £).

Let © = 0,0, be the inner-outer factorization for a function © in H>°(£,)).
As expected, ©; is an inner function in H*(V,)) and ©, is an outer function in
H>(€,V). We claim that T§Te is the positive Toeplitz operator determined by

Tr =T5Te where R =070 =00, (3.3.1)

almost everywhere with respect to the Lebesgue measure on the unit circle. To
verify this observe that for f and g in 53_ (&), we have

(TeTef,9) = (Tef,Teg) = (Lef,Leg) = (LgLe f,g9) = (Le-ef, 9)-

In other words, T§Te is the compression of the Laurent operator Le-g to Ei(é‘).
According to Proposition 2.5.1, the operator T§Te = Tr where T is the positive
Toeplitz operator with symbol R = ©*0. Since O; is almost everywhere an isom-
etry on the unit circle, R = 0%0,. Because © is in H*(€,)), it follows that R is
in L>(&, ). Moreover, Ty is an invertible positive operator on ¢2 (€) if and only
if R=1is in L>(€, £); see Part (v) of Proposition 2.5.1.

We claim that T is an invertible positive operator on éi(é‘ ) if and only if
O, is an invertible outer function. Using Te = Te,Te, along with the fact that
To, is an isometry, Tr = T To,. So if ©, is an invertible outer function, then
To, is invertible, and thus, T is invertible. On the other hand, if T is invertible,
then there exists a § > 0 such that

CIfIP < (Trf ) = (T5,Te, f. f) = Te, fII”  (f € E(€)).

In other words, the operator T, is bounded below. Because the range of Tg,
is dense in (% (), the operator Tg, is onto. In other words, Te, is invertible.
Therefore O, is an invertible outer function.
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Remark 3.3.1. Assume that R = ©*0 almost everywhere on the unit circle where
© is a function in H*(&,Y), then Tp = T§Te = T To, where O, is the outer
part of ©. Moreover, R = 050, almost everywhere on the unit circle. Finally, the
previous analysis shows us that the following are equivalent.

e The Toeplitz operator Tg is invertible.
e The Toeplitz operator Te, is invertible.
e R7!is a function in L*®(&, ).

e O, is an invertible outer function.

The following result provides us with an explicit formula to compute the
inner-outer factorization when Ty is strictly positive.

Proposition 3.3.2. Let © be a function in H>*(E,Y). Assume that T = T§Te is a
strictly positive operator on Ei(é‘ ) where R = ©*0. Let Q be the analytic function
obtained by taking the Fourier transform of the first column of Tgl, that is,

Qz) = (FFTg'NE)(2) where Me=[1 0 0 0 -+ |:£3(E)— €.
Then the inner-outer factorization © = 0,0, is given by
0:(2) = O0(R)Q2)N"' and O,(z) = NQ(z)™ ",
N = (MeT7'mz)? oné. (3.3.2)

Finally, ©, is an invertible outer function in H*(E, ) while ©; is an inner func-
tion in H>*(E,)).

Proof. Let © = 0,0, be the inner-outer factorization for ©. Because Ty is strictly
positive, T, is invertible. So the range of Tg = Tp,Te, is closed. Let M be the
invariant subspace for Sy defined by M = Tgl? (€). Let £ be the cyclic wandering
subspace for the unilateral shift Sy given by L = M & SyM. We claim that
L= T@Tglﬂz. To see this first observe that

L={Tof:fel’(€) and Tof L SyTel3(£)}.

So Tef is in L if and only if Te f is orthogonal to TeSgl3 (£), or equivalently,
Trf = TgTe f is orthogonal to Sgf2 (£). In other words, Te f is in £ if and only
if Trf is in the kernel of Sg, or equivalently, f € Ty IHZS . This readily implies
that £ = TeTx 'TILE. We claim that

®=ToTR'IIEN': € — (2(E)

is an isometry whose range equals the wandering subspace L. Since N is a positive
invertible operator on £, the range of ® equals £. Now observe that

0 = N M TR ' TETo Ty TIEN = N I TR ' TE N = 1.



3.4. The Determinant of Inner and Outer Functions 51

Hence ® is an isometry and £ = ®&, which proves our claim. By Remark 3.2.2,
we see that ©; = f;@ is the inner part of ©. Using the fact that convolution in
the time domain is multiplication in the frequency domain, we obtain

0; = Ffi® = FTeTy ;N = OFF T 'TIE N~ = QN
In other words, ©;(z) = ©(2)Q(z)N 1. Now observe that
0, =0ON "' = 0,0,QN .

So we see that ©;(I — ©,QN1) = 0. Because ©; is inner, ©;(e*) is almost
everywhere an isometry with respect to the Lebesgue measure. Thus I = ©,QN 1.
Since O, is an invertible outer function, ©, = NQ 1. O

3.4 The Determinant of Inner and Outer Functions

Let A be an operator on a finite dimensional space £. Then det[A] is the deter-
minant of the matrix representation of A corresponding to any basis for £. An
operator T is a contraction if ||T|| < 1. Recall that © is an invertible outer func-
tion if © is a function in some H>(&,)) space and ©~! is in H*®(Y,£). We say
that (z) is a contractive analytic function if  is a function in H*(£,)) and
[19]|co < 1. In other words, 2 in H*°(E,)) is a contractive analytic function if and
only if the corresponding Toeplitz matrix Tq is a contraction.

Theorem 3.4.1. Let © be a function in H*(E,€E).
(i) The function © is outer if and only if det[®] is an outer function.

(ii) The function © is an invertible outer function if and only if det[©] is an
invertible outer function.

(iil) If © is a contractive analytic function, then © is an inner function if and
only if det[®] is an inner function.

Proof. Set §(z) = det[O(z)]. Clearly, the finite product of H*> functions is also
in H*°. Because O is in H*(&,€) and the determinant is formed by taking the
appropriate products of the components of O, it follows that det[@] = § is in
H®>. Let ¥ be the algebraic adjoint of ©. Since ¥ is obtained by multiplying
and adding the appropriate components of ©, the function ¥ is in H*(£, ) and
U(2)0(z) = O(2)¥(z) = d(2)I for all z in D;. Now assume that ¢ is an outer
function. Then we obtain

H?*(&) = 6H2(E) = OVH2(E) C OH2(E) C H*(E).

This implies that © H2(£) is dense in H?(€). In other words, © is an outer function.
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On the other hand, assume that © is outer. Let § = §;0, be the inner-outer
factorization for § where §; is inner and §, is outer. Let ¥ = ¥, ¥, be the inner-
outer factorization for ¥ where ¥, € H*®(V,€) is inner and ¥, € H>®(E,V) is
outer. Thus

§;H?(E) = 6;6,H2(E) = SH2(E) = VOH2(E) = WH2(E) = W, H*(V).

According to the Beurling-Lax-Halmos Theorem 3.1.1, the inner functions ;1 and
U, are equal up to a unitary constant on the right. So without loss of generality, we
can assume that 0;1 = ¥; and V = £. This readily implies that §;0,/ = ¥;¥,0 =
6;¥,0. In other words, §,I = ¥V,0. By taking the determinant, we arrive at

or = det[¥,] det[O] = 0; det[V,]0,

where n is the dimension of £. Since the finite product of outer functions is also an
outer function, we see that J; divides the outer function 7', that is, §7 = ;¢ where
@ is a function in H°°. The only inner function which can divide an outer function
is a constant of modulus 1. (Notice that H? = §7H?2 C §;H?. So 6;H? = H?,
and d; is both inner and outer.) So without loss of generality, we can assume that
d; = 1. Therefore the determinant det[®] = 6 = §;0, = J, is an outer function.
This proves Part (i).

If © is an invertible outer function, then ©~1! is a function in H>®(€,£).
Hence 671 = det[©~!] is a function in H*. So the determinant of © is also an
invertible outer function. On the other hand, if § is an invertible outer function,
then U/§ = ©71 is a well-defined function in H*°(&,£). This verifies Part (ii).

To prove Part (iii), recall that if A is a contraction on a finite dimensional
space, then A is a unitary operator if and only if |det[A]| = 1. If A is unitary,
then all the eigenvalues of A are of modulus 1. Since the determinant of A is the
product of all the eigenvalues of A, we must have | det[A]| = 1. On the other hand,
if A is a contraction such that |det[A]| = 1, then A*A is a positive contraction,
such that det[A*A] = 1. Recall that all finite dimensional positive operators are
unitarily equivalent to a positive diagonal matrix. So A*A is unitarily equivalent
to a positive diagonal contractive matrix A whose determinant is 1. So all the
diagonal entries of A are 1. Therefore A = I. Because A* A is unitarily equivalent
to I, it follow that A*A = I and A is a unitary operator.

Now assume that © is a contractive analytic function in H*°(&, ). Then © is
an inner function if and only if ©(e") is almost everywhere a unitary operator on
& with respect to the Lebesgue measure. In other words, © is an inner function if
and only if det[©(e")] is almost everywhere a function of modulus 1. Since det[O]
is in H*°, we see that © is an inner function if and only if the determinant of ©
is an inner function. |

To complete this section, note that Part (iii) of Theorem 3.4.1 is not true
if © is not a contraction. For a counter example, let © be the constant diagonal
2 x 2 matrix with 2 and 1/2 on the diagonal and zeros elsewhere.
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3.5 Notes

The scalar version of the Beurling-Lax-Halmos Theorem is due to Beurling [31].
The multivariable generalizations are due to Lax [154, 155] and Halmos [124].
The Beurling-Lax-Halmos Theorem is now a classical result in operator theory;
see [80, 82, 182, 198] for further results and historical comments. Our approach to
inner-outer factorization theory was motivated by Foias-Frazho [82] and Sz.-Nagy-
Foias [198]. Proposition 3.3.2 is a classical method of computing the inner-outer
factorization when the outer spectral factor is an invertible outer function. For
further results on the determinant, inner and outer functions see Sz.-Nagy-Foias
[198].



Chapter 4

Rational Inner and Outer
Functions

Rational transfer functions naturally occur in many practical systems and control
problems. Recall that a function admits a finite dimensional state space realization
if and only if it is proper and rational. The finite dimensional state space setting
is ideal for using computers to design feedback controllers and analyzing transfer
functions. In this chapter, we will use state space realizations to characterize inner
and outer rational functions. We will also present an algorithm to compute the
inner-outer factorization for a rational transfer function. Finally, we will describe
a state space method to compute the Douglas-Shapiro-Shields factorization for a
rational function.

4.1 Blaschke Products

We say that a rational function © with values in £(£,)) is proper if the degree
of the numerator is less than or equal to the degree of the denominator, that is,
© = N/d where N = Yy 2* Ny, is a £(£,Y)-valued polynomial of degree v while
d=>4% 2¥dy, is a scalar-valued polynomial of degree p and v < p. By definition,
a transfer function is a proper rational function. A stable transfer function is
a proper rational function whose poles are all contained in the open unit disc
D = {z: |z| < 1}. Finally, throughout this chapter, we assume that both £ and Y
are finite dimensional.

It is easy to show that a £(&,Y)-valued rational function © is in H*(€,))
if and only if © is a stable transfer function. A rational function © is in H*(&,))
if and only if it is in H?(£,)), or equivalently, © is a stable transfer function.
In other words, a stable transfer function is a rational function in H*(&,)), or
equivalently, a rational function in H?(&€,)).
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Recall that © is an inner function if © is a function in H*(£,Y) and Tg is
an isometry mapping ¢3 (€) into ¢% (Y), or equivalently, © is in H*>°(£,Y) and its
boundary values ©(e') are almost everywhere isometries mapping &£ into ). In
control theory, an inner function is also referred to as an all pass function.

Let © be a L£(&,Y)-valued rational transfer function. In this case, © is an
inner function if and only if © is a stable transfer function and ©(1/2z)*0(z) = I for
all z in C. To see this, observe that ©(1/z)*0(z) = N(z)/d(z) is a rational function
where N and d are polynomials in z. If © is inner, then © is almost everywhere
an isometry on the unit circle. Hence N(z)/d(z) = I for infinitely many points
on the unit circle. In particular, the two polynomials N(z) = d(z)I at infinitely
many points. Recall that two polynomials of degree at most v are equal if and
only if they are equal at v + 1 distinct points. Since N(z) = d(z)I at infinitely
many points, N(z) = d(z)I for all z in C. So ©(1/z)*0(z) = N(z)/d(z) = I for
all z. On the other hand, if ©(1/Z)*©(z) = I for all z, then clearly, ©(2)*0(z) =
©(1/z)*©(z) = I on the unit circle. So © is an inner function.

We say that b(z) is a Blaschke product of order n if

“l-ajz
b(z) = il 4.1.1
(2) vjljl E— (4.1.1)
where {o;}7 is a set of n scalars in D, and ~y is a constant of modulus 1. It is
emphasized that the scalars {c;}] do not have to be distinct. For example, if
a; =0 for all j and v =1, then 1/z™ is a Blaschke product of order n. Finally, it
is noted that {a;}7 is the set of poles for the Blaschke product b(z).

We claim that 6 is a scalar-valued rational inner function if and only if 0
is a Blaschke product of order n. To see this, first assume that 6(z) = b(z) is a
Blaschke product of order n. Clearly, all the poles of b(z) are in D. Let b;(z) be
the Blaschke product of order 1 given by

_ 1—-a;z

bi(2) (4.1.2)

z—aj;
A simple calculation shows that b;(1/Z)*b;(2) = 1, for all z. In other words, each b;
is an inner function. Because b(z) = []] b;(2), and the product of inner functions
is also an inner function, we see that b(z) is an inner function.

Now assume that 6 is a scalar-valued rational inner function. In particular,
0 is a proper rational function. Let 0(z) = p(z)/q(z) where p and ¢ are two
polynomials with no common zeros of the form

p(2) = potprz+Apy_12" +pu2” and  q(z) = qotqrzt A gmo12™ T 2™

Because 6 is proper, v < m. If £(z) = Y ;" &2" is a polynomial of degree at most
m, then &° is the reverse polynomial defined by

£(2)f = 2mE(1/7). (4.1.3)
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In other words,
() = €2 + 62T H 62 TP 4 G 12+ G
Observe that A is a nonzero root of ¢ if and only if 1/ is a root of £8. (Zero is a

root of ¢ if and only if deg(£?) < m. Moreover, £ = (£%)%. ) Using the fact that 6
is inner, we obtain

1=0(1/2)0(z) = - . (4.1.4)

Because p and ¢ have no common roots, p? and ¢® have no common roots. Hence
p = 6q(2)* and ¢ = 6p(2)? where 6 is a scalar. In other words, 6 = d¢(2)?/q. Since
0 is in H°, it is stable and all of its poles are contained in the open unit disc D.
In other words, ¢(z) = [[}" (2 — @j) where {a;}* are scalars contained in . This
readily implies that ¢(2)% = [[]"(1 — @;2), that is,

Using |0(e™)| = |b;(e™)| = 1, we arrive at |§| = 1. So 6 is a Blaschke product of
order m.

Remark 4.1.1. In general one can show that the set of all scalar-valued inner
functions are given by 6(z) = yb(z)s(z) where v is a constant of modulus 1, b is a
Blaschke product of the form

n

b(z) = H %UE where Z(l — |ay]) < o0,
j=1

Z — Oy

J=1

and the set {a;}7 is a possibly infinite set of complex numbers contained in the
open unit disc . Finally, the singular function

27
ze™ 4+ 1
= — 7d
s(2) = exp ( /O S 1 u)

where p is a positive measure which is singular with respect to the Lebesgue
measure. For further details on the scalar-valued inner functions see [76, 106, 134,
151, 187].
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4.2 State Space Realizations for Rational Inner
Functions

In this section we will use realization theory to determine when a rational transfer
function is inner. A review of state space theory is given in Chapter 14. To establish
some notation recall that {A, B, C, D} is a realization for a transfer function F if

F(z2)=D+C(zI — A)™'B.

Here A is an operator on X, the operator B maps &£ into X, while the operator
C maps X into )Y and D is an operator from & into ). The operator A on X is
stable, if the spectrum of A lives in some compact subset of the open unit disc.
In particular, if X' is finite dimensional, then A is stable if and only if all the
eigenvalues for A are contained in the open unit disc.

Consider a pair of operators {C, A}, where A is an operator on a finite di-
mensional space X and C' is an operator mapping X into ). Recall that the
pair {C, A} is observable if {A**C* Y} spans X, or equivalently, by the Cayley-
Hamilton Theorem {A**C*Y}d™* =1 spans X'. Moreover, we have

o If A is stable, then the observability Gramian P for {C, A} is the unique
solution to the Lyapunov equation

P=A"PA+C*C.

In this case, P =)~ A*"C*CA".

o If A is stable, then P is strictly positive if and only if the pair {C, A} is
observable.

o If {C, A} is observable, then there exists a strictly positive solution to the
Lyapunov equation P = A*PA + C*C if and only if A is stable.

Consider a pair of operators {A, B}, where A is an operator on a finite
dimensional space X and B is an operator mapping £ into X. Recall that the
pair {A, B} is controllable if {A* BE}§ spans X, or equivalently, by the Cayley-
Hamilton Theorem {A* BE}§™ ¥~ spans X. Furthermore, we have

o If A is stable, then the controllability Gramian Q for {A, B} is the unique
solution to the Lyapunov equation

O = AQA* + BB".
In this case, Q@ =Y ° A"BB*A*™.

o If A is stable, then @ is strictly positive if and only if the pair {A, B} is
controllable.

o If {A, B} is controllable, then there exists a strictly positive solution to the
Lyapunov equation Q = AQA* + BB™* if and only if A is stable.
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We say that {A on X, B,C, D} is an isometric realization (respectively co-
isometric realization, unitary realization) if the systems matrix

A B X X
o=[4 BT [2]-[%] o)
is an isometry (respectively co-isometry, unitary operator). If {A, B,C, D} is an
isometric realization, then the first column [A C’] " of Q is also an isometry.

Hence
I=A"A+C"C. (4.2.2)

In particular, the identity I is the observability Gramian for the pair {C, A}. If
{A, B,C, D} is an observable finite dimensional isometric realization, then A is
stable. This follows from the fact that {C, A} is observable and I is a strictly
positive solution to the Lyapunov equation I = A*A 4+ C*C.
If {A, B,C, D} is a co-isometric realization, then the first row [A B] of
is also a co-isometry. Hence
I = AA* + BB*. (4.2.3)

In particular, I is the controllability Gramian for the pair {A, B}. If {A, B, C, D}
is a controllable finite dimensional co-isometric realization, then A is stable.

Clearly, a realization is unitary if and only if it is isometric and co-isometric.
So if {A, B,C, D} is a unitary realization, then I is the solution to the Lyapunov
equations in (4.2.2) and (4.2.3). Finally, it is noted that a minimal finite dimen-
sional unitary realization is stable. For a finite dimensional system, a minimal
realization is a realization of the lowest possible state dimension. A realization is
minimal if and only if it is controllable and observable; see Chapter 14 for a review
of state space.

Theorem 4.2.1. Let {A on X, B,C, D} be a minimal realization for a L(E,))-
valued rational transfer function ©. Then the following statements are equivalent.

(i) The function © is inner.

(ii) The operator A is stable and

EX3 BRI R R

where P is the observability Gramian for the pair {C, A}.
(iil) The realization {A, B,C, D} is similar to a stable isometric realization.

In particular, a rational transfer function © is inner if and only if © admits a
stable minimal isometric realization.

Proof. If © is an inner function, then © is a function in H*(£,)), and thus all
poles of © are in D. Since {A, B,C, D} is a minimal (controllable and observ-
able) realization of O, it follows that A is stable. So without loss of generality
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we can assume that {A, B,C, D} is a stable realization for ©. In particular, the
observability Gramian P for the pair {C, A} is strictly positive.
Let Te be the lower triangular Toeplitz operator determined by O, that is,

Oy 0 0
0, 6 0 - , ,
To=| 0, ©, 0 - | 3 —=ED).

As expected, O(z) = Y.o° 27%0y, is the Taylor’s series expansion of ©. Because
{A, B,C, D} is a realization of ©, the Taylor’s coefficient of © can be written as

=D and ©,=CA*'B (k>1). (4.2.5)

By definition, © is inner if and only if Tg is an isometry. Notice that T is an
isometry if and only if all the columns of T are isometries mapping € into ¢3 ()
and the columns of Ty are orthogonal to each other. Due to the Toeplitz structure
of Te, the n'™ column of Te is an isometry mapping € to ¢2(Y) if and only if
I =3%7°0;06;. By employing P =" A**C*CA* and (4.2.5), we arrive at

> ©;0,=D"D+>» B A" VcrCA'B
k=0 k=1

= D*D + B* (Z A*’“C*CA’“) B (4.2.6)
k=0
= D*D + B*PB.

In other words, the nt" column of Tg is an isometry if and only if I = D* D+ B*PB.

The Toeplitz structure of Tg also shows that all the columns of Tg are
orthogonal if and only if the n*" column of Te is orthogonal to the first column
of Te for all n > 1, or equivalently, 0 = Y7/ ©;Op4, for all n > 1. By using
P =3 A*C*CAF and (4.2.5) once again, we see that

Z 0;Ok+n = D*CA" "B+ Z B*A* =D orcAk-14n B
k=0 =

=D*CA"'B+ B (Z A*’“C*CA’“) A"B
k=0
= (D*C + B*PA)A™'B  (n>1). (4.2.7)

Clearly, if 0 = D*C' + B*PA, then Zzio 0} 0k4n = 0 for all integers n > 1, and
all the columns of Tg are orthogonal. On the other hand, if all the columns of Tg
are orthogonal, then (D*C + B*PA)A" 1B = 0 for all n > 1. Because the pair
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{A, B} is controllable, { A¥ BE}° spans X, and thus, D*C + B*PA = 0. Therefore
all columns of Tg are orthogonal if and only if 0 = D*C + B*PA.
The above analysis shows that T is an isometry if and only if

I=D*D+B*PB and 0=D*C+ B*PA. (4.2.8)

These equations with P = A*PA + C*C are equivalent to (4.2.4). Hence O is an
inner function if and only if A is stable and (4.2.4) holds. Therefore Parts (i) and
(ii) are equivalent.

If {A, B,C, D} is a stable isometric realization, then the observability Gram-
ian P = I and (4.2.4) holds. In other words, the transfer function for a stable
isometric realization is inner. Recall that similar realizations have the same transfer
function. So if {A, B,C, D} is similar to a stable isometric realization, then its
transfer function is inner. Hence Part (iii) implies Part (i).

Now assume that Part (ii) holds, or equivalently, {4, B,C, D} is a minimal
realization of © and (4.2.4) holds. By multiplying both sides of (4.2.4) by P~'/2@1,
we see that

pl24Ap-1/2 pl2p } [ X } [ X ]
. —

iy D - y (4.2.9)

is an isometry. In other words, ¥ = {PY/2AP~1/2 P1/2B CP~'/2 D} is a stable
isometric realization. Notice that P'/? is a similarity transformation intertwining
{A, B,C, D} with X. In particular, © is also the transfer function for ¥. Therefore
{A, B,C, D} is similar to a stable isometric realization. Hence Part (ii) implies
Part (iii), and thus, all three parts are equivalent. O

Notice that {A, B, C, D} is a realization (respectively minimal realization) for
© if and only if {A*, C*, B*, D*} is a realization (respectively minimal realization)
for ©(z) = O(2)*. By definition, © is co-inner if © is inner. By employing this fact
in Theorem 4.2.1, we readily obtain the following result.

Corollary 4.2.2. Let {A on X,B,C,D} be a minimal realization for a L(E,))-
valued rational transfer function ©.

(i) The function © is co-inner.

(ii) The operator A is stable and

EHIERIES IR R

where @ 1is the controllability Gramian for the pair { A, B}.

(iii) The realization {A on X, B,C, D} is similar to a stable co-isometric realiza-
tion.

In particular, © is a rational co-inner transfer function if and only if © admits a
stable minimal co-isometric realization.
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Let © be a function in H>°(€,)). Recall that © is a two-sided inner function
if and only if ©(e") is almost everywhere a unitary operator with respect to the
Lebesgue measure. In particular, © is a two-sided inner function if and only if © is
inner and dim £& = dim ), or equivalently, © is co-inner and dim & = dim ). Hence
Theorem 4.2.1 or Corollary 4.2.2 can be used to determine when a rational transfer
function is inner from both sides. For example, assume that {A, B, C, D} is a mini-
mal realization for a rational transfer function in H*°(€,Y) where dim £ = dim Y.
Then © is a two-sided inner function if and only if (4.2.4) holds where P is the
observability Gramian, or equivalently, the realization {PY/2AP~1/2 P'/?B,
cp-1/?, D} of © is unitary. Likewise, © is a two-sided inner function if and
only if (4.2.10) holds where @ is the controllability Gramian, or equivalently, the
realization {Q~Y2A4Q"Y?,Q~'/2B,CQ"Y? D} of © is unitary. Finally, © is a ra-
tional two-sided inner function if and only if © admits a stable minimal unitary
realization.

Remark 4.2.3. Assume that © is a rational two-sided inner function in H>* (Y, V).
Let H be the Hankel matrix generated by the Fourier coefficients {0, }$° for O,
that is,

©, O, O3
©; O3 04 --- )
H=1|90, 0, 05 -.- | onti(Y)

where ©(z) = 3" 27"0,. We claim that there are §(0) singular values for H
equal to 1 and all the other singular values are zero. (The McMillan degree of
a transfer function G is denoted by d(G).) To see this, recall that any rational

square inner function © in H*°(Y,Y) admits a unitary minimal stable realization
{Aon X,B,C, D}. Using ©,, = CA"" 1B, we arrive at H = W,W.. where

Wc:[B AB A’B -~-]:€3_(y)—>X,
W,=[C cA cA> - ]" . x - E20).

The rank of H equals the McMillan degree of ©. Because {A, B, C, D} is a stable
unitary realization, the controllability and observability Gramian are both the
identity. In other words, W.W} = I and W;W, = I. Using H = W,W,, we see
that H*H = WW W,W, = WW.. Recall that if M and N are two operators
acting between the appropriate spaces, then M N and N M have the same nonzero
spectrum. Hence H*H and W .W} = I have the same nonzero eigenvalues. The
singular values for H are the square root of the eigenvalues for H*H. Therefore
H has () nonzero singular values equal to 1 and all the other singular values
are zero.

Remark 4.2.4. Let {A, B, C, D} be a finite dimensional, stable, observable realiza-
tion for a function © in H*(),)). Moreover, assume that (4.2.4) holds where P
is the observability Gramian for the pair {C, A}. Then {A, B,C, D} is a minimal
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realization and © is a two-sided inner function. Finally, P~! equals the controlla-
bility Gramian for {A, B}.
To verify this, let Q be the systems matrix for {A, B,C, D}, that is,

A B P 0
Q:{C D] and set A—{O I]'

Notice that both  and A act on X @ ). Then (4.2.4) states that A = Q*AQ.
Because P is invertible, A is invertible, and thus, 2 is also invertible. Multiplying
A = Q*AQ on the left by QA~! and on the right with Q 1A~ yields A™! =
QA~1Q*. In other words,

A B P10 A cr 1 [Pt oo
I IR

In particular, P~! = AP~'A* + BB*. In other words, P! is the controllability
Gramian for {4, B}. Because A4 is stable and P! is invertible, the pair {4, B} is
controllable. Hence {A, B,C, D} is a minimal realization. According to Theorem
4.2.1, the function © is two-sided inner.

By replacing {A, B,C,D} in Remark 4.2.4 with its dual {A*, B*,C*, D*},
we arrive at the following result.
Remark 4.2.5. Let {A, B,C, D} be a finite dimensional, stable, controllable re-
alization for a function © in H*(),)). Moreover, assume that (4.2.10) holds
where @ is the controllability Gramian for the pair {A, B}. Then {4, B,C, D} is
a minimal realization and © is a two-sided inner function. Finally, Q! equals the
observability Gramian for {C, A}.

Let us conclude this section with the following useful result.

Proposition 4.2.6. Let F be a function in H*(£,Y) and S the unilateral shift on
H?(Y). Let H be the invariant subspace for the backward shift S* defined by

H=\/S"FE. (4.2.11)

n=1

Then the dimension of H equals the McMillan degree of F. In particular, H is
finite dimensional if and only if F is rational. In this case, if {A on X, B,C, D}
is a minimal realization for F', then

\/ S*"FE = 2C(xI — A)7'X. (4.2.12)
n=1
Proof. If F(z) = Y_o° 27" F}, is the power series expansion for F, then S*"F =
Zgo z_an+k. In particular, S*"F = .7-';5 [Fn Foi1 Foyo ~~~]tr where .7:; is
the Fourier transform mapping ¢%()) onto H?(Y). Therefore H = \/{° S*"FY is
the closure of the range of .7-'; H where H is the Hankel matrix given by
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F, F, F3
F, F3 Fy --
H=\rp p B - |- (4.2.13)

Recall that the rank of a Hankel matrix H equals the McMillan degree of its
symbol F'. Moreover, the rank of H is finite if and only if its symbol F' is rational;
see Section 14.2. Since H equals the closure of the range of .7-"; H, it follows that
‘H is finite dimensional if and only if F' is rational. Moreover, the dimension of H
equals the rank of H which is the McMillan degree of F'.

Assume that F is rational and {4 on X, B,C, D} is a minimal realization
for F. Clearly, F(cc) = Fy = D. Recall that the backward shift S* on H?()) is
determined by

(Sh)(z) = %h(z) and  (S*h)(z) = zh(z) — zh(c0) (h € H*(Y)). (4.2.14)

Using F(z) = D + C(zI — A)™'B with (4.2.14), it follows that S*Fv =
2C(zI — A)~'Buv where v is in £. Because A is stable, z(z — A)~1 = 3% 27F A*,
By consulting (4.2.14) once again, we arrive at

S*2Fy = 8§*20(2I — A)™'Bv = 22C(21 — A)™'Bv — 2CBv

=2C (2(2I — A)™' — 1) Bv=20(zI — A)~' (21 — (21 — A)) Bv
= 2C(2I — A)"'ABv.

In other words, S*2Fv = 2C(zI — A)~* ABv. By continuing in this fashion, we see
that S*"T1Fv = 2C(21 — A)"1 A" Bv for all integers n > 0. Hence

H= (7 SNpE = §7 2C(=1 — A" A" BE
n=1 n=0

=20(zI - A)7! \/ A"BE = 2C(21 — A)7'X.

n=0

The last equality follows from the fact that the pair { A, B} is controllable. There-
fore the subspace H = 2C(21 — A)~*X. O

4.3 Rational Two-Sided Inner Functions

This section is devoted to the finite dimensional invariant subspaces for the back-
ward shift operator. Let S be the unilateral shift on H?()). Throughout we assume
that ) is finite dimensional. The Beurling-Lax-Halmos Theorem 3.1.1 shows that
the set of all invariant subspaces for the backward shift S* on H?()) are given
by H(©) = H*(Y) © ©H?*(E), where © is an inner function in H>°(£,Y). In this
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section, we will show that the set of all finite dimensional invariant subspaces for
S* are determined by the rational two-sided inner functions. We begin with the
following result.

Lemma 4.3.1. Let © be a two-sided inner function in H>*(Y,Y). If S is the uni-
lateral shift on H?(Y), then

H(O) = H*(Y) c OH*(Y) = §7 S*eY. (4.3.1)

n=1

The invariant subspace H(O) is finite dimensional if and only if © is rational. In
this case, if {A on X, B,C, D} is any minimal realization for ©, then the subspace
H(O) =2C(zI — A)~1X.

Proof. Let h be a function in H?(Y) and y € ). Recall that (Sg)(z) = 27 1g(2)
where g is in H?()). Because © is inner, for any integer n > 1 we obtain

(S*"Oy, Oh) = (Oy, S"Oh) = (Oy, OS™h) = (y, S™h) = 0.

Thus S**©Y is orthogonal to ©H?*(Y) for all n > 1. Hence \/{° S*"0OY C H(O).
Assume that g is an element in H(0), and g is orthogonal to S**0) for all n > 1.
This implies that

*MN mn 1 27T —iwn W w
0 = (9,5M0y)=(S g,@y)=g/ (e7""g(e™), 0(e™)y) dw
0
1 27‘(‘

= % (@(ezw)*g(ezw)’euuny) dw (n Z 1)
0

Hence ©*g is orthogonal to ®©°e* ") in L?()). (Here we view H?())) as a subspace
of L%(); see Section 2.2.) Because g is orthogonal to @ H?()), we see that ©*g is
orthogonal to H%(Y). Since H?(Y) = ®5e~"")), the vector ©*g is orthogonal to
@&, e“nY = L2(Y). In other words, ©*g = 0, or equivalently, ©(e*)*g(e*) =0
almost everywhere with respect to the Lebesgue measure. Because ©(e™) is almost
everywhere a unitary operator, g = 0. So H(0) = \/{° S*"0OY and (4.3.1) holds.
The rest of the theorem follows by replacing F’ with © in Proposition 4.2.6. [

The following is the main result of this section.

Theorem 4.3.2. Let S be the unilateral shift on H*(Y). Then the following state-
ments are equivalent.

(i) H is a finite dimensional invariant subspace for S*.

(i) H = 2C(2I — A)~1X where {C, A on X} is a finite dimensional stable, ob-

servable pair.

(i) H = H(O) where O is a rational two-sided inner function in H*(Y,Y).
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If {A, B,C, D} is any minimal realization for a two-sided rational inner function
O, then
H(O) = 20(zI — A)~'x. (4.3.2)

Finally, the dimension of H(©) equals the McMillan degree of ©.

Recall that a scalar-valued inner function is rational if and only if it is a
Blaschke product of order n where n is finite; see Section 4.1. Notice that the
McMillan degree of a Blaschke product of order n is precisely n. This with Theorem
4.3.2 readily yields the following result.

Corollary 4.3.3. Let S be the unilateral shift on H?. Then the set of all n(< oo)
dimensional invariant subspaces for the backward shift S* are given by H(0) where
6 is a Blaschke product of order n. In this case, H() = 2C(zI — A)~'X where
{A on X,B,C, D} is any minimal realization for 6.

Remark 4.3.4. Let {C, A on X} be a stable, observable pair where X is finite
dimensional and C maps X" into ). Then one can always find operators B mapping
Y into X and D on Y such that {4, B,C, D} is a minimal realization for a two-
sided inner function © and

H(O) = H*(Y) © OH*(Y) = 2C(2I — A)7X. (4.3.3)

To find B and D, compute the singular value decomposition of the operator
[A*P C’*] mapping X @ Y into X to find an isometry

V= [“;1] Y — [iﬂ such that ranV =ker ([A*P C*]). (4.3.4)
2

(The Matlab command null can also be used to find V'.) Here P is the observabil-

ity Gramian for the pair {C, A}. To be precise, P is the unique solution to the

Lyapunov equation P = A*PA+ C*C. Then the operators B and D are given by

B=ViN"Y2 D=V,N"Y2 where N =V;PV;+ VyVs. (4.3.5)

To verify this remark, first observe that

* * * * A

P=A"PA+C C—[AP C] [C]
Notice that [A*P C’*] maps X & ) into X. Because P is invertible, it is onto
X, and thus, the operator [A*P C’*] must also be onto X. In other words, the
dimension of the kernel of [A*P C’*] equals the dimension X & ) minus the
dimension of X'. So the dimension of the kernel of [A*P C*] equals the dimension
of Y. So we can construct an orthonormal basis of dimension dim Y for the kernel
of [A*P C*]. This basis readily yields an isometry V of the form (4.3.4). Using
(4.3.5), it follows that (4.2.4) holds. Remark 4.2.4 shows that {A, B,C, D} is a
minimal realization and its transfer function © is two-sided inner. Finally, Lemma
4.3.1 yields (4.3.3).
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Proof of Theorem 4.3.2. Assume that Part (i) holds. Let ® be a unitary operator
mapping a finite dimensional space X onto H. Here X is any Hilbert space with
the same dimension as H. Let A be the operator on X’ defined by A = ®*S*®. In
other words, S*® = ®A. Notice that S*"® = ® A" for all integers n > 0. Because
S*™ converges to zero in the strong operator topology, A™ must also converge to
zero as n tends to infinity. Since X is finite dimensional, A is stable. The range of
® is a subspace of H?()). Hence ® admits a Taylor’s series expansion of the form

(®z)(2) =Y 2 "Ppz  (v€ X andzeDy).
k=0

Here @y is an operator mapping X into ) for all integers k& > 0. Let C be the
operator mapping X into ) determined by C = ®,. We claim that &, = CA* for
all £ > 0. To see this, let IIy be the orthogonal projection from HQ(y) onto Y
which picks out the constant functions in H2(Y), that is, [Iyyh = h(oo) where h is
in H?(Y). Then for any integer k > 0, we have

Py, =Ty S*™d = [, dA* = dpAF = C A,

Thus ®;, = CAF for all k > 0. Hence for any z in X, we have
Ox = Zz_kfbkx = Zz_kCAkac =C(I -z tA) e = 2C(21 — A) L.
k=0 k=0

In other words, ® = 2C(2I — A)~ L.
We claim that {C, A} is observable. Assume C A"z = 0 for all n > 0 and
some z in X. Then

Or = 20(z] — A) o = Z 2z "CA"x = 0.

n=0

Because ® is one to one, z = 0. In other words, (;° ker CA™ = {0}, and the pair
{C, A} is observable. Therefore Part (i) implies Part (ii).

Now assume Part (ii) holds. According to Remark 4.3.4, there exist operators
B and D such that {A, B,C, D} is a minimal realization for a two-sided inner
function © and H = H(O). Hence Part (iii) holds. Lemma 4.3.1 shows that Part
(iii) implies Part (i). Consulting Proposition 4.2.6 with F' = O yields (4.3.2). O

By combining Proposition 4.2.6 with Theorem 4.3.2, we arrive at the follow-
ing result which will be used in Section 4.7.

Remark 4.3.5. Let F be a rational function in H?(€,Y). Let H be the invariant
subspace for the backward shift S* on H?()) defined by

H=\/ S"FE. (4.3.6)

n=1
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Then there exists a two-sided inner function © in H*°(),Y) such that

{7 S*MFE =H(O) = H*(Y) o OH* (). (4.3.7)

n=1

Let {Aon X,B1,C,D1} be a minimal realization for the transfer function F.
Then H(O) = 2C (21 — A)~1X. Moreover, one can use Remark 4.3.4 to compute
the operators B mapping ) into X and D on ) such that {A, B, C, D} is a minimal
realization for ©.

4.4 Rational Outer Functions

This section is devoted to rational outer functions and their state space realiza-
tions. A rational function © is in H2(&,)) if and only if © is proper and all the
poles of © are contained in the open unit disc . Moreover, a rational function ©
is in H?(&,Y) if and only if it is in H*(£,)). Let © be a function in H?(E,)),
then by definition © is an outer function if OP(£) = H?(Y). (The space of all
polynomials in 1/z with values in £ is denoted by P(€).) Recall that © is an in-
vertible outer function if © is in H>*(£,Y) and ©~! is in H>°(), £). Notice that ©
is an invertible outer function if and only if © is in H*°(£,)) and its correspond-
ing Toeplitz matrix Te defines an invertible operator mapping 3 (€) onto €3 ().
Finally, it is noted that a scalar-valued rational function # is an invertible outer
function if and ounly if 8 and 1/6 are rational functions in H*, or equivalently,
6 = q/d where g and d are two polynomials of the same degree, and all the poles
and zeros of 6 are contained in the open unit disc .

Let 0 be a scalar-valued rational function. Then 6 is an outer function if and
only if the following three conditions hold:

(i) 8 = q/d where q and d are two polynomials of the same degree;
(ii) the zeros of O are contained in D;
(iil) the poles of 0 are contained in D.

To prove this, assume that 6 is a rational function in H*°. Let 8 = ¢/d where
q and d are two polynomials with no common zeros, the zeros of d are contained
in D, and deg ¢ < degd. Notice that d/z™ is an invertible outer function, where n
is the degree of d. Hence
q d

H? == " H?=,"qH> (4.4.1)

q
OH? = =
d dzm

Let p(z) = 2"q(1/Zz) be the reverse polynomial for ¢, that is, p(z) = qy2"+q, 2"+
-+-+7, where q(z) = > ¢;27. Let S be the unilateral shift on H?. Then we have

p(S*)2605*"-1-@15*”_1+§2S*"_2+'-'+Gn_15*+§n1.
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Since z7"q(z) = >y ¢;2’ ", equation (4.4.1) implies that §H? = p(S*)*H?2. In

other words, 6 H? equals the closure of the range of p(S*)*, and thus,
kerp(S*) = H* © OH?.

So 6 is outer if and only if the kernel of p(S*) is zero, or equivalently, zero is not
an eigenvalue of p(S*). Recall that the set of all eigenvalues for S* equals the open
unit disc . According to the spectral mapping theorem, the set of all eigenvalues
for p(S*) are given by p(D); see [126]. Hence 6 is not an outer function if and only
if zero is an eigenvalue for p(S*), or equivalently, p(A) = 0 for some A € D. Observe
that p(0) = 0 if and only if ¢, = 0, or equivalently, degq < n. In particular, if
degq < n = degd, then 6 is not outer. Therefore if 8 is an outer function, then
deg ¢ = degd, and Part (i) holds.

Now assume that degg = n, or equivalently, p(0) = g,, # 0. Notice that
A # 0 is a root of p if and only if 1/X is a root of ¢. So zero is an eigenvalue for
p(S*) if and only if p(A) = 0 for some A € D, or equivalently, g(a) = 0 for some
a € Dy. In other words, the kernel of p(S*) is zero if and only if all the zeros of ¢
are contained in D. Therefore @ is outer if and only if Parts (i), (i) and (iii) hold.

Remark 4.4.1. Let © be a rational function in H%(),Y). Let {A, B,C, D} be
a minimal realization of ©. Since © is in H?(),)), all the poles of © must be
contained in D, and A is stable. Hence any controllable and observable realization
of ® must be stable. Moreover, the following statements are equivalent.

(i) The function © is outer.
(ii) The determinant of © is an outer function.

(iii) ©(00) = D is invertible, and the eigenvalues of A—BD~'C are all contained
in D.

Finally, the following statements are also equivalent.
(a) O is an invertible outer function.
(b) The determinant of © is an invertible outer function.

(c) ©(o0) = D is invertible, and the eigenvalues of A— BD~!C are all contained
in D.

Theorem 3.4.1 shows that Parts (i) and (ii) are equivalent. If © is an outer
function, then ©(c0) = D on Y must be invertible. So it remains to show that
Parts (ii) and (iii) are equivalent. Recall that if N and M are two operators acting
between the appropriate finite dimensional spaces, then

det[I + MN] = det[I + NM]. (4.4.2)
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Using this fact along with the state space realization {A, B, C, D} for ©, we obtain

§(z) = det[D + C(2I — A)~'B] = det[D]det[I + D™*C(zI — A)~'B]
= det[D] det[I + (21 — A)"'BD~'(]
= det[D] det[(z] — A)~' ((zI — A) + BD™'C)]

det[z] — (A — BD~'(C)]

= det{D] det[z] — A]

In other words, the determinant of © is given by

det[z] — (A — BD™1C)]

det[O(2)] = det[D] det[z] — A]

(4.4.3)

Notice that det[z] —(A—BD~1C)] is the characteristic polynomial for A— BD=1C
and det[zI — A] is the characteristic polynomial for A. Without loss of generality,
assume that the dimension of the state X is n. This readily implies that

H;L:I (z — ay)
I1;- (== 58;)

where {a;}7 are the eigenvalues of A — BD™'C and {3;}} are the eigenvalues
of A. Because A is stable, {§;}7 must be contained in D. So the only possible
pole zero cancellation in det[©(z)] that can occur is perhaps on the eigenvalues of
A — BD7IC contained in D. By virtue of (4.4.3), we see that det[©(z)] is outer
if and only if all the eigenvalues of A — BD~!C are contained in . Thus the
equivalence of Parts (i) to (iii) is established.

By Theorem 3.4.1 and using the fact that © is rational, it follows that Parts
(a) and (b) are equivalent. By consulting (4.4.4) once again, we see that det[©(z)]
is an invertible outer function if and only if all the eigenvalues of A — BD~'C are
contained in D. In other words, Parts (b) and (c) are equivalent.

The following result will be useful.

Lemma 4.4.2. Let {A on X, B,C, D} be a stable and controllable realization of an
outer function © with values in H>(Y,Y). Then all the eigenvalues of A—BD~1C
are contained in D. Moreover, A—BD~'C is stable if and only if © is an invertible
outer function.

det[©(z)] = det[D] (4.4.4)

Proof. According to Remark 14.2.1, the inverse of © is given by

k) '=D'-D'C(zI-J)"'BD™!,
J=A-BD'C. (4.4.5)

Let X, be the observable subspace for the pair {C, A} given by

X, =span{A™"C*Y : 0 <n <dim X} = \/ ATCHY.

n=0
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Then the unobservable subspace is defined by X5 = X © X, =, ker CA™. Notice
that X, is an invariant subspace for A*, and X5 is invariant under A. Using this
decomposition of X, we see that {A, B,C, D} admits matrix decompositions of
the form:

Ay 0 X, B, 7. X,
S RS F A AP ARSI P
Xo

e o];[XO

|-

The zero in C follows from the fact that C|X5 = 0. Here * represents an unspecified
entry. By construction, {A,, B,, C,, D} is a controllable and observable realization
of ©. According to Remark 4.4.1, all the eigenvalues of J, = A, — B,D~'C, are
contained in the closed unit disc. Moreover, J, is stable if and only if © is an
invertible outer function. Using the previous matrix decompositions, we see that

_ AO 0 Bo —1 _ JO 0
(% 2] o[ 2]
Because A is stable, A must also be stable. Since all eigenvalues of .J, are contained
in D, the previous decomposition shows that all eigenvalues of J must also be

contained in . Recall that © is an invertible outer function if and only if J, is
stable. Hence J is stable if and only if © is an invertible outer function. ]

Ezxample. Let g be a rational function in H°°. In this case, g admits an inner-outer
factorization of the form g = g;g, where g; is the Blaschke product consisting of
the zeros of g in D4 and g, is a rational outer function. By rearranging the poles
and zeros of g, one can theoretically compute the inner-outer factorization for g.
For example, consider the rational function g in H*° given by

(z=2)(z=3)(z—1)
(z—0.1)(z — 0.4)(z — 0.5)(z — 0.6)

9(2) =

Notice that g has two zeros in D, and one zero on the unit circle. Moreover, the
degree of the numerator is strictly less than the degree of the denominator. Using
the two zeros of ¢ in Dy, and the fact that the degree of the denominator minus
the degree of the numerator equals 1, the inner part g; of g is determined by

gi(z) = (z—2)(z—3) _ (1—2/2)(1— 2/3)
' 2(1-22)(1-32) 2(z—1/2)(2—1/3)

In other words, g; is the Blaschke product of order 3 with zeros at {2,3,00}. The
outer part g, for g is given by

z(1=22)(1 —32)(z —1)
2—0.1)(z—0.4)(z—0.5)(2 — 0.6)

gO(Z) = (
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Notice that the degree of the numerator and denominator for g, are the same.
Moreover, all the zeros of g, are contained in . It is well known that computing the
roots of a polynomial can be numerically sensitive. So this method of computing
the inner-outer factorization may not be reliable for rational functions of large
order. Later we will present several other methods to compute the inner-outer
factorization in the matrix case.

4.5 Inner-Outer Factorization and McMillan Degree

In this section we will show that the inner and outer factors of a rational function
in H°°(+,-) are also rational functions, and their corresponding McMillan degrees
do not increase. The McMillan degree of a transfer function G is denoted by d(G).

IfO(z) =Y 0 27 "0, isin H*(E,Y), then Heg is the Hankel operator defined

by
O3 O, O
04 O3 0Oy

Ho=|... @, 0, 05| (&) —r). (4.5.1)

It is well known that © is rational if and only if the rank of Hg is finite. For conve-
nience we have written the columns of Hg starting on the right-hand side. More-
over, the rank of Hg equals the McMillan degree of O, that is, rank(Hg) = §(0);
see Section 14.2. Because © is in H*°(&,)), the Laurent operator Lg mapping
(2(€) into £2(Y) is lower triangular. Furthermore, Lo admits a matrix decompo-
sition of the form

wefin 8 [39-[) e

Here Ag = Peg(y)L@|€2_(8). Since ||Lol| = ||O||oo, it follows that ||He|| < ||©]co,
and thus, He is a well-defined operator mapping ¢2 (€) into ¢2 ().

Let © be a rational function in H*(£,Y). Let © = 0,0, be the inner-
outer factorization for ©, where ©; is an inner function in H*°(V,)) and ©, an
outer function in H*(&,V). In this case, Te = To,To, where T, is an isometry
mapping (2 (V) into ¢2(Y), and the range of Tg, is dense in €% (V).

We claim that the McMillan degrees

5(0,) <5(0) and 6(6;) < 6(O). (4.5.3)

In particular, if © is a rational function, then its inner and outer part are both
rational functions.
First let us establish the following result:

T4 Ho = He, . (4.5.4)
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In particular, rank Hg, < rank Hg. In other words, §(©,) < §(©), and the first
equation in (4.5.3) holds. If © is rational, then 7§ He = He, shows that the
Hankel matrix Hg, defines a bounded operator of finite rank. Therefore ©, admits
a stable minimal realization of McMillan degree at most 6(O).

Because O, is an inner function, the Laurent operator Lg, is also an isometry.
Multiplying Le = Le, Le, on the left by Lg yields Lg Le = Le,. Using the ma-
trix representation for Lg in (4.5.2), and the corresponding matrix representations
for Lg, and Lg,, we obtain

|:A®o 0 :l = L(—)o = LglL@ = |:A®7f Hel:| |:A® 0 :|

HGO TGO 0 T(f)l H@ T@
_ [AsAe + Ho Ho  H, To
Tl mme Teme)

By matching like entries, we see that 7§ He = He, which proves our claim.
Finally, it is noted that H§ Te = 0, and as expected, To, = T§, Te. The Moore-
Penrose inverse of an operator M acting between two finite dimensional spaces is
denoted by M ~". If M is right invertible, or equivalently onto, then I = MM ~".

Lemma 4.5.1. Let {A on X, B,C, D} be a stable controllable realization for a ra-
tional function © in H*(E,Y). Then there exists a state space realization of the
form {A, B,C,, Dy} for ©, the outer part of ©. In this case, a realization for the
inner part ©; of © is given by

0i(2) = DD,;" 4 (C — DD, "C,)(zI — A;))"'BD, " (4.5.5)
where A; = A — B,D_;"C,. In particular, 6(0;) < 6(0).

Proof. Let W, be the observability operator mapping X into fi(y) and W, the
controllability operator mapping ¢2 (£) into X defined by

C
CA ,

Wo=|ca2| : X = 1()),

We=[- AB A’B AB B]:{2(f)—X. (4.5.6)

Let ©(z) = >.5° 27 "0, be the power series expansion for ©. Recall that ©,, =
CA™ !B for all integers n > 1. Using this we obtain Hg = W,W,, and thus,
He, = TgiH@ = TgiWOWC. Notice that TéiWo admits a matrix representation
of the form
Co
C1
TEWo = |Cy| : X — (V).
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We claim that C,, = C, A" for all integers n > 1. To see this, let S, denote the
unilateral shift on (3 (L), and IIy = [I 0 0 ---] the operator mapping ¢2 (V)
onto V which picks out the first component of £2 (V). Then using SyTe, = Te, Sy
with S3,W, = W, A, we obtain

Cp =y ST W, = Ty T, Sy W, = Ty T, W,A™ = CoA™.
Hence C,, = C,A™ for all n > 1. Using this we have

603 C_')02 601 Co

Oos O3 Op2 C,A )
Ous Ous Ous| = Ho, =T WoW.= |, 2| [+ A’B AB BJ.

Here O,(z) = Zgo 27 "0,y is the power series expansion for ©,. This readily
implies that ©,, = C,A" !B for all integers n > 0. Therefore ©, admits a
realization of the form {A, B,C,, D,}.

Because 0, is outer, D, = ©,(c0) is onto V, or equivalently, right invertible.
Lemma 4.5.2 below yields the realization for ©; in (4.5.5). O

Lemma 4.5.2. Let {A, B,C, D} be a realization for a transfer function F with val-
ues in L(E,)). Assume that {A, B,C,, D,} is a realization for a transfer function
O, with values in L(E,V) and D, is onto. Consider the function Q(z) defined by

Q(z)=D," —D,"C, (I — A;)"' BD;"
A;=A—-BD7"C,. (4.5.7)
Then the following holds.
(i) A realization for the transfer function F(2)Q(z) is given by
F(2)Q(z) = DD;" 4+ (C — DD;"C,)(2I — A;)"'BD;". (4.5.8)

(ii) The function Q is a right inverse of ©,, that is, I = 0©,(z)Q(z). In particular,
if D, is invertible, then the function @ is the inverse of ©,.

(iii) Assume that {A, B,C, D} is a realization for © in H*(E,)), and © = 0,0,
is the inner-outer factorization for © where ©, is outer and ©; is inner.
Then ©; admits a realization of the form

0i(2) = DD,;" 4+ (C — DD,;"C,)(zI — A;)"'BD;". (4.5.9)

In particular, 5(©;) < §(0O).
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Proof. Using the realizations for F' and ©,, we arrive at

FQ=(D+C(zI-A)'B)(D;" —D;"C,(2I — A;)"*BD_"
=DD,;" - DD,;"C,(zI — A;))"'*BD;"
+ C(2I — A)"YI - BD,;"C,(2I — A;)"'|BD;"
=DD," - DD,"C,(zI — A;))"*BD;”"
+ C(zI — A7 Y(2I — (A— BD,;"C,) — BD;"C,)(2I — A;)"'BD,"
=DD," — DD;"Co(21 — A;)"'BD;" + C(2I — A;)"*BD,"
=DD;" +(C - DD,;"C,)(2I — (A— BD,"C,))"*BD,".
This yields the state space formula in (4.5.8), and Part (i) holds.
To verify Part (ii), notice that if F' = 0,, then C' = C, and D = D,,.. In this
case, (4.5.8) shows that ©,Q = I, and Part (ii) holds.
For Part (iii) assume that © = ©,0, is the inner-outer factorizations for ©.
Because O, is outer, ©(co) = D, is onto the whole space V. Since ©,Q = I, we

see that ©; = 0,0,Q = ©Q. Therefore the state space realization for ©; in (4.5.9)
follows from (4.5.8). O

Let us conclude this section with the following two useful results.

Proposition 4.5.3. Let U be a function in H>*(E,Y) and set R = WU*. Then
Tr=ToTy + HoHy,. (4.5.10)

Moreover, assume W is rational and {A on X, B,C, D} is a minimal realization

for W. Then
Tr = TuTy + W,QW,
Q = AQA* + BB,
W,=[C cA CcA2 " xR ). (4.5.11)

Proof. Because ¥ is a function in H*(&,)), recall that the Laurent operator Ly
admits a matrix representation of the form

Ay 0}

@) 2(Y)
L= {Hq, Ty

: — .
6]~ [25)
Using this decomposition, we have

* x| _ « _|[Aw O] |Ay Hy
L T\MJ = Low = Luly = {H@ Tq,] [o Ty

~ [AgA Ay H,
T |HeyAl, ToTi+ HeHp|
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Here % represents an unspecified entry. By comparing the components in the lower
right-hand corner, we arrive at Tyy+ = ToTy + Hy Hy,.

Let ¥(z) = Y ;° 2 "V, be the Taylor series expansion for ¥. Assume that
{A,B,C, D} is a minimal realization for . Recall that ¥,, = CA""!'B for all
integers n > 1. Then Hy admits a matrix representation of the form in (4.5.1)
where ¥ replaces ©. Hence Hy = W, W, where W, is defined in (4.5.11) and

We=1[-+ A’B AB B]:{2(f)— X.
Notice that Q@ = W, W} = >"° A"BB*A*". Thus
HyH}, = W, W, W W = W,QW?.
Substituting Hy Hj, = W,QW into (4.5.10) yields (4.5.11). O

Lemma 4.5.4. Let {A on X, B,C, D} be a stable realization for a L(E,Y)-valued
transfer function ©. Let P be the observability Gramian for {C, A}, that is, let P
be the unique solution to the Lyapunov equation

P=A"PA+C*C. (4.5.12)
Moreover, let
Ry R_1 R_»
Ry Ry R

TR=| Ry, R, Ry --- (4.5.13)

be a Toeplitz matriz generated by a L(E, E)-valued sequence { Ry}, where R_, =
Ry for all integers m > 0. Then Tr = T Te, or equivalently, R = ©*0 if and only
if
Ry=B*"PB+D*D
R, = (B*PA+D*C)A™'B  (n>1). (4.5.14)
In this case, that is, when R = ©*0, we have
Ty —TgTs = W*PW (4.5.15)
where ©(z) = O(2)* and W is the controllability operator for {A, B} defined by
W=[B AB A’B ---]:(3(6)—X. (4.5.16)

Proof. Let ©(z) = >3 27"O,, be the Taylor series expansion for ©.If T = T§Te,
then we obtain

Ry Ry R_y --- o 01 ©5 --1[©® 0 0
Ry Ry Ry --- 0 e e - ||e e o

Ry Ry Ry 0 0 @3 @2 @1 @0
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By performing the appropriate matrix multiplications we arrive at
Ry=Y 00,1, (n>0). (4.5.17)
j=0
Because {A, B,C, D} is a realization for O, we also have
©=D and ©,=CA""'B (n>1). (4.5.18)

Recall that the solution to the Lyapunov equation (4.5.12) is given by P =
Yoo A*C*CA™. By combining this with (4.5.17) and (4.5.18), we obtain

Ry=0;00+» ©;0;=D*D+» (CA~'B)*CA'B

Jj=1 Jj=1
=D*D+ B*()_ A™C*CA")B=D"D+ B*PB.
n=0

This yields the first equation in (4.5.14). To obtain the second equation in (4.5.14),
observe that for any integer n > 1, we have

R, =0;0,+) 050,.,=D"CA" !B+ (CA~'B)*CA"™'B
j=1 j=1

=D*CA"'B+ B* (Y _AY7'C*CA")A"B
j=1

= D*CA" 'B+ B*PA"B = (D*C + B*PA) A" 'B.

Therefore if Tr = TgTe, then (4.5.14) holds.
On the other hand, if (4.5.14) holds, then

Ry=D*D+B*PB=D"D+B*()_ AY'C*CA™")B=0;60+»_ 036,
j=1 j=1
Moreover, for n > 1
R, = (D*C+ B*PA) A" 'B=D*CA"'B + B*PA"B
=D*CA" 'B+B*(>_AY7'C*CA)A"B

Jj=1
=050n+ ) _ 070,4n.
Jj=1

This implies that T = TgTe.
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To complete the proof, it remains to show that T4 = T@Tg +W*PW . Recall
that ©(z) = ©(z)*. Using R = ©*O, we obtain

R(e—zw) _ @(e—uu)*@(e—uu) — é(ezw)é(eﬁw)*'

So R(e ™) = ©6*. Notice that Tr(e-w) = TH . Moreover, {A*,C*, B*,D*} is a
realization for ©. For this realization, the observability operator W, in (4.5.11)
now becomes W* in (4.5.16), and the controllability Gramian @ becomes the
observability Gramian P. By replacing R with R(e=*) and ¥ with © and W,
with W* in Proposition 4.5.3, we arrive at (4.5.15). O

4.6 Inner-Outer Factorization and Finite Sections

In this section, we will present a finite section method to compute the inner-outer
factorization for a rational function. Let © be a rational function in H*(€,)).
Let © = ©,0, be the inner-outer factorization for © where ©; is an inner function
in H*(V,Y) and ©, is an outer function in H*>°(£,V). Let S be the unilateral
shift on £2 (). Because T, is an isometry, all the columns of Te, are orthogonal.
In particular, Te,V is orthogonal to STe,¢2 (V), where V denotes the subspace of
(3.(V) corresponding to the first component of ¢% (V). Using this fact along with

To = Te,Te, and (3. (V) = Te % (£), we obtain

L=Tol?(€)o STel?(£) =Te, % (V) © STe, L% (V)
= (Te,V ® STo, % (V)) © STe,l*.(V) = Te, V.
Observe that £ is a wandering subspace for the unilateral shift. Let M be the
closure of ST@E%(E). Clearly, £ is orthogonal to M. Let Q = [@0 0, 6, - -]tr

be the first column of Tg where ©(z) = > " 270y, is the power series expansion
for ©. This readily implies that

To,V =Tol(€) & M = PeTol3(€) = Pe (26 \/ M)
= P:OE = {T@a — PyToa:a € 5}
This yields the result that we have been working for,
To,V = {Tea — PmToa:a € E}. (4.6.1)

From this fact we can obtain an inner-outer factorization procedure for any rational
function © in H*°(&,Y). The idea is to use the finite sections of Tg to form an
orthogonal basis for the subspace £. Then use the Kalman-Ho algorithm to extract
a minimal realization {4;, B;,C;, D;} for the inner part ©; of ©. To compute a
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realization for the outer part, let {A, B,C, D} be any minimal realization for ©.
Lemma 4.6.1 below shows that a realization {A,, B,, C,, D, } for ©, is given by

A,=A and B,=B
C,=D;C+ B;PA
D,=D;D+ B;PB
P=APA+CIC. (4.6.2)
Finally, it is noted that {A,, Bo, Co, D, } may not be a minimal realization for ©,.
So one may have to extract the minimal realization from {A4,, B,, Cy, D,}. One
can also apply the Kalman-Ho algorithm on {4,, B,,C,, D,} to obtain a minimal
realization from {A,, B,,C,, D,}. The following presents a method to compute
this inner-outer factorization for a rational function © when the range of Tg is

closed. Finally, it is noted that one of the disadvantages of this method is that we
do not know how to pick n a priori.

(i) For n sufficiently large compute 2,, and the Toeplitz matrix T,, defined by

9% 0 0 - 0 0
o, Qo 0 - 0 0
Q, = | ©2 and Tpo=|©, ©, . 0 0
1 : ; 0
On Ons Ons - Oy 0

Here ©,, maps € into Y™ and Y,, maps £ into Y". It is noted that ©y = D
and O = CAF~1B for all integers k > 1 where O(z) = > ° 27 "0, is the
power series expansion for ©. (One can also compute {©;}3~" by using the
fast Fourier transform.)

e Let UAV™ be the singular value decomposition of Y,,. Let j be the number
of significant singular values of T,,, and U; the first j columns of U.

e Compute the singular value decomposition UAV* for Q, - U;U ;Qn. Let &
be the number of significant singular values of ,, — U;U ; Q,, and ﬁk the first
k columns of U. For large n, the orthogonal projection U;U} approximates
Ppq, and the range of ﬁk approximates Tg, V.

e Now use the Kalman-Ho algorithm on Uy to compute a state space realization

{4;, B;,C;, D;} for the inner part ©; of ©. Check to make sure that the
operator A; is stable and

A 1[Q o4 B [@Q o
R IR kR

where @ is the observability Gramian for the pair {C;, A;}; see Theorem
4.2.1. If this is not the case, then one may have to increase n.
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e Then use (4.6.2) to compute a realization {A,, B,, C,, D, } for the outer part
of ©,. Compute a minimal realization from {A,, B,,C,, D,} of O,.

e Finally, it is noted that one can also compute a minimal {4,, B,, Cy, Do}
for ©, by using the fast Fourier transform on ©, = ©}0© to compute the
Fourier series expansion ©,(z) = > o° 27%6,, . Then applying the Kalman-
Ho algorithm to {6, } yields a minimal realization for ©,.

Lemma 4.6.1. Assume that © = ©;0, is an inner-outer factorization for a rational
transfer function © in H*(E,Y). Assume that {A, B,C, D} is a minimal realiza-
tion for © and {A;, B;, Ci, D;} is a minimal realization for ©;. Then a realization
{A,, B,,Cy, D,} for ©, is given by

A,=A and B=18B,
C,=D;C+ BfPA
D, = DD+ B;PB
P=APA+C;C. (4.6.4)
It is noted that {A,, B,, Cy, D,} may not be a minimal realization for ©,.

Finally, one can also apply the Kalman-Ho algorithm on {A,, B,, C,, D, } to com-
pute a minimal realization from {A,, Bo, Co, D }.

Proof. First let us recall that the solution P to the Lyapunov equation P in (4.6.4)
is determined by

P=> A7CrCA. (4.6.5)
Jj=0

For z on the unit circle, we must have

o) = ,(2)"0(2) = (D + B; (51 — A7)7'C7) (D + C(=I — A)~'B)

= | D;+> #BrAY'Cr <D+Zz’<CA’<—1B>

j=1 k=1

=D;D+Y BiAY'C;CAT'B

J=1

+Y 7| DjCARI B+ BrAY T CreAT AR B
k=1 j=1
=D;D+ B;PB+ Y 7z (D;CA*'B+ B;PAA""'B)
k=1
= (D!D + B;PB) + (D;C + Bf PA)(zI — A)"'B
=Dy + Co(2I — A,) ' B,.
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Because 0, is in H*(&,V), we only had to collect the Fourier coefficients of z=*
for all integers k > 0. Thus {A,, B,,Cy, D,} in (4.6.4) is a realization for ©,. O

FEzample. Consider the rational transfer function © = [91 92] where

0.0058552% — 0.0065082°% — 0.05401z% + 0.0201223 + 0.113622 + 0.03977z + 0.002669
1 = bl
d
0, — 0.007425 — 0.016462* — 0.0499822 + 0.0801822 + 0.057362 — 0.008991
2 = d )
d = 2% —0.08552% — 0.3994z* + 0.17772% — 0.0137622 — 0.03373z + 0.0101.

By choosing n = 150 in the previous algorithm, we computed the inner factor ©;
and outer factor O, for ©. In our computations, ©, = [910 920] where

0.0783823 + 0.12992% 4 0.0408z + 0.002669
lo = d.
0.099082% + 0.0539z — 0.008991
do
dy = 2% 4+ 0.29972% — 0.077132 4 0.1352
0.074692% — 0.206822 — 0.38522 + 1
23 —0.385222 — 0.20682 + 0.07469

920 =

0; =

Using the fast Fourier transform, we computed: [|© — 0,0,/ ~ 8.38 x 107°.
Finally, it is noted that the outer factor is not square and this may cause problems
in some inner-outer factorization techniques.

4.7 The Douglas-Shapiro-Shields Factorization

In the rest of this chapter, we will present the Douglas-Shapiro-Shields factor-
ization for certain operator-valued functions. This allows one to factor certain
functions into a causal and anti-causal part. Since these results are not used any-
where else in the monograph, an uninterested reader can move on to the next
chapter.

Let K be a function in H*(D, ). Recall that ¥ is a left inner divisor or
left inner factor of K if U is an inner function in H*(€,)) and K admits a
factorization of the form K = WKy where K3 is a function in H*(D, E).

We claim that W is a left inner divisor of K if and only if ¥ is a left inner
divisor of K; where K; € H>®(U,Y) is the inner part of K. If ¥ is a left inner
divisor of K, then clearly, ¥ is a left inner divisor of K. On the other hand, if ¥
is a left inner divisor of K, then

K;H*(U) = K;K,H?(D) = KH2(D) = VK, H2(D) C WH?(E).

Here K = K;K, where K, is the outer part of K. Since K;H?*(U) C WH?(E), the
function ¥ is a left inner divisor of K;; see Remark 3.1.4 in Section 3.1.1.
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Let © be an inner function in H*(£,)) and K a function in H>°(D,)).
Then we say that © and K are prime on the left if the only common left inner
divisor between © and K is a unitary constant. Clearly, © and K are prime on
the left if and only if © and the inner part of K are prime on the left. Finally,
Remark 3.1.4 shows that ©® and K are prime on the left if and only if

H*(Y) = ©H*(€)\/ KH*(D)

Let F be a function in L°°(€,)). Then we say that F admits a Douglas-
Shapiro-Shields factorization if

F(e™) =0(e™)G(e™)* almost everywhere (4.7.1)

where © is a two-sided inner function in H*°(),)) and G is a function in
H>(Y,£). The Douglas-Shapiro-Shields factorization F' = ©G* is canonical if
) and G are prime on the left, that is, the only common inner factor between )
and G is a constant unitary operator. (If ) is an operator-valued analytic function
in D, then Q(z ) = €U(z)".) Because © is a two-sided inner function, A is a left
inner factor for © if and only if A is two-sided inner and Ais a right inner divisor
for ©, that is, © = TA where Y is a two-sided inner function. So the Douglas-
Shapiro-Shields factorization FF = ©G* is canonical if and only if the only common
right inner divisor between © and G is a unitary constant, or equivalently, ©® and
G are prime on the right.

By the Beurling-Lax-Halmos Theorem 3.1.1, the set of all invariant subspaces
for the backward shift operator S* on H?()) are given by H(0) = H?(Y)oOH?(£)
where © is an inner function in H*(&,)).

Theorem 4.7.1 (Douglas-Shapiro-Shields). Consider a function F in L>=(E,Y).
Let S be the unilateral shift on H?*(Y) and Py the orthogonal projection from
L2(Y) onto H?(Y). Then the following holds.

(i) F admits a Douglas-Shapiro-Shields factorization of the form F' = ©G* where
© s an inner function in H>®(Y,)) if and only if S*PLFE C H(O).

(ii) The function F admits a Douglas-Shapiro-Shields factorization if and only if
the invariant subspace for the backward shift

§7 S P, FE = H(O) (4.7.2)

n=1

is determined by an inner function © in H*°(),)). In this case, the Douglas-
Shapiro-Shields factorization is of the form F = ©G* and this factorization
is canonical.

(iii) | All canonical Douglas-Shapiro-Shields factorizations of F are unique up to
a unitary constant factor on the right, that is, if F = ©G* = ¥Q* are two
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canonical Douglas-Shapiro-Shields factorizations of F where ¥ is an inner
function in H®(Y,Y) and Q is a function in H>®(Y,E), then ¥ = O and

Q = GQ where Q is a unitary constant.

Proof. Let © be an inner function in H>(Y, Y). We claim that S*Py FE C H(O) if
and only if F' admits a Douglas-Shapiro-Shields factorization of the form F = ©G*
where G is in H*(Y,£). To see this observe that the following statements are
equivalent:

S*P,FE CH(O) < S*P,FE L OH?*(Y) & P,FE 1 SOH?*(Y)
& FE Le ™OH?*(Y) & OFE Le ™ H*(Y)

S O(e")* F(e™) = Z Ape™™ where A, € L(E,Y)
n=0

< F'O e H*®(Y,E)

& F*O =G where G € H®(Y,€)
& F* = GO* where G € H*(V, )
& F=0G" where G € H®(),E).

Hence S*Py FE C 'H(®©) if and only if F = ©G* where G is in H> (Y, £). Therefore
Part (i) holds.

To prove Part (ii), assume that the invariant subspace \/{~ S*"P FE for
the backward shift is determined by an inner function © in H*°(Y,)). Clearly,
S*P, FE C H(©). According to Part (i), the function F' admits a Douglas-Shapiro-
Shields factorization of the form F' = ©G*. On the other hand, assume that F
admits a Douglas-Shapiro-Shields factorization F' = ¥Q* where ¥ is an inner
function in H*(Y,Y). Part (i) implies that S*P; FE C H(¥). Because H (V) is
an invariant subspace for the backward shift S*, we see that

H(©) = {7 S*™P,FE C H().

n=1

Here © is an inner function determined by the invariant subspace /., S*" P, FE
for S*. Because H(O) C H(P), it follows that © is a left inner divisor of ¥;
see Section 3.1.1. In other words, ¥ = ©%Q. Since ¥(e') is almost everywhere
a unitary operator, and ©(e') is almost everywhere an isometry, it follows that
©(e™) is almost everywhere a unitary operator. In other words, © is a two-sided
inner function. Multiplying © by the appropriate constant unitary operator on
the right, without loss of generality, we can assume that © is an inner function
in H*(Y,Y). Clearly, S*PL FE C H(O©). Therefore F' admits a Douglas-Shapiro-
Shields factorization of the form F = ©G*. In other words, the first sentence in
Part (ii) holds.

Now assume that the invariant subspace \/7_; S*"PyFE = H(O) deter-
mines an inner function in H*°(),Y). Then F admits a Douglas-Shapiro-Shields
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factorization of the form F' = ©G*. We claim that the factorization FF = ©G*
is canonical. To see this assume that © = T® and G = Q® where @ is a two-
sided inner function and @ is a function in H*>° (), ). Because T is a left inner
divisor for ©, we have H(Y) C H(O©). Moreover, FF = OG* = TQ*, and thus,
H(O) C H(Y). Therefore H(O) = H(T). In other words, © equals T up to a uni-
tary constant on the right; see Section 3.1.1. Hence ® must be a unitary constant
and the factorization F' = ©G* is canonical. Therefore Part (ii) holds.

To complete the proof, it remains to show that two canonical factorizations
are equal up to a unitary constant on the right. Assume that F' = ¥Q* is another
canonical factorization and F' = ©G* is the canonical factorization in Part (ii).
Recall that H(©) C H(¥) and O is a left inner divisor of ¥, that is, ¥ = OQ
where 2 is a two-sided inner function. This readily implies that

0G* = F = ¥Q* = 00Q".

Since © is almost everywhere a unitary operator on the unit circle, G* = QQ*,
or equivalently, @ = G). Hence (2 is a right two-sided inner divisor for both ¥
and Q. Because the factorization is canonical, {2 must be a unitary constant. In
other words, any canonical factorization of F is equal to the canonical factorization
F = ©G* in Part (ii) up to a constant unitary operator on the right. Therefore
any two canonical factorizations of F' are equal up to a constant unitary operator
on the right. |

Now assume that F' is a function in H*(&,Y). Then S*P.FE = S*FE.
Theorem 4.7.1, readily yields the following result.

Corollary 4.7.2. Consider a function F in H®(E,Y). Let S be the unilateral shift
on H%(Y). Then the following holds.

(i) F admits a Douglas-Shapiro-Shields factorization of the form F' = ©G* where
© is an inner function in H>®(Y,Y) if and only if S*FE C H(O).

(ii) The function F admits a Douglas-Shapiro-Shields factorization if and only if
the invariant subspace for the backward shift

§7 S*™MFE = H(O) (4.7.3)

n=1

is determined by an inner function © in H*°(),)). In this case, the Douglas-
Shapiro-Shields factorization is of the form F = ©G* and this factorization
s canonical.

(iii) All canonical Douglas-Shapiro-Shields factorizations of F are unique up to a
unitary constant factor on the right.
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4.8 The Douglas-Shapiro-Shields Factorization
for Rational Functions

Let F be a rational transfer function in H*°(€,)). Then F admits a canonical
Douglas-Shapiro-Shields factorization of the form F' = ©G* where O is a two-
sided rational inner function in H*°(),)) and G is a rational transfer function in
H>(Y,E).

Remark 4.3.5 shows that \/,~ , S*"FE = H(O) where © is an inner function
in H*°(Y,Y). Hence F' admits a canonical Douglas-Shapiro-Shields factorization
of the form F' = OG*; see Part (ii) in Corollary 4.7.2. To compute the Douglas-
Shapiro-Shields factorization F' = ©G*, let { A, By, C, D1} be a minimal realization
for F. (Because F is in H*°(£,Y) and the realization is minimal, it must also be
stable.) Use Remark 4.3.4 to compute the operators B mapping ) into X and D
on Y such that {A, B,C, D} is a minimal realization for ©; see also Remark 4.3.5.
To compute a realization for GG, let P be the observability Gramian for the pair
{C, A}, that is, compute the unique solution P to the Lyapunov equation

P=A"PA+C*C.
Next compute
Cy=DiC+ BfPA and Dy, = DD+ BiPB. (4.8.1)

Then {A, B,C>, D>} is a controllable realization for G.

It is noted that { A, B, Co, Do} may not be a minimal realization. For example,
if FF = © is a nontrivial two-sided inner function, then G = I. In this case, we can
choose B = By, D = D;. Then Co = 0 and D9 = I; see (4.2.4) in Theorem 4.2.1.
Clearly, {A, B,Ca, Do} is not observable.

Remark 4.3.5 shows that {A, B,C, D} is a minimal realization for ©. To
complete our derivation, it remains to show that { A, B, Cy, Dy} is a realization for
G. Using F = ©G*, it follows that G(z) = F(2)*©(z) for all z on the unit circle
T. Since G is in H*®(Y,£), the function G admits a Fourier series expansion of
the form G = > ° 27 "G,,. Hence

G(z) = F(2)*O(z) = (D} + Bi(zI — A*)7'C*) (D + C(zI — A)"'B)

= | Di+> #BiAv'C (D + szCAk—lB> => z7"Gy.
Jj=1 k=1 j=0

By matching like coefficients of 27 we obtain

Go=D;D+» BifAYC*CA'B = DiD+ B;PB = D,
j=0
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Gn=D;CA"'B+> BiAYC*"CAA"B
Jj=0
= (D;C + B{PA) A" 'B = C,A" ' B,

where n > 1. Here we used the fact that P = Zgo A¥C*CAJ. In other words,
Go = Dy and G,, = C2 A" B for all integers n > 1. Therefore {A, B, Ca, Do} is
a realization for G.

4.8.1 A Factorization for rational L°>° functions

Assume that F is a rational function in L*°(€,)). Then F admits a Douglas-
Shapiro-Shields factorization of the form F' = ©G* where O is a two-sided ratio-
nal inner function in H*°(),Y) and G is a rational function in H*(Y, ). The
following steps can be used to compute © and G:

(i) Use fast Fourier transform (FFT) techniques to compute the Fourier coeffi-
cients {F;}* of F =Y. e~ "“"F, where m is sufficiently large.

(ii) Apply the Kalman-Ho algorithm to find a minimal state space realization
{4, B1,C, Dy} for {F; }§* with m sufficiently large. The Kalman-Ho algorithm
is classical and presented in Section 14.5.

(iii) Use Remark 4.3.4 to compute the operators B mapping ) into X and D on
Y in (4.3.5). Then {A, B,C, D} is a minimal realization for ©.

(iv) Use the FFT to compute F and © at 2* points around the unit circle, and
then compute F*© numerically. By employing the inverse FFT compute
the Fourier coefficients {G,}§" where G = F*© = Y °e "G, with m
sufficiently large.

(v) Apply the Kalman-Ho algorithm to find a minimal state space realization
{AQ, BQ, CQ, DQ} for {Gj }81 Then {AQ, BQ, CQ, DQ} is a minimal realization
for G.

To see why this algorithm works, observe that F' = F, + F_ where F, =
S e ™ E, and F_ = S ! em%nF,. Since F is a rational function in L>(&,)),
the function F is a rational function in H>°(€,)), and F_ is a rational function in
L>°(&,Y). Hence F; admits a minimal stable realization { A, By, C, D1 }. Moreover,
this realization can be computed from the Kalman-Ho algorithm applied to {F} }§*
for m sufficiently large. Using the decomposition F' = F; + F_, we obtain

H = {Z S*"P,FE = {Z S*FE.

According to Theorem 4.7.1 and Corollary 4.7.2, the functions F' and F both
admit canonical Douglas-Shapiro-Shields factorizations of the form F' = ©G* and
F, = ©G7 with the same two-sided inner function ©. Moreover, if {A, B, C, D, }
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is a realization for F), then the minimal realization {A, B,C, D} for © is com-
puted according to Remark 4.3.4; see also Remark 4.3.5. This verifies the first
three parts of our algorithm. Since F' = ©G* and O is two-sided inner, we have
Zgo e "G, = G = F*O. Because I’ and © are rational, GG is a rational function
in H>*(Y, ). Furthermore, the Fourier coefficients {G;}§* can be computed us-
ing FFT techniques. Finally, one can use the Kalman-Ho algorithm to compute a
minimal realization {As, By, Co, D2} for G directly from {G,}§* for m sufficiently
large.

Ezxample. Let us compute the canonical Douglas-Shapiro-Shields factorization f =
fg* for the function f in L*° given by
£(z) = 242234322+ 42 +5
25— 47524 +4.62523 +2.12522 — 0.752

Notice that f = Y2 e~ ™* f where the Fourier coefficients { fi} were computed
by the following Matlab commands:

o f=1ft([0,1,2,3,4,5],2'4)./fft([1, —4.75, 4.625,2.125, —0.75], 214);

o [fo, f1, fo, f3,- -, f=3, fo2, f-1] = real(ifft(f));

It is emphasized that [fo, f1, f2,- .-, f—3, f—2, f—1] is a row vector of length 2!4
which approximates the Fourier coefficients {fx} for f. (We use real(ifft(f)) be-
cause we know that the Fourier coefficients {fx} are real, and we wanted to elim-
inate any small imaginary numbers which may numerically enter in computing
{fx}.) Then we ran the Kalman-Ho algorithm on { fi }5°° and computed a realiza-
tion {A, By, C, D1} for f1(2) = Yo" 2~ * fi.. Now using Remark 4.3.4, we computed
B and D such that {4, B,C, D} is a realization for 6. By computing the transfer
function for {A, B,C, D} (use “ss2tf” command in Matlab), we arrived at

0(2) = —0.1252% +0.25z + 1
23 40.2522 — 0.1252

The poles of § are {0,1/4,—1,2}. Moreover, 6 is of the form § = p®/zp. So 0 is
indeed an inner function. To compute g € H* such that f = 0g*, we used the
following Matlab commands:

o 0 = fit([0, —0.125,0.25, 1], 21). /fft([1, 0.25, —0.125], 214);

o g = conj(f). + 0
o [907 91,492,393, .. 707 07 0} = real(lfft(g)),

Observe that [go, g1, 92, g3, - - -, 0,0, 0] is a row vector of length which approxi-

mates the Fourier coefficients {g;} for g. Next, we ran the Kalman-Ho algorithm

on {gx}5?° and computed a realization {As, Bo,Co, Do} for g(z) = Yo7 2 *gx.
Then computing the transfer function for this g in Matlab, we arrived at

~0.83332* + 0.66672° 4 0.52° + 0.33332 + 0.1667
2% —0.583323 — 0.166722 + 0.1458z — 0.02083

214

9(2)
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The poles for g are {£1/2,1/3,1/4}. So indeed g is a function in H*. To check
to see if our answer is correct, we computed

o n = fit([0.8333,0.6667, 0.5, 0.3333, 0.1667], 214);

o ¢ = fit([1, —0.5833, —0.1667, 0.1458, —0.0208], 214);
* g=n./g;

e norm(f — 6. x conj(g), inf) = 1.3337 x 10~ 4.

In other words, ||f — 0glloc = 1.3337 x 1071 So numerically, f = 0g* is the
canonical Douglas-Shapiro-Shields factorization for f.

4.9 Notes

All the results in this section are well known. For further results on Blaschke prod-
ucts and H* functions see Duren [76], Granett [106], Hoffman [134] and Koosis
[151]. Our approach to a state space realization theory for an inner function is a
special case of the theory of unitary systems in operator theory. The theory of uni-
tary systems started with Liv§ic [163, 164]. Then using dilation theory Sz.-Nagy-
Foias developed the characteristic function; see [198]. The characteristic function
is a unitary system which plays a fundamental role in operator theory. For further
details on unitary systems see Brodskii [43, 44], Chapter 28 in Gohberg-Goldberg-
Kaashoek [114], Arocena [15] and Arov [19, 20]. The system matrix also plays
a fundamental role in control systems; see Zhou-Doyle-Glover [204]. The results
in Section 4.5 were taken from some joint work with M.A. Kaashoek and A.C.M.
Ran. The results in Section 4.6 are from Bhosri-Du-Frazho [33]. Here we used finite
sections, to compute the inner-outer factorization. For further results on the finite
section method see Bottcher-Silbermann [36], Gohberg-Goldberg-Kaashoek [112]
and Lindner [157]. In Chapter 10 we will present the classical Riccati method to
compute the inner-outer factorization; see also Section 10.8. The Douglas-Shapiro-
Shields factorization discussed in Section 4.7 is due to Douglas-Shapiro-Shields
[73]. Our approach to the Douglas-Shapiro-Shields factorization is taken from
Foias-Frazho [82]. An in depth discussion of the Douglas-Shapiro-Shields factoriza-
tion is given in Cima-Ross [56]. For an application of the Douglas-Shapiro-Shields
factorization to systems theory see Fuhrmann [105]. Finally, reference [94] uses the
Douglas-Shapiro-Shields factorization to study stochastic realization theory.

A classical formula for outer functions. Let us present a method based on the
fast Fourier transform (FFT) and the Kalman-Ho algorithm to compute the inner-
outer factorization for a scalar-valued rational function. Later, we will present
some state space techniques along with the Levinson algorithm to compute the
inner-outer factorization for rational functions in H*(&,)).

It is well known that if g is a function in H?2, then In|g(e*)| is integrable
with respect to Lebesgue measure. Moreover, an explicit formula for the outer
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factor g, of g is given by

1 2 w
)= e (5 [T el )

z

where p is a constant of modulus 1; see [187, 76, 134, 151] for details. We will not
derive this formula. However, we will demonstrate how one can use this formula
along with the fast Fourier transform and the Kalman-Ho algorithm to compute
the inner-outer factorization for scalar-valued rational functions. This formula can
be rewritten in the following way, which is more suitable for using the FFT to
compute the outer spectral factor:

go(Z) = :ueh(Z)v
A | o~ Ok
k=1
1 o wk w2
ak = — e ln |g(e™)]* dw (k > 0). (4.9.1)
2 0
Notice that In|g(e™)[? = 3% _are™*, and {ay}§° are the Fourier coefficients

for In|g|? corresponding to {e~**}g°.
To see how one can use the fast Fourier transform (FFT) to compute the
inner-outer factorization via (4.9.1), assume that

I e St S o S

T G Y @zt
num:[pn Pn-1 -+ D1 po]a
den=[gn Gn-1 -+ @ Qo

is a rational function in H?, where p and ¢ are polynomials of degree at most
n. The method does not require p and ¢ to be prime, that is, p and ¢ can have
common roots. (One can use the FFT to check to see if g is indeed a rational
function in H?; see Part (i) below.) The following algorithm computes the inner-
outer factorization for g.

(i) Use the FFT to compute g(e™) at 2/ points on the unit circle. (A typical
value of j is 12, 13 or 14.) In Matlab,

g = fft(num, 27). /fft(den, 27).

(Set mg = ifft(g). Then g is a function in H? if and only if in Matlab we
have that norm(mg(27/2 : 27)) is numerically close to zero.)
(ii) Apply the inverse FFT to compute the Fourier coefficients {ay } of In |g(e*)|?.
In Matlab, a = 2 x ifft(log(abs(g))). (In Matlab there is no zero index. So

ar ~a(k+1).)
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(iii) Find the FFT of {a.}, to compute h and set g, = e". In Matlab,
h = fft([a(1)/2,a(2 : 27/)],2) and g, = exp(h).

(iv) Compute the Fourier coefficients { g, }5° by taking the inverse FFT of g, =
> o7 2 *gor. In Matlab, v = ifft(g,), and y(k + 1) ~ gox.

(v) Apply the Kalman-Ho algorithm to {v(k)}7" for m sufficiently large to find a
state space realization {A, B,C, D} for g,. Then the outer factor g, is given
by

go(2) =D+ C(2I — A)~'B.

(vi) To compute the inner factor g¢;, set g; = g/go- Now compute the Fourier
coefficients {g;x} via the inverse FFT of ¢g; = Zgo 27%g;,.. In Matlab, ¢g; =
9./90 and B = ifft(g;). Here g; = B(k + 1).

(vii) Apply the Kalman-Ho algorithm to {#(k)}}* with m sufficiently large, to find
a state space realization {A;, B;, C;, D;} of g;. Then the inner factor g; for g
is given by

gi(z) = D; + Ci(2I — Ai)_lBi.

This algorithm appears to work well even when g is a rational function of large
order. If g has zeros on the unit circle, then any algorithm may have numerical
problems.

Ezxample. Consider the transfer function
(2) = (z=2)(z—3)(z—0.9)
T = 201)(2—04)(z— 05)(z — 0.6)°

(4.9.2)

Let ¢ = gigo be the inner-outer factorization where g¢; is inner and g, is outer.
Then g; and g, are given by

(1—2/2)(1-2/3)
2(z2—1/2)(z —1/3)’

62(2 —1/3)(z — 0.9)
90) = L0z =04z = 0.6)°

gi(z) =

(4.9.3)

By using the previous algorithm we computed that g = f; f, where f; is the inner
function and f, is the outer function is given by

fi(2) = 0.166722 — 0.8333z + 1
ST 23 -0.833322 + 0.16672
625 — T7.42%2 +1.82
fO(Z) = 3 _ 2 — .
23 —1.122 4+ 0.34z — 0.024

(4.9.4)

Finally, it is noted that we used a FFT of length 2'* which is more than enough
and a Kalman-Ho of 500 data points which is also much larger than necessary.



Chapter 5

The Naimark Representation

This chapter is devoted to the Naimark representation theorem and its conse-
quences. The Naimark dilation allows us to use geometric methods to compute
inner-outer factorizations and solve signal processing problems. Let A be any ma-
trix whose entries A;j, are operators mapping a Hilbert space & into ). Then A*
denotes the matrix obtained by taking the adjoint of the entries of A and then
transposing this matrix, that is, the entries of A* are given by (A*);;, = A 1t
A defines an operator mapping ®5& into ®F'Y, then A* = A* is the adjoint of
A. Throughout ¢4 (£) denotes the set of all vectors in (3 (£) with compact sup-
port. Finally, recall that the controllability matrix W determined by the pair of
operators {A on X, B} where B maps £ into X is given by

W=[B AB A*B -..]. (5.0.1)

In general, W is not necessarily an operator mapping ¢% (€) into X. However, W
is a well-defined linear map from ¢ (£) into X.

Particularly in this chapter, we will be dealing with infinite matrices which
do not necessarily define operators acting between Hilbert spaces. So let us note
that in general, one has to be careful with the usual matrix product for infinite
matrices. For instance, it may happen that this product does not exist, and when
it exists it does not have to be associative. To illustrate the latter consider the
infinite matrices

1 -2 0 0 .. 1
0 1 -2 0 .. 1/2

MolO0 0 1 =2 .| 4 K—|1/4
0 0

0 1 ... 1/8

R=[1 2 4 8 -]
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Then the matrix products R(MK) and (RM)K are well defined but not equal,
that is, R(MK) = 0 and (RM)K = 1. In the sequel we shall consider the product
of two operator matrices only when this product exists and the product of the
corresponding linear transformations makes sense.

5.1 The Naimark Representation Theorem

Let {Ry}>°,, be any L(&, £)-valued sequence of operators. Throughout we always
assume that the space £ is finite dimensional. Consider the block Toeplitz matrix
given by

Ry R_1 R_»
Ry Ry R

TR=| Ry, R, Ry - |- (5.1.1)

The {Rk}§° determines the first column of Tx. The j-k entry of Tg is given
by (Tr)jx = Rj—i. One can also view R as the function formally defined by
R = Ziooo e ™*Ry. In this case, R is called the symbol for T, and Tg is the
Toeplitz matrix generated by R. If R is a function in L?(€,€), then {Ry}>, are
the Fourier coefficients of R.

Let S be the lower shift matrix, that is,

000
I 00
S=101 0

(5.1.2)

Here we simply view S as a block matrix with entries in £(&, £), and not necessarily
as an operator on £3 (£). Recall that a block matrix

Ao Aox Aoz
Ao Aiq Aip
A= Az A1 Asp

with operator entries {A;}o¢" in L£(€,€) is Toeplitz if Aj = Aj_x where
{A;}>, is a set of operators in L£(&,€&). Clearly, the matrix Tr in (5.1.1) is
Toeplitz. It is noted that A is a Toeplitz matrix if and only if (Af, g) = (ASf, Sg)
for all f and g in ¢ (£). Finally, A is a lower triangular Toeplitz matrix if and
only if (ASf,g) = (SAf,g) for all f and g in £ (&).

Let Tr be the block Toeplitz matrix defined in (5.1.1). By a slight abuse of
terminology we say that Tg is a self-adjoint Toeplitz matriz if R_; = R} for all
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integers k > 0, or equivalently, T = (Tg)*. If R = Y.°°_ e ""R,, is the symbol
for Tr, then T is self-adjoint if and only if R_; = R} for all £ > 0. Finally, if the
symbol R is in L?(€, ), then the corresponding Toeplitz matrix T is self-adjoint
if and only if R = R* almost everywhere with respect to the Lebesgue measure.
The Toeplitz matrix Tg is positive if

00,00

0<(Trg,9) = (Rj—kgr.g5)e (forallg=1[go g1 g2 -] e 05.(€)).
4,k=0

Finally, we say that Tg is strictly positive, if there exists a scalar § > 0 such that
0 < d|lgl|* < (Trg, g) for all g in (5 ().

Notice that Tr is positive if and only if the n by n block Toeplitz matrix
contained in the upper left-hand corner of Tg is positive for all n > 0. To be
precise, let Tr,, be the n by n block Toeplitz matrix given by

Ry R -+ Ry,
Ry Ry - Raoy,
Trn = . ) ' ) on . (5.1.3)
R.1 Ry_2 --- Ro

Then T is positive if and only if Tg ,, is a positive operator on £" = @8‘15, for
all n > 1. Observe that T is strictly positive if and only if there exists a scalar
6 > 0 such that 0 < I < Tg,, for all n > 1. Finally, it is noted that if Tx is
positive, then Tg ,, must be a self-adjoint operator for all integers n > 1. In this
case, Rg > 0 and R_;, = R} for all n > 0. In other words, if T is a positive
Toeplitz matrix, then Tg is also a self-adjoint matrix.

In this chapter, we will be mainly interested in positive Toeplitz matrices. In
this case, Tr is self-adjoint and R_, = R} for all integers & > 0. Motivated by
this we say that Tr is the self-adjoint Toeplitz matriz generated by { Ry}, if Tr
is the self-adjoint Toeplitz matrix given by (5.1.1) where R_j = Rj; for all k > 0.

We say that {U on KC,T'} is an isometric pair if U is an isometry on K, and
' is an operator mapping £ into K. The pair {U,T'} is controllable, if T'E is cyclic
for U, that is,

oo
K=\/U"Te.

n=0
Let {R_,.}§° be a sequence of operators on £. We say that {U,I'} is an isometric
representation for {R_,}5° if R_,, = I'*U"T for all integers n > 0. It may seem
a bit odd to define an isometric representation using the negative index on R_,,.
However, this will be useful in keeping the notation consistent. In almost all of
our problems R* = R_,. In this case, {U,T'} is an isometric representation of
{R_,}&° if and only if R =T*U"T for all n > 0. Now let Tr be any self-adjoint
Toeplitz matrix, that is, let T be a matrix of the form
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Ry R.1 R
Rl RO R—l e
Tr=| R, R, Ro ---| (whereR_,=Ry). (5.1.4)

A self-adjoint Toeplitz matrix is uniquely determined by its first column R, =
(TR)n,o for all integers n > 0, and the entries in its first row (Tr)o,, = R = R_.
In this case, R = > > e kR, is the symbol for Txr. Motivated by this we also
say that {U,T'} is an isometric representation for a self-adjoint Toeplitz matrix
Tr, if {U,T'} is an isometric pair such that

(TrR)o,n =T7U™T (for all integers n > 0). (5.1.5)

Consider two operator pairs {U on K,T'} and {U; on K1,T'1} where I' maps
€ into K and I'y maps &€ into K;. Then we say that ® intertwines {U,T'} with
{U1,T1} if @ is an operator mapping K onto K, such that

dU=U;® and &I =T,. (5.1.6)

These two operator pairs are unitarily equivalent, if there exists a unitary opera-
tor @ intertwining {U,T'} with {Uy,T'1}. Observe that if {U,I'} and {Uy,T'1} are
unitarily equivalent, then {U,T'} is controllable if and only if {U;,T'1} is control-
lable. Finally, it is noted that two unitarily equivalent isometric pairs are isometric
representations of the same Toeplitz matrix. The following result is known as the
Naimark representation theorem.

Theorem 5.1.1. Let Tr be a self-adjoint Toeplitz matriz; see (5.1.1). Then Tg
admits an isometric representation if and only if Tr is positive. In this case, Tr
admits a controllable isometric representation. Moreover, all controllable isometric
representations of Tr are unitarily equivalent.

Proof. Assume that Tr admits an isometric representation {U on KC,T'}. Let W
be the controllability matrix determined by {U,T'}, that is,

F*
U+
W=[T UI' U ---] and Wi'=| psgp2 |. (5.1.7)

Observe that W is the matrix formed by transposing W and taking the adjoint
of each of its entries. Let us emphasize that W and W* are simply matrices, and
not necessarily operators. We claim that T admits a factorization of the form
Ty = WHWV. By employing (Tgr)o,n = R—p, = I*U"I" and R,, = T*U*"T for all
integers n > 0 with U*U = I, we obtain
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mr rm™ur r*uU2r
] ru*r T*U*UT T*U*UT
W*W = U2 T*U*2UT T*U*2U2T

rr r-or r*u2r
r-u-r rr mor
= | r*u**r T1r*Ur T ... | =Tr.

Hence Tr = W*W. Now let g be any vector in ¢%(€), then the quadratic form
(Tryg,g) can be written as

(Trg,9) = (W*Wg,g) = (Wg,Wg) = [Wg|* > 0. (5.1.8)

So if {U,T'} is an isometric representation of the Toeplitz matrix Tg, then Tg is
positive.

Now assume that the Toeplitz matrix Tg in (5.1.1) is positive. Consider the
quadratic form mapping £ (£) x £5 (€) into C determined by

(f,9) = (Trf,g9)  (f.g€li(€)).

Notice that (f,g) is linear in the first variable, conjugate linear in the second
variable, and satisfies (f, f) > 0. Let N be the set of all vectors in £5 (€) such that
(f,f) = 0. Let K, be the quotient space formed by ¢4 (£)/N. Notice that /C, is
an inner product space with respect to the quadratic form (Trf,g). Finally, let K
be the Hilbert space formed by completing KC,.

To construct an isometric representation for Tg, let U be the linear map on
K, and I be the linear mapping from & into K, defined by

oo o0 - 1
I 00 - 0
U=10T7T o and T'=| g

We claim that U is an isometry on KC,. First, notice that U is a lower shift. Because
Tr is Toeplitz, (Trf, f) = (TrU f,U f) for all f in £$ (). For any vector f in K,
we have

IUfllx = (TrUL,Uf) = (Twf, f) = | fl%-

Hence U is an isometry on K,. Since K, is dense in K, the isometry U admits
a unique extension by continuity to an isometry on all of . Without loss of
generality, we also denote this isometric extension by the same symbol U. For any
vector a in £, we have

IPall% = (TrTa,Ta) = (Roa, a) < || Rolll|a]*.
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Therefore I" is bounded, and thus, we can view I' as an operator mapping &£ into
K. Hence {U,T'} is an isometric pair. Finally, because U is the lower shift and T’
embeds £ into the first component of I, it follows that {U,T'} is controllable.

To verify that {U,T'} is an isometric representation of the Toeplitz matrix
Tr, it remains to show that R_,, = (Tr)o,n = I'"U"I for all n > 0. If a is any
vector in £, then we have

R_, 1
Ri_p 0
(U"Ta,Ta)x = (TrRU"T'a,Ta) = Ron | 2] 0 =R_,=R; (n>0).

Hence {U,T'} is a controllable isometric representation of Tg.

Let {U on K,T'} and {U; on K1,T'1} be two controllable isometric represen-
tations of the same positive Toeplitz matrix Tr. Let W be the controllable matrix
for {U,T'} defined in (5.1.7), and W; be the controllable matrix for {U,T';} where
U; replaces U and T'; replaces I'. Because {U,I'} and {U;,T'1} are controllable,
WS (€) is dense in K and W45 (€) is dense in Ky. Since {U,I'} and {U;,I'1} are
both isometric representations of T, we have WHIW = TR = I/Vljj W1. Using this
with g in ¢5 (€), we obtain

IWgll* = (Trg. 9) = [Wagl*.

So there exists an isometry ® mapping W5 () into W1£% (£), such that PW =
Wi. Because WS (€) is dense in K and Wi/lS (£) is dense in Ky, the isome-
try @ admits a unique extension by continuity to a unitary operator mapping
K onto K1, and this unitary operator is also denoted by ®. By choosing f =
[ a 0 0 - ]tr with ¢ in £, we have 'ya = Wi f = ®W f = ®Il'a. Hence
®I' = I';. Let S be the forward shift on ¢$(€) defined in (5.1.2). Notice that
UW = WS and Uy W, = W1 S. For any g in £ (£), we have

PUWg=0WSg=W1Sg=UW1g=U,9Wg.

Thus PUW g = U1 ®Wg. Since WS (€) is dense in K, we obtain ®U = U;®. There-
fore {U,T'} and {Uy,T'1} are unitarily equivalent. In other words, all controllable
isometric representations of T are unitarily equivalent. |

If {U on K,T'} is any isometric representation of Tg, then we can always
extract from {U,T'} a controllable isometric representation {U.,T'.} of Tg. To see
this, let K. be the invariant subspace for U defined by \/;°U"T¢ = K. C K.
Let U. on K. be the isometry defined by U. = U|K,, and T'. be the operator
mapping £ into K. given by I'. = I'. Because K. is invariant under U, we have
Ke = Vg UZT.E. Moreover,

(UrT.a,Tca) = (U'Ta,Ta) = ((Tr)ona,a) (for all @ € £ and n > 0).

Hence {U, on K,T.} is a controllable isometric representation of Tg.
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5.2 The Maximal Outer Spectral Factor

Let ©(z) = Y. 2~ "0y be the Taylor series expansion for a function © in H2(&,Y).
Let To be the lower triangular Toeplitz matrix determined by ©, that is,

© 0 0 -- e; 0 63
©; 6 0 --- i 0 ©; er ...
To=| 0, ©; ©p --- and To=1| o0 o @F ... |- (521

Because © is in H?(&,)), all the columns of Tg can be viewed as operators
mapping & into ¢Z (Y). In other words, Te is a well-defined linear map from ¢4 (&)
into ¢2 (). This also implies that the matrix T(gT@ is a well-defined positive
Toeplitz matrix. Recall that Tg is an operator mapping éi (&) into éi(y) if and
only if © is in H*°(&,Y). In this case, || To|| = ||©]c, and Tg = T¢ is the adjoint
of Te. Finally, © is an outer function if © is a function in H?(£,Y) and Tels (£)
is dense in £2 (), or equivalently, OP(€) = H?(Y). (The set of all polynomials in
1/z with values in £ is denoted by P(€).)

Let Tr in (5.1.1) be a positive Toeplitz matrix determined by the symbol
R= Ziooo e "R, with values in £L(&, £); see Section 5.1. We say that a function
© in H?(&,Y) is a mazimal outer spectral factor for a positive Toeplitz matrix Tx
if the following three conditions hold:

(i) The function © is outer.

(ii) The inequality T > TATe holds.

(iii) If ¥ € H?(E,G) satistying Tr > T4 Ty, then THTe > T4 Ty.
Finally, if there is no nonzero function in H?(£,Y) satisfying Tr > TéT@, then
Y = {0}, and the maximal outer spectral factor © is the zero function mapping

€ into {0}. The following result shows that any positive Toeplitz matrix always
admits a unique maximal outer spectral factor.

Theorem 5.2.1. Let Tr be a positive Toeplitz matriz generated by the L(E, E)-valued
sequence {Ri}5°; see (5.1.1) where R_j, = R} for all k > 0. Then the following
holds.

(i) The matriz Tr admits a mazimal outer spectral factor ©.

(i1) All maximal outer spectral factors of Tr are unique up to a constant unitary
operator on the left. To be precise, if © in H*(E,Y) and ¥ in H*(E,G) are
two mazimal outer spectral factors for Tr, then ¥(z) = Q0O(z) for all z in
D4 where Q is a constant unitary operator mapping Y onto G.

(iii) The equality T = T(B)T@ holds if and only if the “future space”

ﬁ UK = {0}

n=0
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where {U on K,T'} is the controllable isometric representation for Tg.

(iv) The mazximal outer spectral factor for Tr is given by
O(z) = 2y (2 —U*)'T' =y(I — 2z7'U*)~'T (5.2.2)
where Y = ker U* and Ily is the orthogonal projection from IC onto ).

(v) The mazimal outer spectral factor for Tr is zero if and only if ker U* = {0},
or equivalently, U is a unitary operator.

Proof. Let {U on K,T'} be a controllable isometric representation for Tx. Accord-
ing to the Wold decomposition the isometry U admits a matrix representation of
the form

U_[‘g ‘H on{g?"l()y)] and F_[E;]:S—»Vil()y)],(s.z.?,)

where ) = ker U*. Here S is a unilateral shift on Ei (¥) and V is a unitary operator
on V. Notice that I'; is an operator mapping £ into zi(y). To be precise, S and
I'y have matrix representations of the form:

000 - 0o
I 00 - 0,
S=1071 0 --.|omBAQ) and T1=]|@, |:£-030) (524)

Let © be the function defined by taking the Fourier transform of I'y, that is,
O(z) = (FyT1)(2) =Y 27", (2 €Dy). (5.2.5)
k=0

Since I'y is an operator mapping € into ¢3()), the function © is in H*(€,Y). In
a moment, we will show that © is the maximal outer spectral factor for Tg.

Let W be the controllability matrix determined by {U,T'}. Let W; be the
controllability matrix determined by {5, T'1}, and W5 be the controllability matrix
determined by {V,T'2}. (The controllability matrix for the pair {A, B} is defined
n (5.0.1).) By the Wold decomposition of {U,T'} in (5.2.3), we see that

[wa ]l [Ty oSy S
wo[ W] =5 o o 520,
Let us emphasize that
© 0 0
01 Oy 0

W1 = [ Fl SFl S2F1 ] = @2 @1 @0 e = T@. (527)
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In other words, W7 = Tg is the lower triangular Toeplitz matrix determined by ©.
Because the pair {U,T'} is controllable, the pair {S,T'; } must also be controllable.
By (5.2.6) the columns of Wy = T must span a dense set in £2 ()). Hence ¢2 (Y) =

Tl (£), and thus, © is an outer function. Notice that
Tr = WIW = WIW, + WiW, > WIW, = T4 Te.

Therefore T > TéT@.
Now assume that there exists another outer function ¥ in H?(€,G) such that
T > T\%qu. Recall that Tr = WEW. For any vector ¢ in (<.(€), we have

IWg|* = (Trg, 9) > (T Tug,9) = |Tugl® (g € £5(E)).

In other words, ||[Wyl|| > ||[Twg||. Hence there exists a contraction Y mapping K
into ¢2(G) such that Ty = YW. Let S, denote the forward shift on ¢%(L). By
employing UWg = WSgg and TySeg = SgTwg for all vectors g in £ (&), we
obtain

SgYWg = SgTq;g = Tq;Sgg = YWSgg = YUW_(].

Because {U,T'} is controllable, SgY = YU. In particular, SéY = YU* for all
integers k > 1. By the Wold decomposition of U, the future space V = ;" U kK.
Observe that the subspaces {U¥K}5° are decreasing, that is, UF1C C UFK for
all integers k > 0. In particular, ¥V C U*K for all k > 0. Using the fact that
YV C YUK, we have

YV C ﬁ YUK = ﬁ SeYK C ﬁ Seez (G) = {0}.

k=0 k=0 k=0
Hence Y|V = {0}, and thus, YW = YWj. This implies that
Ty =YW =YW; =YTe.

In other words, Ty = YTe. Using the fact that Y is a contraction, T\%T\p < TéT@.
By definition © is a maximal outer spectral factor for Tx, and Part (i) holds.
Recall that © is a maximal outer spectral factor for Tg. If T admits an-
other maximal outer spectral factor ¥, then T\%Tq, < TéT@ < T\%T\p implies that
TéT@ = T\%T\p. According to Lemma 5.3.1 below, there exists a constant unitary
operator 2 mapping ) onto G such that ¥ = Q0. Thus Part (ii) holds.
Recall that {U,T'} is a controllable isometric representation of Tr. Moreover,

Tr = WIW, + WiW, = TATe + WiW,.

If T = TéT@, then W5 must be zero and there is no unitary part in the Wold
decomposition of U. In other words, the future space ¥V = ;" U*K = {0}. Con-
versely, if the subspace V = {0}, then W5 = 0, and thus, Ty = T(gT@. Hence Part
(iii) holds.
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Now let us move on to Part (iv). Clearly, the unitary operator V* has no
kernel. Thus Y = ker U* = ker S*. Because the kernel of S* equals Y B0H0B - - -,
the operator IIy admits a matrix representation of the form:

My=[[T 00 -] o];[ﬁf}’)]ay. (5.2.8)

Recall that the maximal outer spectral factor © is given by (5.2.5). Using this
with (5.2.4) and (5.2.8), for all integers k > 0, we arrive at

Or=[1 0 0 - ]8T,
. k
“ftroo o[y ][R
=IyU**T (K >0). (5.2.9)

Hence O, = Iy, U*T for all k > 0. Since ||[U*|| < |2 for all z in D, we obtain

O(z) = Z 27 key = Z 2=, U*AT
k=0 k=0
=Ty} =z "U™)N =Ty(I - 2~'U*)~'T.
k=0

Therefore Part (iv) holds.
Finally, © is zero if and only if the subspace ) = ker U* = {0}. This yields
Part (v). O

Let {U on K,T'} be a controllable isometric representation for Tg. Then the

isometry U admits a Wold decomposition of the form U = S@V on K @V where
S is a unilateral shift and V is a unitary operator. Note that the unilateral shift S
or the unitary operator V' may not be present. To be precise, it can happen that
U=SorU=V.
Remark 5.2.2. Let {U on K,T'} be a controllable isometric representation for a
positive Toeplitz matrix Tr with £(&, £)-valued symbol R = Y. e "“"R,,. Let
U=S58&Vand D = [ I " be the Wold decomposition for U in (5.2.3)
where S is the unilateral shift on ¢2 (¥) and V is unitary. Let &} be the invariant
subspace for S* defined by

Xy =\/ STLE. (5.2.10)

n=1

Let A on X; and B mapping £ into X; and C' mapping X; into ) and D mapping
£ into Y be the operators defined by

A:S*|Xl, C = S*Fl, C:Hy|X1 and D:Hyrl. (5211)
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Here ITy, = [I 00 -- ] is viewed as the operator mapping Ei(y) onto ) which
picks out the first component of ¢ (). Then {A, B,C, D} is a controllable and
observable realization for the maximal outer spectral factor © for T. In particular,
O is rational if and only if the dimension of X is finite. The McMillan degree of ©
equals the dimension of X;. Finally, it is noted that {A, B, C, D} is the restricted
backward shift realization for © presented in Section 14.6.

To see this, first recall that I'y is given by (5.2.4) where ©(z) =Y " 27"0,
is the power series expansion for ©. Notice that ©,, = I1yS*"I'; for all integers
n > 0. So for z in D, we have

0(z) = Z 27"0, = Z 2T My STy = y(I — 2718*) 7'
n=0 n=0

= 2Ty (2] — §*)7'T = MyTy + My (21 — S*)~1S*T.

Since D = MyT'y, it follows that ¥ = {S*, S8*T', Iy, D} is a realization for ©.
Clearly, (3 () = ©5°S"II3,Y = /o~ S™II3Y. Hence the pair {Ily, S*} is observ-
able. So the realization ¥ is observable. Notice that Xy = \/g°~ S*™"(S*T'1)€ is the
invariant subspace for S* obtained by extracting the controllable subspace from .
In particular, {A, B,C, D} is precisely the realization obtained by extracting the
controllable part from the observable realization ¥ for ©. Therefore {A, B,C, D}
is a controllable and observable realization for ©. This completes the verification
of Remark 5.2.2.

Remark 5.2.3. In certain applications, it may be convenient to view the Wold
decomposition for U as

U_[‘g 3] on {Hiﬁy)} (5.2.12)

where K = H?()) @V and S is the unilateral shift on H?()). As expected,
Y = ker U*. If the unilateral shift is not present in the Wold decomposition of U,
then we can set ) = {0} and H?()) = H?({0}) = {0}. Finally, it is noted that
using K = H?*(Y) @ V, it follows that ' admits a matrix decomposition of the

form: . { r, } e [ Hiﬁy) } . (5.2.13)

The maximal outer spectral factor © for Tz is uniquely determined by the relation
(T19)(2) = B(2)g (€Dt and g € E); (5.2.14)

see the proof of Theorem 5.2.1. Finally, it is noted that the maximal outer spectral
factor © for Tg is zero if and only if ker U* = {0}, or equivalently, U = V.
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5.2.1 The eigenspace for the unitary part

Throughout we assume that all of our Hilbert spaces are separable. Let U =
S @V be the Wold decomposition for a controllable isometric pair {U,T'}. Since
{U,T} is controllable, the pair {V,T's} is also controllable; see (5.2.3). The unitary
operator V' has at most a countable number of eigenvalues. Let {\;}1 be the set
of all distinct eigenvalues for V' where n is either finite or infinite. Because the
pair {V,T'2} is controllable, each eigenvalue A; has multiplicity at most dim &. To
see this, let £y, = ker(V — A;I) be the eigenspace for V' corresponding to the
eigenvalue ;. Since V is unitary, the eigenspace Ly is a reducing subspace for V.
In particular, V' commutes with the orthogonal projection PLA], onto Ly;. Using
this we arrive at

Ly, =Pr, V=", \[ Vo€ = \/ P, VT2 = \/ NePe, To€ = P, TE.
k=0 k=0 k=0

Hence L), equals ngj I'E, and thus, dim £y, < dim&. In other words, the di-
mension of the eigenspace corresponding to the eigenvalue A; for V' is at most
dim €.

Since Ly is a reducing subspace for V, the subspace ®7 L, is also a reducing
subspace for V. Therefore V' admits a matrix representation of the form

MO 0 - 0 Ly,
0 Xl 0 - 0 L,

v=1] 0 0 XI - 0 | o | L (5.2.15)
o 0 0 - V Vo

where V5 is the unitary operator on Vo = V © (©7Ly,) defined by Vi, = V|V,. The
operator V, is a unitary operator with no eigenvalues. Using this decomposition
the operator I'; admits a matrix representation of the form

Ay L,
Aa L,

Ty=| A | e | £ |. (5.2.16)
T, v,

Here {A;}7 are operators from £ onto £y, . If £ = C, then without loss of generality
we can always assume that A; = a; are scalars and a; > 0 for all j = 1,2,...,n.
Finally, T, is the operator mapping £ into V, defined by I'c = Py T's.

Remark 5.2.4. Let {V,T's} be a controllable pair where I's is an operator from
£ into V. Moreover, assume that V is a unitary operator on a nonzero finite
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dimensional space V. Let W5 be the controllability operator determined by {V, T2},
that is,

Wy=[Ty VIy V2Iy ---].
Then W5 is an unbounded linear map from ¢2 (£) into V. In other words, W> does
not determine an operator from (2 (£) into V.

To see this observe that W5 is an operator if and only if
Wi=[T; T3ve T3v=2 ... 7

defines an operator from V into ¢2 (£). To show that W is unbounded, let z be
an eigenvector with eigenvalue \ for V*, that is, V*x = Az. Since V is unitary, A
is on the unit circle. Because the pair {I'5, V*} is observable, I';x is nonzero. (If
IS’z = 0, then 0 = A"I'5z = I'sV*"z. Hence I'5V*"z = 0 for all integers n > 0,
which contradicts the observability of the pair {I'5, V*}.) Using this, we obtain

‘W2$H2 Z ||1"2V*”gc||2 Z H)‘nrszQ Z ||F2$H2
Hence VVQti is always unbounded, and thus, W5 is unbounded.

5.3 The Inner-Outer Factorization Revisited

In this section we will use Theorem 5.2.1 to show that any function © in H?(€,))
admits a unique inner-outer factorization. Recall that §2(2) is a contractive analytic
function if Q is a function in H*(€,)) and ||| < 1. In other words, Q in
H*>(£,)) is a contractive analytic function if and only if Ty, is a contraction.

Lemma 5.3.1. Let © be an outer function in H*(E,Y) and ¥ be a function in
H?(E,G). Then the following holds.

(1) T\%T\p < TéT@ if and only if there exists a contractive analytic function 2 in
H>(Y,G) such that U(z) = Q(2)O(2) for all z in Dy. In this case, ) is the
only function in H*(Y,G) satisfying ¥ = QO.

(ii) T\%T\p = TgT@ if and only if there exists an inner function Q in H*(Y,G)
such that U (z) = Q(2)O(z) for all z in Dy.

iii) If ¥ is outer, then T: Ty = T Te if and only if ¥(z) = QO(z) where  is a
w )
unitary constant in H*(Y,G).

(iv) If TETy < TETe, then W(c0)*¥(00) < O(00)*O(c0).
(v) If TiTy < TATe where W € H2(E,Y), then U(c0)*¥(c0) = O(00)*O(c0) if

and only if © equals ¥ up to a unitary constant operator on the left.
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Proof. Assume that T\%T\p < T(gT@. In other words, ||Tyz|? < ||[Tex|? for all x
in £5 (£). This implies that there exists a contraction C' mapping TefS (£) into
(%2 (G) such that Tyx = CTex. Because O is outer, TolS (€) is dense in £2()),
and it follows that C' admits a unique extension by continuity to a contraction
mapping ¢ (Y) into £2(G). We also denote this extension by C. Let S, denote the
unilateral shift on ¢2 (£). Recall that a lower triangular Toeplitz matrix intertwines
two unilateral shifts acting on the appropriate spaces. Then for any = in £ (£),
we have
CSyT@l‘ = OT(—)Sgl‘ = Tq;Sgl‘ = SgTq;l‘ = SgCTex.

Because Tol% (£) is dense in £2(Y), we obtain CSy = SgC. In other words,
C = Tq where 2 is a contractive analytic function in H* (), G). (In fact, ||| =
ITa|l <1.) Hence Ty = TaTo, and © admits a factorization of the form ¥ = Q6.

On the other hand, if ¥ = QO where () is a contractive analytic function,
then Ty = ToTe and Ty, is a contraction. So for all z in ¢4 (€), we have

(T4 Tww, 2) = | Twz|? = |ToTex||* < |Toz|? = (T§Tow, 2). (5.3.1)

Therefore T\%T\p < TgT@.

To complete the proof of Part (i), it remains to show that € is the only
function in H*(Y,G) satisfying ¥ = QO. Assume that ¥ = ®O where ® is a
function in H*°(),G). Then

ToTe =Taoe = Ty = Tee = TeTe.

Since Tel< () is dense in €5 (Y), it follows that Tg = Te. Thus Q = @, and Part
(i) holds.

To prove Part (ii), assume that Té,T\p = TgT@. According to Part (i), we have
U = Q0O, or equivalently, Ty = ToTe where € is a contractive analytic function.
Using Tyx = ToTex for all x in £ (€), we obtain

ITaTox|* = | Twal* = (T§ Tww, 2) = (TéTow, x) = |Tox|*.

In other words, ||[ToTez||? = || Toz||?. Because T lS (€) is dense in £2 (), it follows
that Tq is an isometry, or equivalently, {2 is an inner function. On the other hand,
if U = Q0O where () is an inner function, then Ty = ToTe where T is an isometry.
Since TgﬁzTg = I, we see that T\%Tq; = TgT@, and thus, Part (ii) holds.

To obtain Part (iii), assume that ¥ is an outer function and T\%T\p = T(gT@.
By consulting Part (ii), we see that Tq is an isometry satisfying Tyx = ToTex
for all  in ¢ (€). Because ¥ is outer, TylS (£) is dense in £3(G). Hence T is a
unitary operator, or equivalently, €2 is a unitary constant mapping ) onto G; see
Proposition 2.6.2. The equation ¥ = QO, yields Part (iii).

For Part (iv), recall that ¥ = QO, where 2 is a contractive analytic function.
Thus ©(o0) is a contraction. So using ¥(oco) = Q(00)O(00), with Q(00)*Q(c0) < I,
we obtain Part (iv).



5.3. The Inner-Outer Factorization Revisited 105

To complete the proof assume that T\%Tq, < TéT@ and O(00)*0(c0) =
U (00)*W(00). Here W is a function in H?(€,Y). According to Part (i), there exists
a contractive analytic function Q in H* (), Y) such that QO = ¥. For all vectors
v in &, we have

1©(c0)v]| = [[¥(c0)v]| = [|2(c0)O(c0)v].

Hence ||©(c0)v]| = [|2(00)O(00)v|| for all v in £. Because © is an outer function,
©(00) is onto, and thus, 2(c0) is an isometry on Y. Using the fact that ) is finite
dimensional, Q(co) is unitary. We claim that Q(z) = Q(o0) for all z in D, that
is, Q is a unitary constant. To see this, let Q(z) = >_° 27", be the Taylor series
expansion for 2. Since € is a contractive analytic function and Qg = (c0), we
obtain

lyll* = 1200)yl® < >~ I12yl® = I1Qyl7: < llyl®  (y € V).

n=0

So there is equality in the previous equation, and thus, 2, = 0 for all n > 1.
Therefore Q(z) = Q(c0) is a unitary constant. O

Previously we have used the Wold decomposition to show that any function
in H%(£,Y) admits an inner-outer factorization; see Theorem 3.2.1. To complete
this section we will present another proof of this fact restated here for convenience
in the following theorem.

Theorem 5.3.2. Let © be a function in H*(£,Y). Then © admits a unique factor-
ization of the form © = 0,0, where O, is an outer function in H?(E,G) and ©;
is an inner function in H*(G,Y). By unique we mean that if © = ¥, ¥, where ¥,
is an outer function in H2(E,D) and V; is an inner function in H>®(D,Y), then
there exists a constant unitary operator ® mapping G onto D such that ¥, = ®O,

Proof. Let Tk be the positive Toeplitz matrix determined by Tr = T(gT@. Clearly,
Tr admits a maximal outer spectral factor ©, in H?(€,G). Since O, is a maximal
outer spectral factor, TgOT@D < Tg. By using the definition of a maximal outer
spectral factor, we obtain

Tr =TETo < T4 To, < Th.

Hence TgT@ = T(B)OT@O. According to Part (ii) of Lemma 5.3.1, there exists an
inner function ©; in H*°(G, ) such that © = ©,0,. In other words, © admits an
inner-outer factorization.

Now suppose that ©® = ¥, U, is another inner-outer factorization of ©. By
employing Ty, Ty, = Te, along with the fact that Ty, is an isometry, we obtain

Tr =T§ To, = ThTe = T}, T4 Ty, Ty, = T} Tu,.
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Hence TgoT@O = T\%OT\Iw According to Part (iii) of Lemma 5.3.1, there exists a
unitary constant ® such that ¥, = $0,. Moreover,

0=UvY,=7,00, = 0,0,.

This implies that ¥;(2)®0,(z) = 0;(2)0,(z) for all z in D,.. Because O, is outer,
¥, ® = 0;; see Part (i) of Lemma 5.3.1. O

5.4 Positive Real Functions

We say that a function F' is positive real if F'is a L(E, E)-valued analytic function
in Dy and RF(z) > 0 for all z in D,. (If A is any operator on X, then RA = (A+
A*)/2.) Tt is noted that a positive real function F' is not necessarily in H> (€, £).
For example, consider the scalar-valued function F'(z) = (2 + 1)/(z — 1). Finally,
F is positive real if and only if F is positive real. (Recall that G(z) = G(2)*.)

Let Tr be a self-adjoint Toeplitz matrix determined by a L(&,)-valued
symbol R =" e "R, that is,

Ry R_1 R_»
Ry Ry R

TR=| Ry, R, Ry - |- (5.4.1)

It is emphasized that R_,, = R} for all n > 0. Recall that Tx in (5.4.1) is referred
to as the Toeplitz matrix generated by {R,,}§° or its symbol R =Y e "“"R,,.

Let F be a L(&, £)-valued analytic function in D, and F(z) = Y ;° 27 "F), be
its Taylor series expansion. Let { R, }§° be the L£(&, £)-valued sequence of operators
defined by

Ry = Fy+ F§ and R,=F, (@(ifn>1). (5.4.2)

By construction, Tp = TF + T}L where T is the lower triangular Toeplitz matrix
determined by F. Theorem 5.4.1 below, shows that Ty is a positive Toeplitz matrix
if and only if F'(z) is a positive real function. Finally, it is noted that R is formally
given by R = F + F*, where F =) " e "“"F,.

To gain some further insight, let {U on K,T'} be an isometric representation
for a positive Toeplitz matrix Tk generated by a L(€, £)-valued sequence { R, }°.
To be precise, R_,, = (Tr)o.n = I*U"T for all integers n > 0. Let Fy be any
operator on £ such that Ry = Fy + F{j. For example, since Ry is positive, one can
choose Fy = Ry/2. In fact, Fy + F§ = Ry if and only if Fy = Ro/2 + ¥ where
U is an operator on & satisfying ¥ = —WU*. By virtue of Ry = I'*T, it follows
that Fy + Fy = I™I". Set F,, = R,, for all integers n > 1. Using F,, = I*U*"T
for all n > 1 and the fact that U is an isometry, we see that the operators F),
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are uniformly bounded. Hence the function F' defined by F(z) = Y ;"2 "F), is
analytic in the open unit disc. Furthermore,

F(z)=Fo+Y 2 "F=F+Y 2 "T"U* 0T = K+ (2] - U*)"'U"T.
k=1 k=1

Thus F admits a state space realization of the form
F(2)=Fy+T*(zI -U*"'U'T (2 €Dy). (5.4.3)

In other words, {U*,U*T,I'*, Fy} is a realization of F' where Fy + F§ = I'*T" and
U* is a co-isometry. Moreover, this realization is observable if and only if the
isometric pair {U,I'} is controllable. Finally, it is noted that {U,I',T*U, F§} is a
realization of F where Fy + Fy =T"T and U is an isometry.

Now let us show that F is positive real. For z in D4, we have

F(2)+ F(2)" = Fo+T*(2I —U*)"'U'T + Ff + T*U(zI - U)~'T
=TT +T*(z = U 'U'T +T*U(zI - U)~'T
=T*[I+ (zI-U"'U*+UEI-U)'|T

=T*(zI —U*)™!
X [(zI —=U*)(zI —=U) 4+ U*(ZI = U) + (2I — U*)U]
x (ZI —U)™'T

=(|z)* = )Tzl —=U*) Y=zl -U)"'T.
In other words,
2REF(2) = (|2 = )T (21 —U*) I -U)"'T (2 €Dy). (5.4.4)
So for a in £, we obtain
(F(z) + F(2)")a,a) = (|22 = D|(zI ~U)'Tal> >0 (= € Dy).

Therefore F' is positive real.

The previous analysis shows that if F' has a state space realization of the
form {U*,U*T,T'*, Fy} where U is an isometry and Fy + Fy = I'*T, then F is a
positive real function. Motivated by this we say that {A, B, C, D} is a positive real
Naimark realization for a function G if {A, B,C, D} is a realization of G where
A is a co-isometry, B = AC* and D + D* = CC*. Assume that F' has a Taylor
series expansion of the form F(z) = >.0° 2="F,. Then {A, B,C, D} is a positive
real Naimark realization for F' if and only if:

(i) the operator A is a co-isometry, the operator B = AC*;
(ii) the operator D = Fy and D + D* = CC*;
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(iii) the Taylor coefficient F},, = CA""1B = CA™C* for all integers n > 1.

Two positive real Naimark realizations {U*, U*T,I'*, D} and {U;,U;T1,T%, Dy}
are unitarily equivalent if and only if D = D; and the pairs {U,T'} and {U;,T'1}
are unitarily equivalent. So by consulting the Naimark representation theorem, we
see that two observable positive real Naimark realizations of the same function are
unitarily equivalent. The following result shows that F' is a positive real function
if and only if F' admits a positive real Naimark realization.

Theorem 5.4.1. Let Tr be the self-adjoint Toeplitz matriz in (5.4.1) determined
by a L(E,E)-valued symbol R = > e “"R,,. Let F be the function formally
defined by F(z) = Yo" 27 FFy, where Fy + F§ = Ry, and Fy, = Ry, for all integers
k > 1. Then the following statements are equivalent.

(i) The Toeplitz matriz Tr is positive.
(ii) The Toeplitz matriz Tr admits a controllable isometric representation {U,T'}.

(iii) The function F admits an observable realization of the form
F(2) = Fo +T*(2I = U*)"'UT,
where U is an isometry and Fy 4+ Fy =TT,

(iv) The function F admits a controllable realization of the form
F(z)=F; +T*U(zI - U)~'T,
where U is an isometry and Fy + Ff =TT,
(v) The function F is positive real.
(vi) The function F is positive real.

In this case, Fo = Ro/2+ ¥ = T*T'/2 + U where ¥ is an operator on £ satisfy-
ing ¥ = —U*. Finally, all observable positive real Naimark realizations of F' are
unitarily equivalent.

Proof. The Naimark representation theorem 5.1.1 shows that Parts (i) and (ii) are
equivalent. If {U,T'} is a controllable isometric representation for Tx, then (5.4.3)
shows that F' has an observable positive real Naimark realization. Hence Parts (i)
or (ii) imply Part (iii). Clearly, Parts (iii) and (iv) are equivalent. Our previous
analysis shows that if F' has a positive real Naimark realization, then F' is positive
real. In other words, Part (iii) implies Part (v). Finally, it is noted that Parts (v)
and (vi) are equivalent.

Now assume that Part (v) holds, that is, F' is positive real. Let F(z) =
Zgo 275 F}, be the Taylor series expansion for F. Recall that Ry = Fy + F{j and
Ry, = F}, for all integers k > 1. Let g(e™) = go + g1e™™ + -+ - + gne "™ be any
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polynomial with values in £, and let » > 1 be a scalar. Because F' is a positive
real function, we obtain

% “) 4+ F(re™)")g(e"), g(e*)) dw
== 07, oo ot o | (g(e), F(re)g(e)) dw

m
> T (P ks gm) +

n
m=0 k=0 j=0v=0
n n

n

[
i[]=

Y gg, i= uQu)"’Z((FO"’FO*)gj,gj)
J

ﬁ

m kgkagm +
>0 J

S
v
N
v
o
I
o

= Z Tk_m(Rm—kglmgm) + Z ry_j(gﬁRj—VgV) Z(Rogj7gj)
m>k>0 j>v>0 =0

=3 > (TR m g gm)-
=0 k=0

By letting r approach 1, we see that Y. (>0 (Rp—kJk, gm) > 0. Because this
holds for all integers n > 0 and {gx}{ is an arbitrary sequence, The Toeplitz
matrix Tr is positive. Hence Part (v) implies (i). Therefore Parts (i) to (vi) are
equivalent. |

Let us observe that if F' admits a positive real Naimark realization, then F'
also admits an observable positive real Naimark realization. To see this, assume
that {U* on K,U*T',T'*, D} is a positive real Naimark realization for F. Let I,
be the closed linear span of {U*TE}5°. Clearly, K, is an invariant subspace for U.
Let U, be the isometry on K, defined by U, = U|K,. Let T', be the operator from
& into K, defined by T', = T'. By construction the pair {U,,T',} is controllable, or
equivalently, {I';, Ur} is observable. Let F(z) = Y ;° 2~ ™F), be the Taylor series
expansion for F. Using U¥|KC, = U¥ for all integers k > 0, it follows that

F, =T*U*T = (*U)" = (T:UFD,)" = T30S T, (k> 1).

Thus {U},U;T,,I's, D} is an observable positive real Naimark realization for F.

Remark 5.4.2. Let {U,T'} be a controllable isometric representation for a posi-
tive Toeplitz matrix Tr. Recall that the maximal outer spectral factor for Tx is
determined by

O(z) = 2y (2 —U*)™'T (z € Dy)

where ) = ker U* and IIy : K — Y is the orthogonal projection from XC onto };
see Theorem 5.2.1. Let ® be the function defined by ®(z) = (21—-U*)~!. Since U is
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an isometry, the orthogonal projection onto Y is determined by 1I5,1ly = I —=UU*.
Using 2®(z) = I + U*®(z), we obtain

00 = I'"@*ZI1} [y z®I = 20" (I — UU*)z®l
=T*®*z20T — 2] T*O*UU*OT
=T*(I + ®*U)(I + U*®)T — ||’ T*&*UU*PT
=IT* + T*®*UT + T*U*OT + T*®*UU*OT — |2|*T*&*UU* ST
=2RF(2) — (]2|* = DT*®*UU*T.

Therefore 2RF(z) is given by

2RF(2) = O(2)*0(2) + (|2|> = DT EZI = U)'UU* (21 —U*)7'T (2 € Dy).
(5.4.5)

5.5 Minimal Isometric Liftings

Isometric liftings play an important role in operator theory. In this section we will
present a brief introduction to isometric liftings, and their connection to Naimark
representations. Let A be an operator on X'. We say that an operator U on K is
a lifting of A if X is a subspace of K and IIxU = Ally. In other words, U is a
lifting of A if and only if U admits a matrix representation of the form

A0 X
U:[* *] on [M]
Here * represents an unspecified entry. Moreover, U on K is a lifting of A if and
only if X is an invariant subspace for U* and A* = U*|X. Finally, if U is a lifting
of A, then II,U™ = A™Ily for all integers n > 0.
Now assume that A is a contraction on X, that is, ||A|| < 1. We say that U
is an isometric lifting of A if U is an isometry and U is a lifting of A. Moreover,

U on K is a minimal isometric lifting of A if U is an isometric lifting of A and X
is cyclic for U, that is,

K= §7 Urx.
n=0

In other words, U is a minimal isometric lifting of A if U is a lifting of A and
the pair {U,II%} is controllable. (Recall that II% is the natural embedding of X
into K.) Finally, we say that two isometric liftings U on K and U; on K of a
contraction A on X are isomorphic if there exists a unitary operator ® mapping
K onto Ky such that ®U = U; P and ¢|X = Ix.

If A is a contraction, then A admits a minimal isometric lifting. To construct
a minimal isometric lifting of A, consider the isometry U on K = X @ (3 (Da)
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determined by

A 0 0 O X
Dy 0 0 O D4
v=| 0 1 00 on | Pa | (5.5.1)
0 0 I 0

Da

Here D 4 equals the positive square root of I — A* A, and D4 equals the closure of
the range of D 4. By construction U is a lifting of A. It is a simple exercise to verify
that U is an isometry and & is cyclic for U. Therefore U is a minimal isometric
lifting of A. Finally, the isometry U in (5.5.1) is called the the Sz.-Nagy-Schaffer
minimal isometric lifting of A. This proves part of the following result.

Theorem 5.5.1. Let A be a contraction on X. Then A admits a minimal isometric
lifting. Moreover, the following statements are equivalent.

(i) The operator U on K is a minimal isometric lifting for A.

(ii) The pair {U,II%} is a controllable isometric representation for the Toeplitz

matrix
I A A2
A* I A
Tr=| A% A* T ... |- (5.5.2)

The symbol R = Ziooo e "R, where R_, = A™ and R, = A™ for all
integers n > 0. In particular, the Toeplitz matriz Tr in (5.5.2) is positive.

(i) The pair {U,II%} is a controllable isometric representation for {A"}°.
Finally, all minimal isometric liftings of A are isomorphic.

Proof. Assume that U on K is a minimal isometric lifting for A. Recall that
A"ly = IIxU™ for all integers n > 0. Since I = IIxII%, we see that A" =
Iy U™I% for all n > 0. Therefore {U,IT% } is a controllable isometric representa-
tion for the Toeplitz matrix Tr in (5.5.2). So Part (i) implies Parts (ii) and (iii).
Finally, because all controllable isometric representations of the same Toeplitz ma-
trix are unitarily equivalent, all minimal isometric liftings for A are isomorphic.
Assume that Part (ii) holds, that is, {U, II% } is a controllable isometric repre-
sentation for T in (5.5.2). Now let U; be the Sz.-Nagy-Schaffer minimal isometric
lifting of A. Then {U;,II% } is also a controllable isometric representation for Tr.
Since all controllable isometric representations of the same Toeplitz matrix are
unitarily equivalent, U and U; must be isomorphic. Therefore U is also a minimal
isometric lifting of A. So Part (ii) implies Part (i). In other words, Parts (i) and
(ii) are equivalent. By definition Parts (ii) and (iii) are equivalent. O
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Recall that an operator A on X is strongly stable if A™ converges to zero
in the strong operator topology, that is, for each vector x in X’ the sequence A"x
converges to zero as n tends to infinity.

Proposition 5.5.2. Let U on K be a minimal isometric lifting for a contraction A
on X. Then A* is strongly stable if and only if U is a unilateral shift.

Proof. If U is a unilateral shift, then U* is strongly stable. Since A* = U*|X, we
see that A* is also strongly stable. Now assume that A* is strongly stable. Let
U=5@V on Ky &V be the Wold decomposition of U where S is a unilateral
shift and V' is unitary. Then each vector z in X admits a unique decomposition
of the form x = h @ v where h is in £ and v is in V. Using the fact that A* and
S* are strongly stable, we obtain

0= Tim [[A™a]® = lim [[U""a]* = Tim (|S™AI% + [|V"0]?) = o]

Hence v = 0. In other words, X is a subspace of . Since U = S®V and X C K
is cyclic for U, we have

K:(}U”X:(}S”Xgmgic.

n=0 n=0
Therefore £ = K, and U = S is a unilateral shift. ]

Let A be contraction on X and Tg the positive Toeplitz matrix in (5.5.2).
Let C be the operator mapping X into D4~ defined by C' = D 4+. Then

O(z) = 2C(2I — A*)™* (5.5.3)

is the maximal outer spectral factor for Ty.

Let U on K be the minimal isometric lifting for A. Then {U,II%} is the
controllable isometric representation for Tk. Since X is an invariant subspace for
U* and A* = U*|X, Theorem 5.2.1 shows that

O(z) = 2lly(z] = U*) "'y = 2Mly (21 — A~ (5.5.4)

is the outer spectral factor for Tg. Here ) equals the kernel of U*. Using II5,1Iy =
I —UU* with z in X, we obtain

ICz|* = [|Da-z]* = ((I - AA™)z,2) = (I = UU")z,x) = |[Tyz*.

This implies that there exists a unitary operator ® such that C' = ®IIy|X. Because
the maximal outer spectral factor is unique up to a unitary constant operator on
the left, (5.5.4) shows that ©(z) = 2C(2I — A*)~! is the maximal outer spectral
factor for Tg.

Finally, it is noted that Proposition 5.5.2 with Theorem 5.2.1 show that
Tr =T Te if and only if A* is strongly stable.
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5.6 Notes

All the results in this chapter are classical. Our approach is based on the Naimark
representation theorem. The Naimark representation theorem in Section 5.1 is a
standard result in operator theory; see Fillmore [80] and Sz.-Nagy-Foias [198].
For a bilinear version of the Naimark representation Theorem see Frazho [94] and
Popescu [177]. The notion of a maximal outer spectral factor was developed in
Chapter 5 of Sz.-Nagy-Foias [198]. Our approach to the maximal outer spectral
factor was taken from Frazho-Kaashoek [98]. The results in Lemma 5.3.1 are now
standard and were essentially taken from Sz.-Nagy-Foias [198] and Foias-Frazho
[82]. For a generalization of the maximal outer spectral factor to a certain non-
commutative case and the inner-outer factorization approach in Theorem 5.3.2;
see Popescu [177]. The Naimark representation theorem and its relation to positive
real functions is a classical result in operator theory; see Fillmore [80] and Frazho-
Kaashoek [98]. Remark 5.4.2 was taken from Frazho-ter Horst-Kaashoek [103].
Isometric liftings play a fundamental role in operator theory; see Sz.-Nagy-Foias
[198], Foias-Frazho [82] and Foias-Frazho-Gohberg-Kaashoek [84]. In general the
isometric lifting is developed without using the Naimark representation theorem.
In Section 5.5, we used the Naimark dilation to prove some elementary properties
concerning isometric liftings.

Classical measure theoretic results. The following classical result due to Bochner
shows that a Toeplitz matrix is positive if and only if its entries are the Fourier
coeflicients of an operator-valued positive measure.

Theorem 5.6.1 (Bochner). Let Tr be the Toeplitz matriz determined by the self-
adjoint symbol R = > e~k Ry with values in L(E,E). Then T is positive if

and only if
1 27

n — 5 _
2770

where dS) is a positive measure with values in L(E,E).

e dQ (for all integers n) (5.6.1)

Bochner’s theorem is widely used and plays a fundamental role in stochas-
tic processes. In this monograph, we have relied more on geometric results than
measure theoretic ideas to develop factorization algorithms. One can generate an
isometric representation directly from Bochner’s theorem. To see this, assume that
d2 is the positive measure corresponding to the Toeplitz matrix Tz. Consider the
Hilbert space K determined by the closure of the set of all polynomials of the form
9= n>0€ “"gn under the inner product

1 27
lolF = 5 [ (@20.9)

Let U be the isometry on K given by Ug = e~"“g. Let I" be the operator mapping
& into K determined by I'a = a where a is in €. Then {U,T'} is a controllable
isometric representation for Tg.
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The positive measure df2 in Bochner’s theorem admits a decomposition of
the form

dQ = 0*0 dw + d= (5.6.2)

where © is the maximal outer spectral factor for Tr. Because T is a positive
Toeplitz matrix, it admits a unique controllable isometric representation {U,T'}.
Let U = S @V be the Wold decomposition for U where S is the unilateral shift
on H? (V) and V is a unitary operator on V while I' = [Fl Fg]tr is an operator
mapping € into H?(Y) @ V; see Remark 5.2.3. Let E,, be the spectral measure for
V', that is,

1 27

27 ),

Let d= be the positive measure determined by d= = I'SdE,I's. Without loss of
generality, we can assume that (I'1g)(z) = ©(z)g, where © is the maximal outer
spectral factor for T and g is in &; see Remark 5.2.3. So for all integers n > 0,
we obtain

e "“dE,.

(R-ng,g) = (U"T'g,Tg) = (5"T1g9,T'1g) + (V"T'2g,T'29)
1 271'

1 27
E— —wn(Qg Og)dw + — ~wi (B Teg,T
o ), € (Bg,09) w+27r/0 e " ( 29,T29)

1 2

- —wn(Je)
o ), € (dQg,9)

where df2 = ©*0 dw + d=. Clearly, df) is a positive measure. Hence the represen-
tation for R, in (5.6.1) holds for all integers n < 0. Recall that R} = R_,. So by
taking the adjoint, we see that (5.6.1) holds for all integers.

Recall that any positive measure du admits a unique Lebesgue decomposition
of the form du = fdw + dv where f is a positive Lebesgue measure function and
dv is singular with respect to the Lebesgue measure; see [183, 187]. The following
result, due to Helson-Lowdenslager [130, 131], shows that the Wold decomposition
yields the Lebesgue decomposition when the maximal outer spectral factor is a
function in H?(E,€).

Theorem 5.6.2. Let Tr be the positive Toeplitz matrix determined by the sym-
bol R = > e “kRy with values in L(E,E). Assume that the mazimal outer
spectral factor © for Tr is a function in H?(E,E). Let dS) be the L(E,E&)-valued
positive measure determined by (5.6.1). Then the Lebesgue decomposition for dS)
is determined by

dQ) =00 dw + d= (5.6.3)
where dZ is singular with respect to the Lebesgue measure.

Proof. Recall that the positive measure df2 admits a decomposition of the form
d = ©*0 dw + d=. Moreover, d= admits a Lebesgue decomposition of the form
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= = Qdw + dv where Q(e') is almost everywhere a positive operator. Further-
more, dv is a positive singular measure with respect to the Lebesgue measure.
According to Lemma 5.6.4 below, there exists an outer function ¥ such that
U0 = ©*O + Q. This readily implies that T4Te < TiTy < Tg. Since © is
the maximal outer spectral factor for Tr, we must have T\%Tq; < TgT@. In other
words, T\%T\p = TéT@. Hence © equals ¥ up to a constant unitary operator on the
left; see Lemma 5.3.1. Using ©*0 = U*¥ = 0*0 + @ implies that Q = 0. Thus
dv = d= and df) = ©*0O dw + d= is the Lebesgue decomposition for df2. O

In the scalar case, Theorem 5.6.2 reduces to the following result; see also
Hoffman [134] for a nice proof of this Corollary.

Corollary 5.6.3. Let T, be the positive Toeplitz matrix determined by the self-
adjoint scalar-valued symbol r = ™ e~ “kry. Assume that the maximal outer
spectral factor 0 for T, is a function in H?, that is, 0 is not the zero function
mapping C into {0}. Let du be the positive measure determined by

1 2m
e“du (for all integers n). (5.6.4)

T'n = —
2 0

Then the Lebesque decomposition for du is given by dp = |0|>dw + dv where dv is
singular with respect to the Lebesgue measure.

For some applications to Corollary 5.6.3 see Hoffman [134]. We say that a
function F is in LY(&,Y) if F is a £(&,)Y)-valued Lebesgue measurable function
and || F|| is integrable.

Lemma 5.6.4. Let © be an outer function in H?(£,&). Assume Q is a function in
LY(E,E) and Q(e™) is almost everywhere a positive operator on €. Then ©*O +Q
admits an outer spectral factor, that is, there exists an outer function W in H*(E,&)

such that V¥ = 0*0 4 Q.

Proof. Consider the positive function R in L!'(£,&) defined by R = 0*0 + Q.
Notice that TgT@ < Tgr. Let ¥ in H?(£,)) be the maximal outer spectral factor
for Tr. Then TéT@ < T\%qu. According to Lemma 5.3.1, there exists a contractive
analytic function ® in H*>°(),€) such that ® = ®W¥. In particular, ©(c0) =
@ (00)T(00). Since O©(00) is invertible, ®(co0)¥(oco) must also be invertible. Because
the space & is finite dimensional and W is outer, ¥(co) is invertible. So without
loss of generality we can assume that ¥ is an outer function in H?(&,£).

Let R = Ziooo R,e ™" be the Fourier series expansion for R. Let K be
the subspace of L?(€) defined by the closed linear span of {e=""+/RE}$, where
VR(e*) is almost everywhere the positive square root of R(e*). Let U be the
isometry on L?(€) defined by restricting the bilateral shift to K, that is, Uf =
e ™ f where f is in K. Let " be the operator mapping £ into K defined by
I'a = vRa where a is in €. Then {U,T'} is a controllable isometric representation



116 Chapter 5. The Naimark Representation

for Tr. To see this, observe that for any integer n > 0 and a in £, we have

1 27

(R_na,a) = e ""(Ra, a)dw

27 Jo

1 27
— e ""(VRa,VRa)dw
2 0

= (U"Ta,Ta).

Hence {U,T'} is a controllable isometric representation for Tg.
By consulting the proof of Theorem 5.2.1, there exists a contraction ¥ map-
ping K onto ¢2 (Y) such that Tyg = YWg. Here

W=[T UT UT - |

and g is in ¢4 (£). Moreover, SY = YU where S is the unilateral shift on ¢ (€)
and YV = {0} where V = ;" ¢ " K. Because R is almost everywhere invertible,

L2(5) _ <7 6—1wn\/ﬁg _ <7 e~ WINTE = <7 eTWNKC.

n=—oo n=—oo n=—oo

This readily implies that the minimal unitary extension for U is the bilateral shift
on L?(€). Clearly, the minimal unitary extension for S is the bilateral shift on
£2(€). Recall that the Fourier transform F¢ is a unitary operator which intertwines
the bilateral shift on ¢2(£) with the bilateral shift on L?*(€), and SY = YU.
According to Proposition 1.5.1, the operator ng admits a unique extension
which commutes with the bilateral shift on L?(£). Therefore we can view FJY as
the restriction of a multiplication operator 'Y = Mp|K where F is in L®(€, £);
see Corollary 2.4.2. For a in £, we obtain

Va=FTyla 0 0 --]"=MpWla 0 0 --]"=FVRa (a€é&).

In other words, ¥(e") = F(e™)y/R(e*) almost everywhere. Because ¥(e')
is almost everywhere unitary, F'(e") is also almost everywhere invertible. Since
{0} = FZYV = F|V, it follows that V is zero. So there is no unitary part in the
Wold decomposition of U. Therefore Thr = T\%T\p; see Part (iii) in Theorem 5.2.1.
In other words, V*¥ = R = ©*0 + Q. |

It is noted that Helson-Lowdenslager [130, 131] showed that a positive func-
tion R in L1(&€,€), admits a square outer spectral factor if and only if

/27T Indet[R(e*)]dw > —o0; (5.6.5)
0

see also Chapter 5 in Sz.-Nagy-Foias [198]. Using this fact one can also give another
proof of Lemma 5.6.4. Here we presented a proof of this result using an isometric
representation.
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The Rational Case

In this chapter, we will present some results on Toeplitz matrices with rational
symbols. Then we will introduce the positive real lemma in systems theory. Finally,
we will present some classical ergodic theorems, and show how they can be used
to estimate the unitary part in the Wold decomposition of a controllable isometric
representation. Throughout we assume that £ and ) are finite dimensional.

6.1 Rational Symbols

In this section, we will study positive Toeplitz matrices Tr when its symbol R is
a rational function. Let Tr be a positive Toeplitz matrix generated by the symbol
R=>%_e "R, with values in £(&,£), that is,

Ry R_1 R_y
Ry Ry R

TR=| Ry, R, Ry - |- (6.1.1)

We say that Tg is a rational Toeplitz matrix, if its symbol R defines a rational
function. In this case, let F' be the positive real function associated with Ty defined
by

o0

R
F(2) = 70 +3 2R, (6.1.2)
n=1

Using R;, = R_, for all integers n > 0, it follows that Tp = TF + Tg and its
symbol R(e™) = F(e™) 4+ F(e™)*. In particular, F' is rational if and only if R
is rational, or equivalently, Tr is a rational Toeplitz matrix. Finally, recall that
F' is a positive real function if F' is analytic in D4 and the Toeplitz matrix Tr
determined by R = F + F* is positive; see Section 5.4 and Theorem 5.4.1.
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Assume that Ty is a positive Toeplitz matrix, or equivalently, F' is positive
real. Let {U on K, T'} be a controllable isometric representation for 7. Recall that
R, =T*U*"T for all integers n > 0. Using this with z in D, it follows that

Ry & 1 =
F(z) = 70 +3 2 "R, = SI T+ > UttT
n=1

n=1

1
I T+ 2 - 27Ut lUT

1
= 5F*F + T (2 — U*)UT.

Hence ¥ = {U*,U*T",T*,T'*I'/2} is an observable realization for F'. The observ-
ability follows from the fact that the pair {U,T'} is controllable. Because U* is a
contraction, F(z) is analytic in D. Let X" be the invariant subspace for U* defined
by extracting the controllable subspace from 3, that is,

X = §7 U (UT)E. (6.1.3)

n=0
Let {A, B,C} be the set of operators defined by
A=U"XonX, B=UT:£—-X and C=T"X: X —-E&  (6.14)

The realization {A, B, C, Ry/2} was obtained by extracting the controllable part
from the observable realization ¥ for F'. Hence { A, B, C, Ry/2} is a controllable and
observable realization for F'. Therefore the dimension of X equals the McMillan
degree of F. In other words, F' is rational if and only X is finite dimensional.
Finally, dim X = §(F). (Recall that the McMillan degree of a transfer function G
is denoted by §(G).)

As before, let

0[5 0 o [AD] wa v=[B]e=[%0] 1

be the Wold decomposition for the pair {U,T'}. Here S is the unilateral shift on
0%2(Y) where Y = kerU* and V is a unitary operator on V. Now let X; be the
invariant subspace for S* defined by extracting the controllable subspace from the
pair {S*, S*T'1 }, that is,

X =\/ §"(ST)E. (6.1.6)
n=0
Let A; be the operator on X7 and B; the operator mapping £ into X; defined
by
Al = S*|X1 on Xl and Bl = S*Fl & — Xl. (617)



6.1. Rational Symbols 119

We claim that F' is rational if and only if both A} and V are finite dimen-
sional. In this case, X = X} & V. Moreover, the minimal state space realization
{A,B,C,Ry/2} of F in (6.1.4) admits a matrix representation of the form

. Ay 0 X1 . By . X1
A_[ ; V*]on[v] and B_[V*B].E—»{V],
X
%

To see this, observe that the Wold decomposition U = S @ V yields

1
c=[Tr; T3]: [ } —€ and D= _(I'ly+T30). (6.1.8)

X =\ U"Te=\/{S"T1a® V" Toa:ac} C X1 DV. (6.1.9)
n=1 n=1

If X1 and V are both finite dimensional, then X C X} @ V must also be finite
dimensional. Since {A, B, C, D} is a minimal realization, F' is rational.

On the other hand, if F' is rational, then X is finite dimensional. By consulting
the second equality in (6.1.9), we see that both A} = \/{° S*"I'1€ and X> =
V{° V*'T'2€ must be finite dimensional subspaces. Clearly, X» is invariant under
V*, and V*| X, is an isometry on Xo. Because the subspace X is finite dimensional,
V*| X, is a unitary operator on Xs. In particular, Xy is a reducing subspace for V.
Using the fact that {V,T'2} is controllable, we arrive at

VDX, = (7 VX = \/ VIV, E = §7 V'€ D (7 VIToE = V.
n=0

n>0,k>0 n=—oo n=0

Hence V = A,. In particular, V is finite dimensional. Finally, it is noted that the
pair{V*, V*I'y} is controllable. To see this, recall that V = X = \/;” V**(V*I'5)E.

It remains to show that X = &} & V, when F is rational. Recall that S*"
converges to zero in the strong operator topology. Since 4; = S*|X; and &) is
finite dimensional, AT converges to zero. In particular, A; is stable, and all the
eigenvalues for A; are inside the open unit disc. Using the fact that V* is unitary,
A; and V* have no common eigenvalues. Because {A1, By} and {V*,V*T';} are
both controllable, Lemma 6.1.2 below shows that X = X1 &)V and A = A; § V*.
Using this decomposition, we obtain the matrix representation {4, B, C, D} for F'
in (6.1.8). In particular, the McMillan degree of F' equals the dimension of X; plus
the dimension of V.

Let © be the maximal outer spectral factor for Tr. Then Remark 5.2.2 shows
that {A4;, B, Iy|X1, ©(c0)} is a controllable and observable realization for ©. This
with §(F) = dim A7 + dim V readily implies that

5(F) = 5(©) + dim(V). (6.1.10)

In particular, if F' is rational, then © is rational. Moreover, if F' is rational, then
0(F)=46(0) if and only if U = S is a unilateral shift. In this case, © is a function
in H*(€,Y), and Tg = T§Te, or equivalently, R = ©*0; see Theorem 5.2.1.
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Assume that F is rational, or equivalently, X is finite dimensional. Let U =
S@V on Ki @&V be the Wold decomposition of U, where S is a unilateral shift
and V is unitary. Recall that in the Wold decomposition, the subspace K4 or V
may or may not be present. If V is not present, then U = S. On the other hand, if
K+ is not present, then U = V. If U = S is the unilateral shift, then A = S*|X is
stable. This follows from the fact that S*™ converges to zero in the strong operator
topology. In this case, all the poles of F' are inside the open unit disc D. Finally,
if U =V is unitary and F is rational, then V = X and {V*, V*T',T* Ry /2} is a
minimal realization for F'. In this case, all the poles of F' are on the unit circle.

Theorem 6.1.1. Let Tr be a positive Toeplitz matriz where R = Ziooo e R, s
rational, and its corresponding positive real function F = Ro/2+Y ;e ""R,,. Let
O be the mazximal outer spectral factor for Tr. Then the following are equivalent.

(i) The function F admits a stable finite dimensional realization.

(i) The Toeplitz matriz Tr = TETe, or equivalently, R = ©*©.

(iii) The functions F and © have the same McMillan degree, that is, 6(F) = 6(©).
(iv) If {U,T} is a controllable isometric representation for Tr, then U is a uni-
lateral shift.

(v) The Toeplitz matriz Tr defines an operator on (2 (E).

In this case, F and © both admit stable minimal realizations of the form { A, B, *,}
where * represents an unspecified entry.

Proof. Recall that © admits a minimal realization of the form { A1, By, %, x} where
A; = S*|X; and By = S*T'1; see Remark 5.2.2. Since A4; is stable, O is a ra-
tional function in H*(£,Y) and Te is a well-defined operator. Recall also that
{A,B,C, Ry/2} in (6.1.8) is a minimal realization for F'. Because all minimal re-
alizations for F' are similar, F' admits a stable realization if and only if V = {0},
or equivalently, U = S is a unilateral shift. Hence F' admits a stable realization
if and only if Tr = T3Te where O is the maximal outer spectral factor for Tr;
see Part (iii) of Theorem 5.2.1. Therefore Parts (i) and (ii) are equivalent. In this
case, A = A; = S*|X; is stable and B = Bj. So F and © both admit minimal
realizations of the form {A, B, x, *}.

Assume that Part (iii) holds, that is, F' and © have the same McMillan degree.
According to (6.1.10), the subspace V = {0}. In other words, A = A; is stable and
F admits a stable realization. So Part (iii) implies Part (i), or equivalently, Part
(ii). If Part (ii) holds, then Theorem 5.2.1 shows that U = .S and V is not part of
the Wold decomposition for U. Equation (6.1.10) implies that 6(F) = §(0) and
Part (iii) holds. Therefore Parts (i), (ii) and (iii) are equivalent.

Part (iii) in Theorem 5.2.1 shows that Parts (ii) and (iv) are equivalent. If F’
admits a finite dimensional stable realization, then F is in H>°(&, £). In particular,
T defines an operator on % (€). Hence Tg = Tr+T7}: is also an operator on ¢% (€).
In other words, Part (i) implies Part (v). On the other hand, if Tx defines an
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operator on 61(8), then the first column Tg|E of T defines an operator mapping
& into €3 (€). So F(z) = Ro/2+ >.7" 2~ ™R, is a rational function in H?(&,€). In
particular, the poles of F' are in the open unit disc. Therefore F' admits a finite
dimensional stable realization, and Part (i) holds. O

As before, assume that T'r is a rational positive Toeplitz matrix, and F' is the
positive real function determined by (6.1.2). The matrix representation in (6.1.8)
for the minimal realization {A, B,C, D} of F(z) shows that F = F| + F5, where
Fy and F5 are the functions determined by

1 _
Fi(z) = 51“;1“1 + Cy (2] — A) 7By,
1
Fy(z) = §F§F2 +T5(2I = V*) VT, (6.1.11)

Here F} is the positive real function corresponding to the controllable isometric
pair {S,T1}, and F is a positive real function corresponding to the controllable
unitary pair {V,T'2} in the Wold decomposition of {U,T'}. As expected, Cy is the
operator from X; into £ given by C; = I'*| ;. Let {A\, B,C, 5} be any minimal
realization of F. Then A is similar to A, ®V*. In particular, U is a unilateral shift
if and only if A is stable. Since F' is rational and the realization is minimal, U is
a unilateral shift if and only if F' is in H>°(&, ). On the other hand, U is unitary
if and only if all the eigenvalues of A are on the unit circle.

Let us present a state space method to obtain Fy and F from any minimal
realization of F. By employing the Jordan decomposition of A, without loss of
generality, we can assume that the minimal realization {A, B,C, D} of F can be

written as
A= A\l 9 on Xil E = El €= Xil
0 A > | By |’ X |’
~ ~ A X,
C:[Ol @}:l}é]—w.

Here 121\1 is stable, and all the eigenvalues of ;1\2 are on the unit circle. We claim
that F; and F5 can be computed by the following formula:

~ 1~ ~ i~ ~ ~ ~
F]_(Z):(D_§CQ 2_132)+01(ZI—A1)_131,
1~ ~ -~ ~ ~ ~
FQ(Z) = 502 2_132+02(ZI—A2)_1BQ. (6112)

To see this, first observe that F' can be expressed as

F(2) = D+ Cy(2I — A) "' By + Co(2I — Ay) "' By = Fy(2) 4+ Fy(2), (6.1.13)
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where Fy and F5 are given in (6.1.11). Notice that F} is a rational function with
all its poles in D, while F is a rational function with all its poles on the unit circle.
In fact, (6.1.13) can be viewed as a partial fraction expansion of F. Since A; is
stable, and all the poles of A, are on the unit circle, equation (6.1.13) implies that

61(2] - A\l)_lél = Cl(ZI - Al)_lBl
Co(2] — Ay) "By = Co(21 — V*) W'Dy, (6.1.14)

Recall that D = (F*F1 + F*Fg)/2 So to compute F; and F5, all we need is either
I'sTy or T'3T 5. Since {AQ, Bg, CQ, 0} and {V*,V*T'5,T'5, 0} are minimal realizations

of the same transfer function, there exists a similarity transformation ® mapping
VY onto X5 such that

Ay® = ®V*, By= ®V'Ty= Aydly and Co® =T,

Because 121\2 is invertible, ®I'y = ﬁ2—1§2. Using this, we obtain I';I'y = égth‘g =
OQA;lBQ. Therefore F; and F; are given by (6.1.12). This proves our claim.
Lemma 6.1.2. Let {41 on X1, B1} and {As on Xo, Ba} be two finite dimensional

pairs of operators such that A1 and As have no common eigenvalues. Consider the
operators A on X = X1 ® Xo and B mapping € into X defined by

| A0 | B
A_[O AQ} and B—[BQ].

Then the pair { A, B} is controllable if and only if both { A1, B1} and {As, B2} are

controllable.

Proof. If { A, B} is controllable, then

\/ {A1Bia ® A3Bya:ac £} =\ A"BE =X & X,.

n=0 n=0

Hence both {A;, B1} and {As, Bo} must be controllable.

On the other hand, assume that both {A;, By} and { A3, B2} are controllable.
Recall that A; and A, have no common eigenvalues. According to the Popov-
Belevitch-Hautus test, the pair {A, B} is controllable if and only if the range of
the matrix

Ay-M 0 B
e[ ]

Ay — AN B
is onto X; & Xs for all A in C . If X is not an eigenvalue of A; or As, then clearly
Jy is onto. If A is an eigenvalue for A1, then A is not an eigenvalue for As, and

thus, Ay — A is invertible. Hence 0 @ X5 is contained in the range of Jy. Because
{A1, By} is controllable, X1 = ran[A; — Al Bi]. Therefore

Al—)\I Bl 0 _ Xl
ranJ,\Z_)ran[ 0 BQ:|\/|:X2:|_|:X2:|,
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and thus, Jy is onto. A similar argument shows that if A is an eigenvalue of
As, then X is not an eigenvalue of A; and Jy is onto. Therefore Jy is onto for
all complex numbers A. By the Popov-Belevitch-Hautus test, the pair {A, B} is
controllable. |

6.2 The Positive Real Lemma

This section is devoted to the positive real lemma. This lemma uses state space
techniques to determine when a rational Toeplitz matrix is positive. This lemma
also forms the foundation for the state space factorization techniques discussed in
Chapter 10.

Lemma 6.2.1 (Positive Real). Let {A on X, B,C, Ry/2} be a stable controllable
finite dimensional realization for a L(E,E)-valued rational function F, where Ro
is positive. Then F' is positive real if and only if there exists a positive operator P
on X and C' mapping X into Y, and D mapping € onto Y such that the following
conditions hold:

P=A*"PA+C*C,
C = B*PA+ D*C,
D*D = Ry — B*PB. (6.2.1)
Moreover, if © is the transfer function for {A, B,C, D}, then © is a spectral factor

Jor Tr, that is, Tr = TETe, or equivalently, R = ©*0. Finally, the outer factor
O, for © is the outer spectral factor for Tg.

Remark 6.2.2. Let F be a positive real function in H*>°(&,£) corresponding to a
positive rational Toeplitz matrix T, that is, R = F' 4+ F*. Then the positive real
lemma can be used to compute the maximal outer spectral ©, factor for Tg. To
see this, let {A, B,C, Ry/2} be a stable controllable realization for F' where Ry is
positive. Let = be the set of all positive operators P satisfying the three conditions
in Lemma 6.2.1. Then there exists a minimal P, in =, that is, there exists a unique
P, in = such that P, < P for all P in =. Moreover, for this P,, let D, be any
operator mapping £ onto Y such that DD, = Ry — B*P,B. Then there exists a
unique C, mapping X into ) such that

P,=A*P,A+C*C, and C =B*P,A+ D:C,. (6.2.2)

In this case, {A, B,C,, D,} is a realization for the outer spectral factor O, for Tg.
The proof of the Positive Real Lemma 6.2.1, uses Lemma 4.5.4 restated here
for convenience as follows.

Lemma 6.2.3. Let {A on X, B,C, D} be a stable realization for a L(E,Y)-valued
transfer function ©. Let P be the observability Gramian for {C, A}, that is, let P
be the unique solution to the Lyapunov equation

P=A"PA+C*C. (6.2.3)



124 Chapter 6. The Rational Case

Moreover, let Tr be the self-adjoint Toeplitz matriz generated by a L(E,E) sequence
{R,}§° where R_y = R}; see (6.1.1). Then Tr = T§To if and only if

Ry=B*PB+D*D

R, = (B*PA+D*C)A™'B  (n>1). (6.2.4)
In this case,
Ty —TeTi = W*PW (6.2.5)

where O(z) = O(2)* and W is the controllability operator for {A, B} defined by
W=[B AB A’B ---]:(3(6) > X. (6.2.6)

Proof of the Positive Real Lemma 6.2.1. Let {A, B,C, Ry/2} be a stable control-
lable realization for a function F. Let F = Ry/2+Y ;" 2~ "R,, be the Taylor series
expansion for F', and Tg the Toeplitz matrix determined by R = F + F™*.

Assume that Tg is a positive Toeplitz matrix. Because A is stable, T =
TETe where © is the maximal outer spectral factor for Tr. Moreover, © admits
a realization of the form {A, B,C, D}; see Theorem 6.1.1. Let P be the observ-
ability Gramian for the pair {C, A}. Because {A, B,C, Ry/2} is a realization of
F, equation (6.2.4) in Lemma 6.2.3 shows that

CA" 'B=R, = (B*PA+D*C)A"'B  (n>1).

Since {A, B} is controllable, C = B*PA + D*C. So the first two conditions in
(6.2.1) hold. The last condition D*D = Ry — B*PB follows from (6.2.4) in Lemma
6.2.3. In other words, all the conditions in (6.2.1) hold.

Assume that P is a positive operator satisfying (6.2.1). Lemma 6.2.3 shows
that Tr = T§Te where {A, B, C, D} is a realization of ©. |

Proof of Remark 6.2.2. Let P be any positive solution satisfying all three condi-
tions in the positive real lemma. Recall that Tr = TETe where © is the transfer
function determined by {A, B,C, D}. Clearly, ® = 0,0, where O; is an inner
function, and ©, is an outer function. Since Tr = T§ To:Te,Te, = T To,, we
see that ©, is the maximal outer spectral factor for Tr. For a rational Toeplitz
matrices, one can choose realizations of the form {A, B, x,x} for both F' and ©,;
see Theorem 6.1.1. So without loss of generality, we can assume that ©, admits
a controllable realization of the form {A, B,C,, D,}. If P, is the observability
Gramian for {C,, A}, then P, also satisfies the three conditions (6.2.1) in Lemma
6.2.1, where C, replaces C' and D, replaces D. Since © = 0;0,, we see that
O = 0,6;. Because ©; is inner, 1 = [|0;]|cc = ||Oi]lcc. So O; is a contractive
analytic function, and Ty is also a contraction. In particular, T_iT(:)i < I. By

employing (6.2.5), we arrive at
W*PW =T} — TeTg = Ty — T, Te, 15 T3
>TH — Tg, T =W*P,W.



6.3. Finite Dimensional Unitary Part 125

Hence W*P,W < W*PW. Because the pair {A, B} is controllable, this readily
implies that P, < P. In other words, P, is the smallest solution in Z=.

We claim that P, is unique. If P; is another minimal solution in =, then
P, < P, < P for all P in =. Since P, is also a minimal solution, P, < P; < P.
Therefore P, = P;. In other words, the minimal solution P, is unique.

To complete the proof, it remains to show that if D, is onto and C, is
determined by (6.2.2), then {A, B,C,, D,} is a realization for the maximal outer
spectral factor ©,. If P = P,, then condition Ry —B*F,B = D} D, implies that D,
is unique up to a unitary constant operator on the left. Without loss of generality,
we can assume that D, = ©,(c0) (Recall that if 2 is an outer function, then Q(oco)
is onto; see Remark 3.2.3.) The second condition (6.2.1) in Lemma 6.2.1, implies
that D}C, = C— B*P,A. Since D} is one to one, C, is uniquely determined.
Hence {4, B,C,, D,} must be a realization for ©,. O

The McMillan degree of the outer factor. Let §(G) denote the McMillan degree
of a transfer function G. Let © be a rational transfer function in H>°(€,)). Clearly,
© admits a unique inner-outer factorization of the form © = ©;0, where ©; is
inner and O, is outer. In this case, the following holds:

(i) Both ©; and ©, are rational functions.
(i) 0(0,) < 4(O) and §(0;) < §(O).
(iii) Let {A on X, B,C,D} be any minimal realization for © and P the corre-

sponding observablhty Gramian. Then §(0,) = 6(©) if and only if the pair
{C, A} is observable where C = B*PA + D*C.

Lemma 4.5.1 shows that Parts (i) and (ii) hold. Let us present an alternate proof of
the fact that §(0,) < §(0). Set Tr = TgTe. According to Lemma 6.2.3, the entries
{R,}& in the first column of T are computed by (6.2.4). So {A on X, B, C,Ry/2}
is a controllable realization for the positive real function F' corresponding to Tr. In
particular, §(F) < dim X, with equality if and only if the pair {C, A} is observable.
Using Te = Te,Te, along with the fact that T, is an isometry, Tr = T§DT®o~
Hence O, is the outer spectral factor for Tk. Because F' and ©, have the same
McMillan degree (see Theorem 6.1.1), we obtain

5(0,) = 6(F) < dim X = §(O). (6.2.7)

Hence §(0,) < 6(©). Since the McMillan degree of O, is finite, ©, must be a
rational function. Finally, Part (iii) follows from the fact that there is equality in

(6.2.7) if and only if {C, A} is observable.
6.3 Finite Dimensional Unitary Part

In this section, we will study the case when the unitary part of the Wold decom-
position acts on a finite dimensional space.
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Proposition 6.3.1. Let © be an outer function in H*(£,Y) and Ty the operator
mapping € into H*(Y) determined by U1f = Of for all f in £. Let {V,T'a} be
a controllable isometric pair where V is a unitary operator acting on a finite
dimensional space V. Consider the isometric representation {U on K,T'} given

by

U:[‘g 3} on[HQ]Ey)] and F:[E}:ea[hﬁyw (6.3.1)

where S is the unilateral shift on H?(Y). Then {U,T'} is controllable.

Proof. Assume that h @ x is a vector in H?()) @ V such that h @ x is orthogonal
to UTTE for all integers n > 0. By using the Wold decomposition this implies that
I';85*"h +T5V*"z = 0 for all n. Because the backward shift S*" converges to zero
in the strong operator topology, we see that I'5V*"x converges to zero as n tends
to infinity. Since {V,T'2} is controllable, the pair {I'5, V*} is observable. Lemma
6.3.2 below, shows that x = 0. Therefore h is orthogonal to S™I'1 € for all integers
n > 0, or equivalently, h is orthogonal to ©P(E). (Recall that P(E) is the space of
all polynomials in 1/z with values in £.) Because O is an outer function, we see
that h = 0. In other words, the only vector orthogonal to \/8o U"TE is the zero
vector, or equivalently, \/” U"T'E equals H?(Y) @ V. Therefore the pair {U,T'} is
controllable. O

Lemma 6.3.2. Let {C, A} be an observable pair where A is a unitary operator on
a finite dimensional space X and C is an operator mapping X into ). Let x be
any vector in X. Then
lim CA"z =0 (6.3.2)
n—oo

if and only if x = 0.

Proof. Let M be the set of all vectors x in & such that C' A"z converges to zero as
n tends to infinity. Notice that M is a linear space. Moreover, if x is in M, then
C A™Ax also converges to zero. In other words, M is an invariant subspace for A.
So A|M defines a unitary operator on M. In particular, the operator A|M has
an eigenvector. Let x be any eigenvector for A contained in M, that is, Az = Az
where z is in M. Then CA™xz = \"Cz converges to zero as n tends to infinity.
Because A must be on the unit circle, Cx = 0. Hence CA"x = \"Cx = 0 for all
integers n > 0. Since the pair {C, A} is observable, z must be zero. Therefore the
subspace M = {0}. O

Ezample. Let © be an outer function in H>°(€,Y). Let A; mapping & onto &,
where dim&; < dim € for j =1,2,...,v be a finite set of operators. Consider the
sequence {R,}>, determined by

1 2 v
Ry= o [ e“"0(e) O )dw + ) A Age "t (6.3.3)
TJo k=1
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where {wy}} are distinct frequencies. Let Tr be the Toeplitz matrix determined
by R=>%"_e “"R,. We claim that Tr is a positive Toeplitz matrix and © is
the maximal outer spectral factor for Tg.

To see this, consider the isometric representation {U,I'} determined by

U:[g 3] on [Ig;{)} and F:H;}:g_){lg’f(?l (6.3.4)

As expected, S is the unilateral shift on H?()), and I'; is the operator mapping
€ into H2(Y) given by I'1é = O where £ is in €. Moreover, V is the diagonal
unitary operator on @5€; determined by

e ] 0 .- 0 A
0 e ... 0 Ay

V=1| . o , and To=| . |. (6.3.5)
0 0 - eI A,

Notice that {€*7 } are the eigenvalues for V. Proposition 6.3.1 guarantees that the
pair {U,T'} is controllable. Finally, it is noted that in most engineering problems
the eigenvalues {€"7}¥ for V' come in complex conjugate pairs. Moreover, in this
case, the corresponding amplitudes A} A; are the same. For example, if e*“2 is the
complex conjugate of "', then in applications A7A; = A3 As.

A simple calculation shows that I'} is the operator mapping H?()) into &
given by

2
[h = 1 O(e™)*h(e™) dw (h € H*(Y)),
27 0
1 2

ris'r, = e "mO (") 0 (e") dw (for all integers n > 0).

2n Jo
Moreover, I'sV"I'y = 22:1 Aj Ape*" for all integers n. By construction R_,, =
*U™T for all integers n > 0. So {U,T'} is a controllable isometric representation for
the Toeplitz matrix T generated by the symbol R = > e~*“"R,,. In particular,
Tg is positive and © is the maximal outer spectral factor for Tg.

6.4 A Classical Ergodic Result

In this section, we will present a classical ergodic result involving a contraction.
Then we will use the inverse fast Fourier transform on {R,,} to find the eigenvalues
for U on the unit circle, where {U,T'} is the controllable isometric representation
for {R,}. Finally, it is noted that these ergodic results may require large data sets
to work effectively.

Recall that an operator C' is a contraction if ||C|| < 1. Finally, it is noted
that =" is an eigenvalue for C' on H if and only if the kernel of e~ — C' is
nonzero. The following is a classical ergodic result for a contraction.
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Theorem 6.4.1. Let C' be a contraction on H, and set L = ker(e T — C). Then
the orthogonal projection Py onto L is given by

n—1

1 ,
Pr— lim ~ 0k vk 4.
. nin;onze C (6.4.1)
k=0
in the strong operator topology.
Proof. Set
n—1
1 .
C’n, _ zekckr.

Let & be a vector in £, or equivalently, assume that Cz = e~ *%z. Then Cpz = .
In other words, C,,x = r = Pyx. Notice that C,, is a contraction. To see this,
observe that because C' is a contraction,

1 n—1 1 n—1 n
ICall = 115 S7 e k] < = 3 fle™cr < =1
k=0 k=0

Therefore ||Cy]| < 1 and C,, is a contraction.
We claim that £ = ker(e??T—C*). Assume that z is in £, that is, Cz = e~ *z.
Using the fact that C' is a contraction, we obtain
e’z — C*x||? = ||| — 2R(e"z, C*x) + | C*a||?
= |lz]? + | C*z||* — 2R(e Cx, )
< 2lz|? - 2R(e”e” Pz, x) = 2| - 2[|z|* =
Hence ||e?z — C*z|| < 0, or equivalently, z is in ker(e?T — C*). In other words,
L =ker(e I — C) C ker(eT — C™). (6.4.2)
Notice that this holds for any contraction C' and complex number e’ on the unit
circle. So replacing ¢ by e~ and C by C* in equation (6.4.2), we see that
ker(e?I — C*) C ker(e=I — C). Therefore £ = ker(e?T — C*) = ker(I — e=9C*).
Recall that for any operator M, we have ker(M )+ = ranM*. By taking the adjoint
of I —e~*C* this readily implies that
Lt =(I-ePO)H. (6.4.3)

For h in H, we obtain

Cu(I = €?C)h _ 1N Z WkCkp — %Z " Ckh = % (h—e“Cmh).
k=0

3

Because C is a contraction, C, (I — e®C)h converges to zero for every h in H.
Recall that C,, is also a contraction. Since (I — e”?C)H is dense in £+, it follows
that C,h converges to zero for all h in £1. Recall that C,z = x for all = in L.
Therefore the sequence C,, converges to P, in the strong operator topology. [
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Let {U,T'} be any controllable isometric representation for a positive Toeplitz
matrix Tr with symbol R = Ziooo e "R, . Recall that R_,, = I'*U™TI for all
integers n > 0. Moreover, U admits a Wold decomposition of the form U = S&@V
where S is a unilateral shift on ¢2(€) and V is a unitary operator on V. Recall
that S* has no eigenvalues on the unit circle. Theorem 6.4.1 with C' = U* shows
that

1 n—1 ) 1 n—1 )

[Pl =T% lim — ) *U™T = lim =) "R, 6.4.4
where P, is the orthogonal projection onto ker(e ™1 —V*) = ker(eI — V). If €%
is not an eigenvalue for V', then P, equals zero.

Consider the controllable isometric pair {U, T'} presented in (6.3.4) and (6.3.5)
of the example at the end of Section 6.3. Here {R,,} is defined by (6.3.3). Then
(6.4.4) reduces to

n—1

lim 1 Z kR = A;AJ— if 0 =wj
=0 it 0 ¢ {w;}V. (6.4.5)

The inverse fast Fourier transform with Theorem 6.4.1 can be used to com-
pute the eigenvalues for V' and sometimes even I'* P:I". To see this, recall that the
inverse fast Fourier transform of a sequence {a} is given by + Zg_l e*“Fay, where
e" is chosen at n points evenly spaced around the unit circle. For large n the in-
verse fast Fourier transform of R,, = I'*U*"T", that is, % Zg_l ek Ry, “converges
to” zero if €™ is not an eigenvalue for V and I'* P.I' if e’ is an eigenvalue for V.

If one runs the inverse fast Fourier transform on the controllable isometric
pair in the example in Section 6.3, then for large n equation (6.4.5) holds. Finally,
it is noted that due to the partitioning of the unit circle by the fast Fourier
transform, there can be a significant error in using the fast Fourier transform to
estimate the amplitude I'* P.T.

Example. Consider the outer function given by

~ 1.146522 — 0.2850z + 0.1125
T 22-0.2802z — 0.0585

0(z) (6.4.6)

Let Tr be the Toeplitz matrix with symbol R = Y™ = r,e~"" determined by
wn 1 1
rn = (e""0,0)2 + 5 cos(nm/2) + 1 cos(nm/4). (6.4.7)

In this case, 1, is real and r, = r_, for all integers n. Moreover, the controllable
isometric representation {U,T'} for T admits a Wold decomposition of the form

o[58 o [H] wa v [D]ien[ 2] an
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As expected, S is the unilateral shift on H?, and I'; is the operator mapping C
into H? given by I'1¢ = 6¢ where ¢ is in C. The unitary operator V on C?* is
determined by

e’z 0 0 1/2
0 e/2 0 0 1/2
V= 0 0 /A 0 and T'p = V8| - (6.4.9)
0 0 0 e /4 1/V8

Proposition 6.3.1 guarantees that the pair {U,T'} is controllable. The plot for the
inverse fast Fourier transform for {r,} is given in Figure 6.1. The peaks in the
spectrum occur at 0.785 ~ 7/4, 1.57 ~ 7/2, 4.71 ~ 37/2 and 5.5 ~ Tr/4. We
computed a 2'* point inverse fast Fourier transform of {r;}3°%° padded with the
appropriate number of zeros. Then we plotted the power spectrum which is the
absolute value squared of the inverse fast Fourier transform for {r;}{°°°. The power
spectrum displays the peaks better than plotting the absolute value of the inverse
fast Fourier transform. The corresponding Matlab commands are

o num = [1.1465, —0.2850, 0.1125]; den = [1, —0.2802, —0.0585;
o f = fft(num,2 A 14)./fft(den, 2 A 14);

e r1 = real(ifft(abs(f). A 2));72 = cos((0 : 1000) * w/4)/4 + cos((0 : 1000)
™/2)/2;

a = ifft(r1(1 : 1001) 4 72,2 A 14);

w = linspace(0,2 * 7,2 A 14);

plot(w, (abs(a)*2A14/1001)); Here 214 /1001 is used to normalize the padding
in the fast Fourier transform and at the same time plot 2'4 points on the
“spectrum”.

Finally, it is noted that the peaks in Figure 6.1 yields 1/4 = (1/2)? corresponding
to e*™/2 and 1/8 = (1/+/8)? corresponding to e**7/4,

6.5 Another Ergodic Result

If the unitary part in the Wold decomposition is finite dimensional, then the
following result can be used to compute this unitary part.

Proposition 6.5.1. Let Tr be the positive Toeplitz matrix generated by the con-
trollable isometric pair {U on K,T'} where the mazimal outer spectral factor © is
a function in H>*(E,Y) and the unitary part {V on V,I's} acts on a finite di-
mensional state space; see (5.2.3). Without loss of generality, assume that {V,T's}
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Frequency

Figure 6.1: The “spectrum”.

admits a matrix representation of the form:

M0 - 0 & Aq &1

0 Aol .- 0 52 A2 52
V=1|. . . on | . and To=| . |:€E— | .|. (65.1)

0 0 - A g, A, g,

Here {\;}} are v distinct complex numbers on the unit circle, and A; are operators
from € onto &;. Let Tr, on E™ be the positive block Toeplitz matriz contained in
the n x n upper left-hand corner of Tgr; see (5.1.1) and (5.1.3). Then the nonzero
singular values of Trn/n converge to the singular values of the diagonal matriz
diag [{A;A7}1].

Proof. Recall that {U,T'} admits a Wold decomposition of the form (5.2.3). More-
over, the Toeplitz matrix Tr , = W W, where W,, is the controllability matrix
defined by

W,=[C Ur vt ... U],
Wn,l - [Fl SFl S2F1 e Sn—ll'\l] \
Wn,2 = [FQ VFQ V2F2 e Vn—lFQ] ) (652)

Observe that W,, = [Wml Wn}g]tr. Hence

1 1 1
_TRJI = _W: 1WnA1 + _W: QWnA2- (6.5.3)
n n ’ ’ n ’ ’



132 Chapter 6. The Rational Case

Notice that W, 1 = Te|E™; see (5.2.7). Because © is a function in H*>(€,))
the Toeplitz operator Tg is bounded. In particular, |W, 1|| < 7 for some finite
scalar v and all integers n > 1. This readily implies that %W;JWn,l converges
to zero as n tends to infinity. So to complete the proof, it remains to show that
the nonzero singular values converge to the singular values of the diagonal matrix
ding [{A; A7}1].

Clearly, W ,W,, 2 and W, oW 5 have the same singular values. To finish the
proof it is sufficient to show that

lim LTV, oW, = ding [{A;A7}1]. (6.5.4)

n—oo 1

To this end, observe that

A MA )\%Al s )\?_1/11

Ay dods AAy - ATA,
Wn,2: . . . .

A WAL, NZA, - Anla,

Since {A;}{ are on the unit circle, the {k, k} entry of W, 2W ,/n is determined
by

n—1
| 1 ) )
(Fwawin) = L5 InPAcd; = A
n Kk D0

Recall that if r # 1, then Zg_l 7 = (1—7r")/(1 —r). Using this we see that the
{k,m} entry of W, oWy 5/n is given by

n—1 ~ n
(angW,’{Z) _ LS Ry, = AR e,
no T em IS n(1 — A\ Am)

Combining this with (W, 2 Wy 5)kx/n = ArAj yields (6.5.4). Finally, (6.5.3) and

(6.5.4) show that the nonzero singular values of Tg ,/n converge to the singular
values of the diagonal matrix diag [{A;A}}7]. O

The Frobenius norm of a matrix M is denoted by || M]|2, that is, |M]|3 =
trace(M M*). Recall that UAV™* is the singular value decomposition for a finite
dimensional operator T" mapping X into ), if A is the rectangular diagonal matrix
mapping C” into C* consisting of the singular values of T', while V is a unitary
operator mapping C” into X and U is a unitary operator mapping C* into ).

Theorem 6.5.2 (Procrustes problem). Let X mapping U into X and Y mapping
U into X be finite dimensional matrices. Consider the optimization problem

o=inf{||]AX —Y|2: A is a unitary operator on X}. (6.5.5)

Then an optimal solution to (6.5.5) is given by A = VU* where UAV* = XY™ is
the singular value decomposition of XY ™.
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Proof. If B is a unitary operator on X, then we have
IBX —Y |2 = [|BX|3 - 2R(BX,Y)2 +[|Y[5 = || X3 — 2R trace(BXY™) + ||V [ 3.

Observe that ||[BX — Y|z is minimized by choosing B such that $ trace(BUAV™*)
is as large as possible. Since V*BU is a contraction, the diagonal entries of V* BU
are all in the closed unit disc. Recall that trace(MN) = trace(NM) where M
and N are operators acting on the appropriate finite dimensional spaces. So by
choosing A = VU*, we obtain

Rtrace(BXY™) = Rtrace(BUAV™) = Rtrace(V*BUA) = Z R(V*BU);;Ajj
J
< Z A = trace(A) = trace(V*VUUA)
J
= trace(V"AUA) = trace(AUAV™)
= trace(AXY™) = Rtrace(AXY™).

The last equality follows from the fact that trace(AXY™*) = trace(A) is real.
Therefore A = VU™ is an optimal solution to (6.5.5). O

It is noted that an optimal solution to (6.5.5) is not necessarily unique. For
example, if X =0 and Y =1, then A = +1 are two optimal solutions to (6.5.5).

Computing the unitary part. To motivate our algorithm to compute the unitary
part, assume that W, = W, 2 and n > dimV where V = ®{&;. In other words,
due to the controllability of the pair {V,T'2}, the operator W,_1 2 is onto &Y¢&;.
Now let J,, and @, be the matrices defined by

JIn = |:é:| SEML [57;_1] and @, = |:?] &M — [55—1:| . (6.5.6)

Then Wy, 2Qn, = VW, 0J,, = VW, _12. Thus V = W, 2Qp (Wi, 2J,,) " (Here A™"
denotes the Moore-Penrose pseudo-inverse of A.) Finally, T's = W), 2| where &
denotes the subspace of £" contained in the first component of £™. So if one is
given W, o for n > dim V), then one can compute the unitary part {V,T's}.

Let Tr be the positive Toeplitz matrix generated by the controllable isomet-
ric pair {U on IC,T'}, where the maximal outer spectral factor © is a function in
H>(&,Y) and the unitary part {V on V,I's} acts on a finite dimensional state
space; see (5.2.3) and (6.5.1). Proposition 6.5.1 shows that for large n the singular
values of Tr, = W W, will contain dimV large singular values approximately
equal to the singular values for n x diag[{A;A}}7]. In fact, the proof of Propo-
sition 6.5.1 shows that for large n the first dimV singular values of W W,, are
approximately equal to the nonzero singular values for W ,W, 2, and the sin-
gular values contributed by W, W, 1 will be much smaller; see (6.5.3). So by
keeping the large singular values for W;W,, we can approximate W ;W o and
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thus, W, 2. For n large, let M,, be any operator mapping £” onto X, such that
TR = M M,. One can use the singular value decomposition on Tx ,, to compute
M,. Then ®M,, = W,, where ® is a unitary operator from the range of M,, onto
the range of W,,. Using this unitary equivalence, we obtain the following algorithm
to compute {V,T'5}.

(i) For large n compute the singular value decomposition Uy A1 V;* for M,,. One
criteria for choosing n is to find n such that the significant singular values
for Tr.,/n are starting to converge. Theoretically, they should converge to
the singular values for diag[{A4; A7 }{].

(ii) Let p be the number of large singular values for M,, and ¥ = U;|C* the
first p columns of U;. Set Q = U*M,, and I's = U*M,|E. Here £ is the
first component of £”. Due to this singular value decomposition, ¥*M,, is
approximately equal to W, o up to a unitary operator on the left.

(iii) Compute the matrices J,, and @,, defined in (6.5.6). Find a unitary operator
V3 on C* using the Procrustes Theorem 6.5.2 such that V5QJ, ~ QQ,,.

(iv) To find V5 compute the singular value decomposition Us Ao V5* for Q.J, (QQ,,)*
Then Vi = VaU3.

(v) Finally, one can compute a unitary transformation to convert {V3,T's} to a
controllable pair {V,T'2} of the form in (6.5.1).

Ezample. Let us return to our previous example. Consider the positive Toeplitz
matrix Tg with symbol R = Y>> e~**p; determined by (6.4.6) and (6.4.7). The
unitary part {V,T'a} for T is given by (6.4.9). We ran the previous algorithm for
n = 200. The six largest singular values for Tg 209 are

50.9631, 50.9630, 26.2778, 26.2692, 2.1686, 2.1666.

Clearly, there are only four large singular values. In this case, the first five singular
values for Tr 200/200 are 0.2548,0.2548,0.1314,0.1313 and 0.0108. As expected
the first four singular values are approximately equal to |A;|?> = |A3|? = 1/4 and
|A3]? = |A3|> = 1/8 = 0.1250. By running the previous algorithm we obtained:

r 0 0 0 0.5067
0 —1 0 0 0.5067
V=10 0 07072+ 07070 0 and Iy = 1) 36
0 0 0 0.7072 — 0.70701 0.3631

Finally, it is noted that our algorithm produced some complex numbers in I's.
However, taking the absolute value of those numbers yields our I's.

The computer can easily handle n = 200. However, if we choose n = 40,
then the five largest singular values for T 49 are 10.9779 , 10.977, 6.3067, 6.2633,
2.1541. The first four singular values for Tg 49/40 are 0.2744, 0.2744, 0.1577 and
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0.1566. The corresponding computations for {V, T2} yield:

v 0 0 0 0.5327
0 — 0 0 0.5327
V= 0 0 0.7093 4 0.7049: 0 and I'z = 0.3996
0 O 0 0.7093 — 0.7049: 0.3996

Finally, it is noted that for n = 40, we still have a good estimate for the eigenvalues
for V.

6.6 Notes

The Positive Real Lemma 6.2.1 is a classical result in systems theory, and some-
times referred to as the Kalman-Popov-Yakubovich Theorem. Two fundamental
papers on the positive real lemma are Anderson [8] and Hitz-Anderson [133].
For some further results and historical comments on the positive real lemma see
Anderson-Moore [11], Caines [47], and Kailath-Sayed-Hassibi [143]. The positive
real lemma is intimately related to the stochastic realization problem; see Caines
[47], Faurre [77, 78], Foias-Frazho [81], Lindquist-Picci [158, 159, 160, 161, 162] and
Ruckebusch [185, 186] for further results in this direction. The ergodic Theorem
6.4.1 is a classical result; see Halmos [125]. The fast Fourier transform method to
compute the frequencies or eigenvalues for V' in Section 6.4 is a classical method
in signal processing. The results in Section 6.5, were motivated by Allen-Smith
[5]. The algorithm in Section 6.5 to compute {V,T's} was taken from Bhosri [32].
Finally, it is noted that ergodic methods can be slow to converge depending on
the data.

The LMI Positive Real Lemma. For completeness let us sketch a Linear Matrix
Inequality (LMI) version of the positive real lemma in Faurre [77, 78]. This version
of the positive real lemma includes the case when R has poles on the unit circle,
and is intimately related to the Naimark representation theorem. Linear matrix
inequalities play a fundamental role in systems and control theory; see Boyd-
Ghaoui-Feron-Balakrishnan [37] for some nice results in this direction. Finally,
the results in the rest of this section are not used anywhere in this monograph.
Recall that a rational transfer function is a proper rational function. It will
be convenient to represent a rational transfer function G in the form G(z) =
2C(zI — A)~'B where {A, B,C,0} is a minimal realization. Notice that any ratio-
nal transfer function G admits a representation of the form G(z) = 2C (21— A)~ ! B.
To see this, simply observe that z~!G is also a rational transfer function. So z~'G
admits a realization of the form {A, B,C,0}, and thus, G = 2C(2I — A)~'B. In
this case, all minimal realizations {4, B, C,0} such that G = 2C(zI — A)~'B are
unique up to a similarity transformation. Finally, observe that a rational trans-
fer function G admits a power series expansion of the form G(z) = > " 2 "G,,.
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Therefore G(z) = 2C(z1 — A)~! B if and only if G,, = CA"B for all integers n > 0.
The following is a LMI version of the positive real lemma.

Lemma 6.6.1 (LMI Positive Real Lemma). Let Tr in (6.1.1) be a self-adjoint
rational Toeplitz matriz determined by a L(E,E)-valued sequence {Ry}§° where
R_, = R}. Let G be the rational function defined by G(z) = > "2z "R,. Let
{A on X,B,C,0} be a minimal realization for 2~*G. Then Tg is positive if and
only if there exists an operator @ on X such that

Q>0, Q>A"QA and C*=QB. (6.6.1)

Proof. Let Tk be a positive Toeplitz matrix. Then Tg admits a controllable iso-
metric representation {U on K, T'}. Thus R, = I'*U*"T for all integers n > 0,
and {U*,T',T* 0} is an observable realization for 27*G. Let H be the invariant
subspace for U* determined by H = \/;° U*"T'E. Let A be an operator on H de-
fined by A = U*|H, and I'y; the operator mapping £ into H given by I'yy = T
By construction the pair {A,T'»} is controllable. Moreover, for all integers n > 0,
we have I'; A"T'y = I*U*"I" = R,,. Thus {A,T'y, 15,0} is a controllable realiza-
tion of 27'G. Since {A,T'y,T,,0} is the realization obtained by extracting the
controllable subspace from the observable realization {U*,T',T*,0}, we see that
{A,T%,T%,,0} is a controllable and observable realization for 271G,

Recall that {4 on X, B,C,0} is also a minimal realization of 2~'G. So there
exists a similarity transformation M mapping X onto H such that

AM =MA, Ty =MB and TjM=C. (6.6.2)

Hence A = MAM~!. Because A = U*|H and U is an isometry, it follows that A
is a contraction. Therefore

0<T—MA=T—-M*AM*MAM™'.

Multiplying by M* on the left and M on the right, yields M*M > A*M*M A.
Because M is invertible, M* M is a strictly positive operator. Set Q = M* M, then
Q is a strictly positive operator satisfying QQ > A*QA. Furthermore,

C* = M*Ty = M*MB = QB.

So if T > 0, then there exists a strictly positive operator @ on X such that
Q > A*QA and C* = @B, that is, (6.6.1) holds.

Assume there exists a strictly positive operator ) such that @ > A*QA and
C* = QB. Let A = MAM~! where M is any operator on X such that Q = M*M.
In fact, we can choose M = Q2. Then M*M > A*M*MA. Multiplying the
previous inequality by M ~* on the left M ~! on the right yields

I>M A M*MAM ™" = A*A
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where A = MAM~!'. In other words, I > A*A, and thus, A is a contraction. Set
I', = MB, or equivalently, B = M ~'T,. Since C = B*Q = B*M*M, we have
C =T M. Using the fact that {A, B, C,0} is a realization of 271G, we obtain

R, =CA"B=T:MA"M~'T, =T:A"T, (n>0).

By taking the adjoint, we arrive at R_,, = I';A*"T", for all integers n > 0.

Now let us construct an isometric representation {U,T'} for Tg. Let U on
K be an isometric lifting of the contraction A*; see Section 5.5. In particular, X
is an invariant subspace for U* and A = U*|X. In other words, xU = A*ILy.
Let T be the operator mapping £ into I given by I' = I',. Using the fact that
[MpU™ = A*"11y for all integers n > 0, we have

I*U™ = U'T = A T2 T = TXA*'T, = R_,.

Therefore {U,T'} is an isometric representation for Tr. It follows that Tx is a
positive Toeplitz matrix. O

Theorem 6.6.2. Let T in (6.1.1) be a positive rational Toeplitz matriz deter-
mined by a L(E,E)-valued sequence {R,} where R_, = R}, and set G(z) =
>0 2 "Ry Let {A on X, B,C,0} be a minimal realization for z~'G. Let Q be
an operator on X such that

Q>0, Q>A'QA and C*=QB. (6.6.3)

Let C be an operator mapping X onto ) such that C*C = Q — A*QA, and © be
the rational function defined by ©(z) = 2C(zI — A)~*B. Then the following holds.

(i) The sequence A*™QA"™ is monotonically decreasing and converges to a posi-
tive operator ), that is,

Q= lim A™QA". (6.6.4)

(ii) The function © is in H*(E,Y).
(iii) The Toeplitz matriz Tr admits a decomposition of the form

Tr =TeTo + (W'QW)™  where W =B AB A*B ---]. (6.6.5)

(iv) The transpose of Tr admits a decomposition of the form
TH = SToTES* + WHQW, (6.6.6)

where S is a unilateral shift on (% (E).

(v) If ©, in H?(E,L) is the maximal outer spectral factor for Tg, then ©(z) =
U (2)O,(z) where ¥ is a contractive analytic function in H*(L,Y).
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(vi) Finally, Tr = TETe if and only if A is stable.

Proof. Notice that @ is the observability Gramian for the pair {6’, A}, that is,
Q=A*"QA+ C*C. (6.6.7)

By recursively solving for @), we obtain

n—1
Q=) AYUCCA + AmQA", (6.6.8)

J=0

Because the sum in the previous equation forms an increasing sequence of pos-
itive operators, A*"QA™ is a decreasing sequence of positive operators, that is,
AQA > A*HDQAM Hence A*"QA™ converges to a positive operator .
Thus Part (i) holds. Finally, it is noted that A*QA = Q.

By letting n approach infinity in (6.6.8), we obtain

Q=) AYC'CA +Q. (6.6.9)

=0

Let ©(z) = >0 270, be the Taylor’s series expansion of ©. Since O(z) =

z(AZ'(zI — A)7!B, we see that ©,, = CA"B for all integers n > 0. By consulting
(6.6.9), we have

B*QB = Z B*A*"C*)(CA"B) + B*QB = i 0:0, + B* QB > i 0:0,.

n=0 n=0

Hence O is a function in H?(€,)). Because © is a rational function, ©® must be
in H>°(€,)). Therefore Part (ii) holds.

To verify that Part (iii) holds, we claim that W*QW is a positive Toeplitz
matrix. For z in ¢5 (€) we have WSz = AW z. Using this, we obtain

(S*WH*QW Sz, z) = (QAW 2z, W Sz) = (A*QAW =z, Wz) = (W QW z, ).

So WHQW is Toeplitz. Because ) is positive, W QW is a positive Toeplitz matrix.
Clearly, T Te is a positive Toeplitz matrix. Hence the sum T Te+(WH*QW )t
is also a positive Toeplitz matrix. So to verify that

Tr = T5Te + (WHQW)"

holds, it is sufficient to show that Tg and TgTe + (WH*QW)!" have the same first
column. Recall that {A, B, C, 0} is a minimal realization for z~'G and C = B*Q.
By employing this with (6.6.9), the (n + 1)!* component in the first column of
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TETe + (WHQW)' is given by

(T5To + (WEQW)HT) Z@ Ot + (WEQW)), 0

(B*A*C*)(C A’ A B) + (WEHQW)g .

'Mg I\

Il
=}

J
e}

=B"()_ AYC*CA)A"B + B*QA"B
j=0
= B*QA"B=CA"B =R,.

Therefore Tg = T Te + (W*QW)', and Part (iii) holds.

Part (iv) is left as an exercise. To verify that Part (v) holds, let ©, be the
maximal outer spectral factor for Tr. Then O, is a rational function in some
H>(&,L) space; see Section 6.1. Equation (6.6.5) yields T§Te < Tgr. By the
definition of the outer spectral factor, we must have T§Te < Tg To,. According
to Lemma 5.3.1, there exists a contractive analytic function ¥ in H*°(L,Y) such
that ©(z) = ¥(2)O,(z). Therefore Part (v) holds.

To complete the proof, recall that Tr = T§Te + (W*QW)'". Hence Tg =
TgTe if and only if @ = 0. Because @ is strictly positive, 2 = 0 if and only if A
is stable. Therefore Tr = TETe if and only if A is stable. O

Theorem 6.6.3. Let Tr in (6.1.1) be a positive rational Toeplitz matriz deter-
mined by a L(E,E)-valued sequence {R,}&°, and set G(z) = Yo" 2 "Ry. Let
{A on X, B,C,0} be a minimal realization for z=1G. Then there exists a unique
minimal solution Q, to (6.6.3), that is, Q, is a strictly positive operator on X
such that

Qo > A*Q,A, C*=Q,B and Q,<Q (6.6.10)

where Q is any other solution to (6.6.3). In this case, the mazimal outer spectral
factor ©, for Tg is given by

Oo(2) = 2Co(2I — A)™'B (6.6.11)
where C, is any operator from X onto D such that
CrCy = Qo — A*QLA. (6.6.12)

Proof. Let {U,T'} be a controllable isometric representation for the Toeplitz matrix
Tr. Let {A on H,I'y,T7%,,0} be the controllable and observable realization for
271G extracted from {U,T'} in the proof of the LMI Positive Real Lemma 6.6.1.
Recall that H = \/;° U*"T'€ and A = U*|H, while T'yy = T is an operator from
€ into ‘H. Since {4, B,C,0} is also a minimal realization of 2~'G, there exists
a similarity transformation M intertwining {A, B, C,0} with {A,T'»,T%,,0}; see
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(6.6.2). Because M is invertible, Q, = M*M is strictly positive. The proof of
Lemma 6.6.1 also shows that @, = M*M is a solution to (6.6.3), that is,

Qo>0, Q,>A"Q,A and C*=Q,B.

Let us show that the maximal outer spectral factor for T is determined
by ©, = 20,(2I — A)~'B where C, is an operator from X onto D satisfying
(6.6.12). Recall that the maximal outer spectral factor ©, for T is determined by
O,(2) = 2y (2 — U*)~IT, where Ty : K — Y is the orthogonal projection from
K onto Y = ker U*; see Theorem 5.2.1. Using (6.6.2) with the fact that the range
of I' is contained in H and A = U*|H, we have

Oo(2) = 2y (2] — U*)'T = 21Ty (2] — A)~'Ty
= 2Ily(2I — A)"'MB = zIIy M (2I — A)"'B.
In other words, ©,(z) = 2zIly M (21 — A)~! B. Finally, because ©(c0) = IIy M B is

onto Y, the range of Iy M equals V.
We claim that

(IIy M) Iy M = Q, — A*Q,A. (6.6.13)
This follows from II5,Ily = I — UU* and the calculation
(My M) Ty M = M Ty II5Tly M = M*Ty (I — UU*)M
=Qo— M"AN"AM = Q, — A"M"MA
= Qo — A"QoA.
Therefore (6.6.13) holds.
Let C, be any operator mapping X onto D satisfying C'C, = Q, — A*Q,A.
Then (6.6.13) implies that C*C, = (IIyM)*IIy M. Because both C, and IIy M

are onto, there exists a unitary operator ® such that ®C, = IIy M. Recall that
the maximal outer spectral factor ©, for T is given by

Oo(2) = 2llyM (2] — A)™'B = 28C, (21 — A)"'B.

Because the maximal outer spectral factor is unique up to a unitary constant on
the left, 2C,(zI — A)~!B is the maximal outer spectral factor for Tk.

To complete the proof, it remains to show that @, is the smallest solution to
(6.6.3). Let @ be any other solution to (6.6.3). Set © = 2C(2 — A)~!B where C
is any operator mapping X onto G such that cCr = Q — A*QA. By Part (v) of
Theorem 6.6.2, we see that © = WO, where W is a contractive analytic function.
Since Ty is a contraction, Part (iv) of Theorem 6.6.2 implies that

WEIQW =Tg — STeTES* =Tx — STg TeT3T5 S*
> TH — STg T2 S* = WHQ,W.

Thus W*Q,W < WFQW. Because the pair {4, B} is controllable, Q, < Q. O



6.6. Notes 141

For an example, consider the positive Toeplitz matrix Tr determined by
Ro = 2 and R, = 1 for all integers n # 0. Then © = 1 is the maximal outer
spectral factor for Tr and corresponding unitary pair {V,T's} is given by V =1
on C and I'; = 1. Indeed, the controllable isometric representation {U,T'} for Tx

is determined by
[so]. (& (m) e[
U—[Ol}on[c] and F—[l :C— c |

Here S is the unilateral shift on Ei and II§ embeds C in the first component
of éi_. A simple calculation shows that R_,, = T'™*U"I" for all integers n > 0.
Proposition 6.3.1 guarantees that {U,I'} is controllable. So {U,T'} is a controllable
isometric representation for Txr. Finally, its maximal outer spectral factor ©(z) =
2llc(z] — S*) 7'l = 1; see Theorem 5.2.1.

In this setting, a minimal realization {4 on C2?, B, C,0} for =!G is given by

f g o[
c=[1 1].

Notice that @ = I on C? is the only solution to (6.6.3). In this case,

0 0 ~
Q:[O 1] and C:[l 0].

In particular, O(z) = z@(z[ — A)7!B = 1. Finally, it is easy to verify that (6.6.5)
and (6.6.6) hold.



Part 11

Finite Section Techniques



Chapter 7

The Levinson Algorithm and
Factorization

In this chapter we show how one can use the Levinson algorithm, along with
the finite section inversion method and the Kalman-Ho algorithm to compute
the inner-outer factorization for certain rational functions. We will also present
some elementary results concerning contractive analytic functions and contractive
realizations.

7.1 The Case when T% is Invertible

Assume that Tk is a positive Toeplitz matrix. If © is an outer function in H?(€,)))
satisfying T = TgT@, then O is called the outer spectral factor for Tg. In this case,
O is also the maximal outer spectral factor for Tg. According to Theorem 5.2.1,
the outer spectral factor © for Tk is unique up to a constant unitary operator on
the left. To be precise, if ¥ is an outer function in H?(&, G) satisfying Tr = T\%T\p,
then ©® = ®¥ where ® is a unitary operator mapping G onto ).

If © is any function (not necessarily outer) in H?(€,)) satisfying Tp = TgT@,
then © is called a spectral factor for Tg. If Tk admits a spectral factor ©, then
the outer part ©, of © is the outer spectral factor for Tr. To see this, recall that
© admits a unique inner-outer factorization of the form © = ©;0, where O; is an
inner function and O, is an outer function. In other words, Tg = Te,Te,. Because
Te, is an isometry, T = TCE)OT@O. Therefore O, is the outer spectral factor for Tg.

Let © be a function in H*(£,)). Recall that Tg is an invertible operator
mapping (2 (£) into ¢3(Y) if and only if © is an invertible outer function. In
this case, (Te)™! = Te-1. Proposition 3.3.2 provides a method of computing the
inner-outer factorization for a function © which admits an invertible outer factor.
This method involved inverting the Toeplitz operator Tg3Tg. The following is a
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modification of this result and shows that any strictly positive Toeplitz operator
admits an invertible outer spectral factor.

Theorem 7.1.1. Let Tr be a positive Toeplitz matriz generated a L(E,E)-valued
symbol R = Y2 e “FRy; see (5.1.1). Then the following statements are equiva-
lent.

(i) The Toeplitz matriz Tr defines an invertible operator on (% (E) .
(ii) The function R and R™* are both in L>(&,€).

(iii) The mazximal outer spectral factor © for Tg is an invertible outer function
in H®(E,£), and Tr = TETe.

In this case, the outer spectral factor © for R is computed by

0(2) = A™Y2Q(2)™1 where Q(z) = (FITR'TE)(2) (2 € Dy),
Me=[1 00 0 - ]:62() =&,
A= (TeTR'TE) " (7.1.1)

Finally, R is in L>(E,€) and R = ©*0.

Proof. Proposition 2.5.1 shows that Parts (i) and (ii) are equivalent. If © is an
invertible outer function in H> (€, ), then To is invertible. Hence Tk = TETe is
an invertible positive Toeplitz operator on ¢%(€), and Part (i) holds. Finally, in
this case, R is in L>°(€,&) and R = ©*©; see Proposition 2.5.1.

Now assume that T defines an invertible positive Toeplitz operator on ¢2 (£).
Let {U on K,T'} be any controllable isometric realization for Tx. Let

W=[T UT UT -]

be the controllability matrix corresponding to {U,T'}. Recall that Tp = WEW.
For any z in £5 (€), we have [|[Wz||? = (Trz,z) < ||Tr||||2||*. This implies that W
defines an operator from 2 (£) into K. Since Tk is bounded below, there exists
a constant 6 > 0 such that Tp > §I. Moreover, for any x in (< (£), we obtain
|Wz||? = (Trz,x) > §||z||*>. Hence W is bounded below, and thus, the range of
W is closed. Because {U,T'} is controllable, W is invertible.

Observe that UW = WS, where S is the unilateral shift on ¢2(€). Thus
S*W* = W*U*. Because W* is invertible, S* is similar to U*. Since S*" converges
to zero in the strong operator topology, we see that U*™ also converges to zero
in the strong operator topology. By virtue of the Wold decomposition, it follows
that U is also a unilateral shift. Without loss of generality, we can assume that U
is the unilateral shift on ¢3 () where Y = ker U*. Since UW = WS, this implies
that W = T where © is a function in H*°(E,)). Because W is invertible, © is
an invertible outer function satisfying Tp = W*W = T§Te. Finally, since ©(z) is
invertible for z in D4, the spaces £ and ) have the same dimension. So without
loss of generality we can assume that £ = ). Hence Part (iii) holds. Clearly, Part
(iii) implies Part (i). Therefore Parts (i), (ii) and (iii) are equivalent.
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To complete the proof, it remains to establish the inversion formula for ©
in (7.1.1). By taking the inverse of Tr = TgTe, we arrive at T' = T5'T5* =
To-1TE 1. Notice that ©~! admits a Taylor series expansion of the form

O(z) 1 =0(c0) T 42 A + 2 2 Ay 2 B Ag 4 -

(Using I = (©7'0)(o0), it follows that (©71)(c0) = ©(c0)~!.) Hence Tg_, is an
upper triangular Toeplitz matrix with the entry ©(co)™™ on the main diagonal.
Thus

TR =T5' T s = To-1(To-1) 11 = To-111:0(c0) ~*.
By taking the Fourier transform, we obtain FJ T 'IIi = ©(2)~10(c0)™*. Using
the fact that IIgg = (FZ g)(c0), for any vector g in £2 (£), we arrive at

A =TT ' = (FETR 'TIE) (00) = ©(00) '0(00) ™.

In other words, A = ©(00)*©(00). This readily implies that there exists a unitary
operator ® on £ such that A/? = ®0(cc). Since all maximal outer spectral factors
are unique up to a constant unitary operator on the left, without loss of generality,
we can assume that A2 = ©(c0). Thus

Q2) = (FLTR'ME)(2) = O(2)710(00) * = O(2) ATV,

In other words, ©(z) = A~Y2Q(2)~', which is precisely the formula for © in
equation (7.1.1). O

Remark 7.1.2. Let R be a function in L*°(&,£). Then Theorem 7.1.1 shows that
R = ©*O where © is an invertible outer function in H*(&,€) if and only if
0I < R(e™) < ~I almost everywhere with respect to the Lebesgue measure for
some positive scalars 6 > 0 and v < oo.

Remark 7.1.3. Let Tk be a strictly positive Toeplitz operator on ¢2 (£). In pre-
diction theory one uses a slightly different formula to compute the outer spectral
factor © for Tx. To this end, let {A;}$° and A be the operators in L(€, £) obtained
from the unique solution to

Tp[l A A Ay )" =[a 00 0 --]". (7.1.2)
Then the outer spectral factor © for Tg is given by

O(z) = AV2 (T4 27 Ay 4+ 2 2 Ag + 2345 4 ---)

(7.1.3)
We claim that
A= (TeT'TE) ™ and [T Ay Ay Ay -] =T;'zA  (7.1.4)

is the unique solution to (7.1.2). By construction MgTx ' TIEA = I. So the first
component of T 1H§A equals I. In other words, T 1H§A is of the form presented
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in (7.1.4). Multiplying (7.1.4) by Tg on the left, yields T [I A A -~-]tT =
IT: A. Therefore the operators { 4;}7° and A in (7.1.4) provide a solution to (7.1.2).

To show that this solution is unique, assume that {A4,}5° and A is any solu-
tion to (7.1.2). By taking the inverse of T, we see that

(1 A Ay Ay -7 =Th'I3A.

By applying II¢ to both sides, I = Hngll_[ZA. Thus A equals the inverse of
e Ty 'TI%. Therefore {A4;}5° and A are uniquely determined by (7.1.4).

To show that the outer spectral factor is given by (7.1.3), observe that (7.1.1)
yields

O(2) ! = (FITR 'z (2) AV = (FLTR ' A) (2) A2
= (I +27 A 4+ 2724 + 23 A + - ) ATV2,

By taking the inverse we arrive at the formula for © in (7.1.3).

7.2 The Classical Schur Inversion Formula

The following result is a self-adjoint version of Schur’s classical matrix inversion
formula.

Lemma 7.2.1. Let T be a block self-adjoint matriz of the form

(4 X m Y] -

Assume that Y is strictly positive, and let A = A — X*Y~1X be the Schur com-
plement of T'. Then A is given by the error in the following optimization problem:

(Af, f) =min{(Th,h) : iyh = f}  (f€U) (7.2.2)

where 1y = [I 0] maps U ® Y onto U. Moreover, T is strictly positive if and
only if A is strictly positive. In this case,

A—l —A_lX*Y_l

-1 _
T =1 _y-ixa—1 y-14y-lxa-lxy—! (7.2.3)
and the Schur complement A is given by
A=A—-XY'X =, 77'115,)" . (7.2.4)

Proof. A straightforward calculation shows that T" admits a factorization of the

form
I X*y—! A-X*Y"1X 0 I 0
po DXL 0] 1 0]y
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Notice that T'= L*AL where

A-X*Y7I1X 0 I 0
A= 0 Y] and L—{Y_lX I]

Hence (Th,h) = (ALh, Lh) for hin U@ ). Since L is invertible, it follows that T is
strictly positive if and only if A is strictly positive. Because A is a diagonal matrix
and Y is strictly positive, T is strictly positive if and only if A = A — X*Y "1 X is
strictly positive.

If A is strictly positive, then

et I 0l At o I —X*y-!
=LA _{—Y”X IHO y=1||o I :

By performing these matrix calculations, we obtain the form of the inverse of T
in (7.2.3). Equation (7.2.4) follows from (7.2.3) and the definition of the Schur
complement.

To complete the proof, it remains to establish that the Schur complement A
is given by the error in the optimization problem (7.2.2). Let h = f @ g be a vector
in 4 @ Y. The Schur factorization of T in (7.2.5), yields

(Th,h) = (ALh,Lh) = (Af, f) + (Y(Y ' Xf+9),Y ' Xf+g)
= (AL N+ Y2V TIXf+g)l
= (Af, f)+I[YVT2Xf+Y 2|

So (Th,h) > (Af, f). By choosing ¢ = =Y !X f, we have (Th,h) = (Af,f).
Hence the minimum is uniquely attained. This establishes (7.2.2). |

7.3 The Schur Complement and Toeplitz Matrices

In this section, we will use the Schur complement to gain some further insight
into positive Toeplitz matrices. Let Tr be the Toeplitz matrix generated by a
L(&,E)-valued symbol Y. e "R, where R, = R* . (Throughout £ is finite
dimensional.) Let T, be the block Toeplitz operator on £" = @€ determined
by compressing Tr to £, that is,

Ry R R, - R, £
R, Ry R - R, <

Trn=| B2 B Ro - Ry | on|€ (7.3.1)
Ry-1 Rnp2 Rn3 -+ Ro &

Because there is only a finite number of copies of £ in £”, the matrix T, is a
well-defined operator. Recall that T is positive if and only if T ,, is positive for
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all integers n > 0. Consider the matrix decomposition of the Toeplitz matrix T
given by

| Ro X~
TR,n - |: X TR,n—l :l (732)
where X* = [Rf R5 --- Rj;_;|. Assume that Tr,_1 is a strictly positive

operator. Then the Schur complement A,, associated with Try, is the operator on
& defined by

Ap=Ry—X*Tp, X and A; =Ry (7.3.3)

IfTy; 1171 is not invertible, then the Schur complement A,, is not well defined and
for convenience in this case we set A,, = —oo. Finally, if T, is strictly positive,
then the matrix inversion Lemma 7.2.1 shows that

Ay = (T, IT) 7

M,=[I 0 0 - 0]:&"—=E. (7.3.4)

The following result allows us to determine whether or not T ,, is strictly positive
by checking the positivity of the Schur complements.

Lemma 7.3.1. Let Tr., be the n x n Toeplitz matriz on E™ given by (7.3.1), and
let Aj on & be the Schur complement associated with Tr; for 1 < j < n. Then
TR, is strictly positive if and only if A is strictly positive for all 1 < j < n.
Moreover, in this case, {A;} forms a decreasing sequence of positive operators,
that iS, Al ZAQ 2 2 An

Proof. Since A1 = Ry, this lemma is true for n = 1. Now let us proceed by
induction and assume that the lemma is true for n — 1, that is, A1, Ao, ..., A1
are all strictly positive if and only if Tr ,—; is strictly positive. By applying the
matrix inversion Lemma 7.2.1 to the decomposition of Tg y, in (7.3.2), we see that
TR,y is strictly positive if and only if T ,—1 and A, are both strictly positive.
This completes the proof of the induction.

Now assume that {A;}7 are all strictly positive, or equivalently, Tg, is
strictly positive. Notice that Tg, ; is the compression of Tg,, to £, that is, Tg, ;
is contained in the j x j upper left-hand corner of Tg, for j < n. Hence the
optimization problem in (7.2.2) shows that

(A f, f) =inf{(Trpz,2) 12 € & © {0} and M,z = f} (f €€). (7.3.5)

Here (A;f, f) is the cost of the optimization problem. Because the infimum for
(Aji1f, f) is taken over a larger set (€771 D £7) than the infimum corresponding
to (A f, f), it follows that (A, f, f) forms a decreasing sequence. Therefore {A;}
forms a decreasing sequence of positive operators. |

Assume that T, is strictly positive for all n. The previous lemma shows
that the Schur complements A, form a decreasing sequence of strictly positive
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operators. So A,, converges to a positive operator A on £ as n approaches infinity,
that is,

A= lim A,. (7.3.6)
Moreover, by consulting the optimization problems in (7.3.5), we see that
(Af, f) =inf{(Trx,z) : x € £S(€) and Ilex = f} (f €€). (7.3.7)

Here Il is the linear map from ¢ (£) onto £ which picks out the first component
of £5.(€). If Tg defines an invertible positive operator on ¢2 (£), then

A = MTZTT) 7L (7.3.8)

This follows by observing that Tk admits a block matrix decomposition of the
form
R, X*
Tr= [ X Tg ] ’
and A is the Schur complement for Tr. Finally, it is noted that if Tz is invertible,
then
(IT'*)~! = lim (I, T I05) " (7.3.9)

n—oo

7.4 Schur Complement and Maximal Outer Factor

We say that a £(€, Y)-valued function © is a square outer function if © is an outer
function and £ and ) have the same dimension. It is emphasized that throughout
this section we assume that dim € = dim Y.

Let T be the positive Toeplitz matrix determined by a symbol Y™ _e™“"R,,
with values in £(€, ). Moreover, assume that its finite sections T'r,,, are strictly
positive operators for all integers n > 0. If © is the maximal outer spectral factor
for Tg, then

©(0)*0(c0) = nh_)rrgo A, (7.4.1)

As expected, A, = (HnTihH,’;)‘l is the Schur complement for T'r .. To verify
this, let {U on K,T'} be a controllable isometric representation for Tx and
W=[ Ur ur - |

its corresponding controllability matrix. Recall that Tp = WHW. Let Y = ker U*.
By consulting (5.2.2) in Theorem 5.2.1, we see that ©(co0) = IIyI'. Using this with

the fact that I = W5 (£), we obtain
(Af, f) =inf{(Trx,z) : x € £5.(€) and Ilgx = f}
= inf{||Wz|?: 2 € £(€) and gz = f}
inf{|[Tf + UWgl|® : g € €5.(€)}
inf{|0.f + UE|*: € € K}
IPyTFI? = [©(c0) /2 (7.4.2)
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The second from the last equality follows from the projection theorem. Since this
holds for all f in &, we see that A = ©(c0)*O(00). Because A,, converges to A,
we arrive at (7.4.1). In particular, if the maximal outer spectral factor is square,
then ©(c0) is invertible. In this case, there exists a positive scalar § such that
0 < I <A, for all n > 1. This proves part of the following result.

Theorem 7.4.1. Let Tr be the Toeplitz matriz determined by a L(E, E)-valued sym-
bol Ziooo e ™" R, where R, = R* . Let A, be the Schur complements associated
with the finite sections Tr y for Tr where n > 1. Then the Toeplitz matriz T is
positive and admits a maximal square outer spectral factorization © if and only if
A, > 61 for all n and some 6 > 0. In this case, the sequence {A,} is decreasing
and converges to the strictly positive operator ©(c0)*@(c0). Furthermore, if G is
a function in H?(E,&) such that Tgp > Tng, then

O(00)*O(00) > G(00)*G(00). (7.4.3)

In this case, ©(00)*O(00) = G(00)*G(c0) if and only if G is the mazimal outer
spectral factor of Tg.

Proof. If Ty is positive and admits a maximal square outer spectral factor ©, then
Tr,y, is strictly positive for all n. Indeed, if (Tr nz,x) = 0 for some x in ", then
we have

0= (Trnz,z) = (Tr(z®0), (x©0)) = (T§Te(z®0), (2®0)) = | To(z®0)||* = 0.

In other words, Te(x @ 0) = 0. In particular, this implies that

(—)1 C—)O e 0
: . ) . |z=0
(_')n—l G)n—Q e @O

where O(z) = Y77 270, is the Taylor series expansion for 6. Because O(o0) =
Oy is invertible, z = 0. Therefore Tg ,, is strictly positive for all integers n > 0.
By our previous analysis, A,, converges to ©(c0)*©(00), and thus, §I < A, for
all n > 1 and some § > 0.

Now assume that 61 < A, for some 6 > 0. According to Lemma 7.3.1,
the operators Tg ., are strictly positive. In particular, Tz is a positive Toeplitz
matrix. Our previous analysis shows that A,, converges to ©(c0)*0(o0) where O
is the maximal outer spectral factor for Tg; see (7.4.1). Since § > 0, the operator
©(0)*O(c0) must be invertible. Because O is outer, the range of ©(o0) is onto.
Therefore O(o00) is invertible and © must be a square outer function.

To complete the proof, assume that G is a function in H?(E,D) such that
Tr > Tng. By the definition of the maximal outer spectral factor, TgT@ > Tng.
Part (iv) of Lemma 5.3.1, yields (7.4.3). Finally, Part (v) of Lemma 5.3.1 shows
that ©(c0)*0(00) = G(00)*G(00) if and only if G is the maximal outer spectral
factor of Tg. O
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Remark 7.4.2. In some applications one is given a Toeplitz matrix T and a
function G in H?(€,D) such that T > TéTG where G(00) is one to one. In this
case, Tr admits a square maximal outer spectral factor ©. By definition T(gT@ >
Té«TG. Due to Part (iv) of Lemma 5.3.1, we have ©(0c0)*0(c0) > G(00)*G(0).
Because G(00) is one to one, ©(co) must be one to one. Recall that ©(c0) is onto.
Hence ©® must be square.

Recall that G is a spectral factor for a Toeplitz matrix Tg if G is in H?(E, D)
and Tr = Tng. It is noted that not all positive Toeplitz matrices admit an outer
spectral factor. However, if T admits an outer spectral factor ©, then O is also
the maximal outer spectral factor for Tg. If R is a function in L>°(€, ), then the
corresponding Toeplitz matrix Tx defines an operator (by definition a bounded
linear map) on (2 (£), and || Tr|| = ||R||oo; see Proposition 2.5.1. In this case, T
is positive if and only if R > 0 almost everywhere with respect to the Lebesgue
measure. Finally, G € H* (&, D) is a spectral factor for Tx if and only if R = G*G
almost everywhere on the unit circle.

Corollary 7.4.3. Let T be the Toeplitz matrix determined by a self-adjoint function
Rin L*>®(E,E). Let A, be the Schur complements associated with the finite sections
TR, for Tr where n > 1. Then Tr = TETe where O is a square outer function
if and only if A, > 01 for all n and some § > 0. In this case, the sequence
{A,} is decreasing and converges to the strictly positive operator ©(00)*©(00).
Furthermore, if G € L>(€,E) is a spectral factor for Tg, that is, Tr = TgTq,
then

O(0)*0(0) > G(0)"G(0). (7.4.4)

In this case, ©(00)*O(c0) = G(00)*G(o0) if and only if G is the outer spectral
spectral factor for Tg.

Proof. If TR = TETe where © is a square outer function, then Theorem 7.4.1
guarantees that A, > ¢ for all n and some § > 0. Now assume that A,, > 61 for all
n and some 0 > 0. According to Theorem 7.4.1, the Toeplitz matrix T is positive
and admits a maximal outer spectral factor ©. It remains to show that Tr = T Te.
As before, let {U on K, T'} be the controllable isometric representation for Trg, and
W its corresponding controllability matrix; see (5.1.7). Because R is in L>®(&, ),
the Toeplitz matrix T defines an operator on ¢%(€); see Proposition 2.5.1. In
particular, | Tr|| = || R||so- Since T is bounded and Tr = W¥#W , the controllability
matrix W defines an operator from ¢2 (£) onto a dense set in K. Finally, it is noted
that W# = W* and T = W*W.

Since 0 < 01 < A, for all integers n > 1, Lemma 7.2.1 guarantees that T,
is strictly positive for all n > 1. Hence Tj is a positive operator. Moreover, the
sequence A,, converges to a strictly positive operator A. We claim that ker T is
zero. Let us proceed by contradiction, and assume that Trz = 0 for some nonzero
z in (?(&). Hence (Trz,z) = 0. By using the band structure of the Toeplitz
matrix Tr, we can assume without loss of generality, that [Icx = f is nonzero.
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The optimization problem in (7.3.7) shows that 0 = (Trz,z) > (Af, f). Since A
is strictly positive f must be zero, which leads to a contradiction. Therefore ker T'r
is zero. Since Tr = W*W, this also implies ker W is also equal to zero.

Because the pair {U,T'} is controllable and W is one to one, W is a quasi-
affinity. Notice that UW = WS where S is the unilateral shift on ¢% (). By
consulting equation (5.2.2) in Theorem 5.2.1, we see that ©(co) = IIyT" where
O is the maximal outer spectral factor for Tr and Y = ker U*. Theorem 7.4.1,
shows that © is a square outer function, and thus, ©(oc0) is invertible. So ) and
& have the same dimension. According to Proposition 1.5.2, the isometries U and
S are unitarily equivalent. In other words, U is a unilateral shift of multiplicity
dim €. Therefore Tr = T§Te; see Theorem 5.2.1. The rest of this corollary follows
directly from Theorem 7.4.1. O

If Risin L>°(&, £) and the corresponding Schur complements satisfy A,, > 61
for all n and some § > 0, then Tg is not necessarily an invertible operator on ¢2 (€).
For example, consider the outer function #(z) = (2 — 1)/z and set R = |#|?. Then
0 is a square outer factor for Tr. Since 0 has a zero on the unit circle, Ty is not an
invertible operator on Zi. Hence Tr = T, T}y is not invertible. Finally, it is noted
that in this case, A, converges to 1 as n tends to infinity.

If Risin L>*(&,E) and Tg,, is strictly positive for all n, then Tg is positive.
However, it does not necessarily follow that Tk admits a square outer spectral
factorization. For example, let r be the function in L*° defined by r(e) = 1 if
0 <w < 7andr =0 for all other w. Since r > 0 almost everywhere, it follows
that 7. defines a positive Toeplitz operator on (2 (£); see Proposition 2.5.1. We
claim that ;. ,, is strictly positive for all n and T} does not admit an outer spectral
factor 6. If r = |0|? for some 6 in H>, then 6 = 0 almost everywhere on a set of
positive Lebesgue measure, and thus, § = 0. (Recall that if f is a nonzero function
in H?, then f(e*) # 0 almost everywhere; see Chapter 5 in Hoffman [134].) So
T, does not admit an outer spectral factor. To complete the argument, it remains
to show that 7} is one to one. Assume that T,z = 0 for some z in Zi. Recall that
T = P+Lr|@r where L, is the Laurent operator on ¢? determined by r and P, is
the orthogonal projection onto 53_. This readily implies that 0 = Py L,z, and thus,
L,z isin 20 éi. By taking the Fourier transform, FL,x = rFz is a function in
L?© H?. The definition of r shows that r(e")(Fz)(e*) = 0 for 7 < w < 27. Since
r(e”)(Fx)(e™™) is in H? and equals zero on a set of positive Lebesgue measure,
r(e™)(Fz)(e“) = 0 almost everywhere. Recall that r(e*) = 1 for 0 < w < 7.
So Fz = 0 on a set of positive Lebesgue measure. Since Fz is in H?, we must
have z = 0. So the kernel of T, equals zero. Therefore T, ,, is strictly positive for
all n and T, does not admit an outer spectral factor. Finally, it is noted that the
maximal outer spectral factor 6 for 7T;. is the zero function § = 0 mapping C onto
{0}. Moreover, the Schur complements A,, converge to zero as n tends to infinity.
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7.5 Carathéodory Interpolation

Let T be a strictly positive Toeplitz operator on £%(€), and R =Y e "R,
its symbol. Then Tg 41 is a strictly positive Toeplitz operator on £"T!. Here
Trnt1 = Hen1TR|E™! is the compression of Tk to £"TL. Now let {R;}§ be a
L(&,E)-valued sequence of operators. Moreover, assume that the Toeplitz matrix

Ry Rf R; - R:
Rl RO Ri‘ e :—1

Yo =| B2 B Ro - Ri, | opgntt (7.5.1)
Rn Rn—l Rn—2 e RO

is strictly positive. One version of the Carathéodory interpolation problem is to find
a strictly positive Toeplitz operator Tz on éa_ (&) such that Y, 41 = Trnt1, that
is, Tpi1 = lent1TR|E! equals the compression of Tr to £"FL. In this case, Tx
or its symbol R is called a solution to the Carathéodory interpolation problem for
the data {R;}{. In this section, we will show that the Carathéodory interpolation
problem always has a solution. In fact, we will construct a solution by computing
a special invertible outer function © in H>° (&, £) such that R = ©*0 is a solution,
that is, T, 41 = H5n+lT@*@|gn+1.

For a positive real formulation of the Carathéodory interpolation problem,
let {R;}§ be a L(€,E)-valued sequence of operators, such that Y, is strictly
positive. Then find a £(&, £)-valued positive real function F' of the form

R n o0
F(z)= 70+Zz_kRk+ Z 27k
k=1 k=n+1

In this case, R = 2RF = F + F* is a solution to this problem.

The solution to the Carathéodory interpolation problem is not unique. The
set of all solutions is parameterized by the unit ball in the H*(E,E) space; see
[113] for further details. Finally, in Chapter 12 we will use isometric representations
to solve a tangential Nevanlinna-Pick interpolation problem, which includes the
Carathéodory interpolation problem as a special case.

Assume that the Toeplitz operator Y, 1 on "' is strictly positive; see
(7.5.1). The Levinson system associated with Y,y is defined by

I Ry R - R I Api1
Ay Ry Ry - R, | |A 0
Tor1 | . | =] . : , ) =1 . |- (7.5.2)
A, R, R,-1 - R A 0

Here {A4;}8 and A,,11 are operators on £ with Ay = I. There is a unique solution
to this system of equations. In fact, the unique solution to the Levinson system
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(7.5.2) is given by

Apir = (MeToLTE) ™ and [ A As - A" = Yol TTEAL .
Here Il¢ = [I 00 - O] is the operator mapping £"*! onto £ which picks
out the first component of £7*!. Observe that A, y; is the Schur complement of
T, +1 with respect to the operator Ry contained in the upper left-hand corner
of T,,+1. Moreover, one can use the Levinson algorithm to recursively compute
the solution {4;}§ and A,4q. The Levinson algorithm is discussed in Chapter
15. Finally, T denotes the Toeplitz matrix contained in the upper left-hand k
by k corner of Y,,+1 when k < n + 1. Motivated by Remark 7.1.3, we obtain the
following solution to the Carathéodory interpolation problem.

Theorem 7.5.1. Let Y, 41 in (7.5.1) be a strictly positive Toeplitz matriz on E™+!
generated by a L(E,E)-valued sequence of operators {R;}y. Let {A;}§ and Aniq
be the unique solution to the Levinson system in (7.5.2) with Ao = I. Let © be the
function defined by

-1
O(z) = A111/+21 (I LA 42 2Ag (D4 4 z_”An>
= znA11’L/-i-21 (An + A1z + An_222 4+ 4 Alzn—l + znl)—l ' (753)

Then O is a rational invertible outer function in H>*(E,E). Moreover, R = ©*©
is a solution to the Carathéodory interpolation problem, that is, T, 41 equals the
compression of Tr to E"tL. Furthermore, let A on £ be the companion matric,
B the operator from £ into E™ and C' the operator from E™ into € be defined by

A T 0 -+ 0 0 A
A, 0 I -+ 0 0 Ay
U T O T T A
—Apy 00 - I O An—s
Ay 00 - 0T An_1
| -4, 00 -~ 0 0 A,
Cz[ A2 000 0 0| and D=AY2. (7.5.4)

Then the following holds.
(i) {A, B,C, D} is an observable realization for ©(z).
(ii) The operator Y., is the observability Gramian for the pair {C, A}, that is,

T, = A*T, A+ C*C. (7.5.5)

(iii) The operator A is stable, and
det[z] — A] = det [A, + Ap_12+ Ap_oz® + -+ 412" +2"1] . (7.5.6)
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(iv) The Fourier coefficients R =Y. Rye~“k are computed by

Ry = B*Y, B+ D*D,
R, = (B*T,A+D*C)A*'B  (k>1). (7.5.7)

Proof. Let  and T be the L(€, £)-valued polynomials defined by

Q(z) = An + An—lZ + An_QZQ + .o+ Alzn—l + ZnI,
F(z) = _(An + An—lZ + An_22;2 + .+ Alzn—l)'

A simple calculation shows that

0(2) = 2" A7) = AJZ0(2)THQ(2) + T(2)) = AVE + A7 0(2) T (2).

Classical state space results in Section 14.3 show that {A, B, C, D} is an observable
realization for ©, and (7.5.6) holds.

To show that T,, is the observability Gramian for {C, A}, notice that Y41
admits a matrix decomposition of the form

[ Ry X: £
ra[ B ] o
where X,, =[ Ry Rx -+ R, ]tr. In particular, the Schur complement

Apt1 = Ro— X2 X, = (e X, 1, ITE) L

Using this decomposition, equation (7.5.2) implies that

tr

Xn:_Tn[Al A2 An] 5
Ro—Apyri=—X:[ A Ay - A7,
Ro—Any1= —[ A7 Ay - A5 ]X,. (7.5.9)

The last equation follows by taking the adjoint of the second equation. By com-
bining the first and last equation, we arrive at

Ry—Anp=[ A7 A3 - A

n

1T [ A Ay - A, ] (7.5.10)

Let V and A be the block matrices on £" defined by

0o I 0 --- 0 A1 0 0
0o 0o I --- 0 -As 0 0

V=1|: ¢ . | andA= : N (7.5.11)
00 0 I ~Ap1 0 0

o
o
o
o
|
S
S
o
o
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The shift matrix V has the identity operator I immediately above the main diag-
onal and zeros elsewhere. The first column of A is — [ A Ay - A, ]tr and
all the other columns of A are zero. By construction A = A+ V. Observe that Y,
admits a decomposition of the form

[ R Xi, e [0 0
T, = [ T ] and V*T,V = { 0 T ] (7.5.12)
As expected, X,,_1 = [ Ry, Ry -+ R, ]tr. By (7.5.9) and (7.5.10), we have

AT, A=V + AT, (V+A)
=V*T,V+V*T,A+AT,V+A*T,A

[0 0 0 0
‘_OT%J+[KH J

[0_ﬁ4}+[&—AH10]

+

0 0 0 0
[ Ro—Anyn Xy ] .
N L Xn—l Tn—l B Tn -

Hence T,, = A*Y,A + C*C. In other words, Y,, is the observability Gramian
for {C, A}. Because the pair {C, A} is observable and Y,, is strictly positive, A is
stable. Therefore Parts (i), (ii) and (iii) hold. Equation (7.5.6) follows from (14.3.5)
in Chapter 14.

Since A is stable and © = D + C(zI — A)~!B, we see that © is a rational
function in H*>(€,€). Because ©~! is a polynomial in 1/z, the function ©~! is
also a rational function in H>° (&, £). Therefore © is an invertible outer function.

To complete the proof, it remains to show that Y, 41 is the compression of
Tr to EMtL. Let R = Ziooo e~"kQ,. be the Fourier series expansion for R. Recall
that {A, B, C, D} is a realization for ©. By employing Lemma 4.5.4, with P = T,
we have

Qo= B*Y,B+ D*D,
Qr = (B*Y, A+ D*C)A*'B  (k>1). (7.5.13)

To verify that Y, .1 is the compression of Tr to £"F!, it suffices to show that
Qr = Ry, for 0 < k < n. According to (7.5.10), we see that

Ro— Api1 = Ry — D*D = B*T,,B.

So the first equation in (7.5.7) holds. By taking the adjoint in (7.5.2) along with
the definition of B, we obtain

I B [)R;Z *;fﬂ = [Ans1 0]
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In particular, B*Y,, = X*. For 1 < k < n, the equations in (7.5.2) yield

(B*Y,A+ D*C)A* 1B = (X;A+ D*C) A*'B

HA+V)+D* C)Ak 'B

(

= (X
=[Ro R Rj L | AFB
=[ R0 R Ry - 1]A+VA’“ ’B
=[ R Ry R; -- 2]A+VAk °B
=[R2 Ri Ro 3 [ (A+V)AMB
=[ Riyr Ri -+ R;_,_, |B=Ry.

For example, to obtain the fifth equality we used the second row in (7.5.2), that is,
—Ry = RoA1 + RiAs +--- R} _, A,,. Continuing in this fashion yields the previous
equation. O

7.6 A Finite Sections Approach to Factorization

Recall that if H; and Hsy are two subspaces of K, then H; C Hs if and only if
Py, < Py,. (The orthogonal projection onto H is denoted by Pj.) Let {Hy}{°
be an increasing sequence of subspaces (Hr C Hg+1 for all integers k > 1) such
that \/{° Hi = K. Then Py, converges to the identity I in the strong operator
topology as k tends to infinity. To be precise, P, x converges to x for each vector
2 in K.

The following result shows that the inverse of the finite sections of a strictly
positive operator converge to the inverse in the strong operator topology.

Lemma 7.6.1. Let T be a strictly positive operator on 'H. Let Py, be a sequence of
orthogonal projections onto a set of subspaces {Hy} for all integers k > 1. Assume
that Py, converges to the identity I in the strong operator topology as k tends to
infinity. Let Ty, be the operator on Hy, obtained by compressing T to Hy, that is,
Tk = PHkT|Hk Then

T lg= klinolo T, 'Pu,g (for all g € H).

In other words, the inverse of Ty, converges to the inverse of T' is the strong operator
topology.

Proof. Since T is strictly positive, there exists a scalar 6 > 0 such that T" > d1I.
Hence Ty, > 41 for all integers kK > 1. Let hy € Hj be the unique solution to
Tihi = Py, g, and h € H the unique solution to Th = g. To complete the proof it



160 Chapter 7. The Levinson Algorithm and Factorization

remains to show that hj converges to h. To this end, observe that
1he = Pro bl = || T " T (hie = Pre )| < 67| Ty, — Pro )|
= 0| Prg — Te Prhll = 67| Pryg — Pro TPy |
<07 Ylg = TPy, h|| — 6 *lg — Th| = 0.

In other words, ||hr — Py, h| converges to zero. Since Py, h converges to h, the
triangle inequality implies that hj converges to h. ]

7.6.1 A finite section approach to outer factorization

Let Tk be a strictly positive Toeplitz operator on Ei (&) of the form

Ry R R;
Ri Ry, R -- ,
TrR=| Ry R, Ry --- | onti(&). (7.6.1)

According to Remark 7.1.3, the operator Tr admits an invertible outer spectral
factor ©. Moreover, this outer spectral factor is given by

O(z) = A2 (I +27 A 427 2A5 423 A5+ - )_1 ,

Tp[l A Ay Ay )" =[A 00 0 --]". (7.6.2)
Let us use Lemma 7.6.1, to compute an approximation ¥y to the outer spectral
factor © for Tr. To this end, let T ) = HerTr|EF on EF be the k x k Toeplitz

matrix contained in the upper left-hand corner of Tr. Now consider the function
defined by

—1

\Ilk(z) = A}Cﬂ (I + Z_lAk}l + Z_QA/C72 +---+ Z_(k_l)Ang_l) ,

tr

Tap[I Ara Ars - Apra] =[Ar 0 0 -~ 0]".  (7.6.3)

Recall that A is the Schur complement for Tr with respect to Ry in the upper
left-hand corner of T’r, while Ay is the Schur complement for T with respect
to Ry in the upper left-hand corner of T j; see Section 7.2. The Levinson algo-
rithm presented in Chapter 15 can be used to recursively compute { Ay ;} and Ag.
Theorem 7.5.1 shows that ¥y is an invertible outer function. Recall that

= (eTy )",
= (MeTy 1),
1H£A 1 A A Ay - ]7,
TpiEAL =1 Api Arz o Apie]” (7.6.4)
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By employing the finite section inversion Lemma 7.6.1, we see that Aj con-
verges to A and T§7}CHZA;€ converges to Tp 1H;§A. In fact, according to the
results in Section 7.2, the operators Ay are monotonically decreasing and con-
verge to A = ©(00)*O(c0). By taking the Fourier transform, ¥; ' converges to
©~1 in the H?(&E,€&) topology. Therefore Wy (z) converges to O(z) uniformly on
{z € C: |z| > r} where r is any fixed positive scalar such that r > 1.

Now assume that the Toeplitz matrix T is strictly positive and R is rational.
Then Tk admits a rational invertible outer spectral factor © in H*>(&,E); see
Section 6.1. Let ©(z) = Y.~ 27 "0, be the Taylor series expansion for ©. If one
knows the Taylor coefficients {@n}gj ~! where j > §(0) the McMillan degree of ©,
then one can use the Kalman-Ho algorithm to compute the minimal realization
{A, B,C, D} for ©; see Section 14.5 for a review of the Kalman-Ho algorithm.

Remark 7.6.2. One can also compute a minimal realization for © directly from
{An}gj ! and A. To see this, recall that ©~! is a rational outer function. Remark
14.2.1 shows that © and ©~! have the same McMillan degree. By consulting
(7.6.2), we see that

@(@_1::(I%—Siz‘"Aﬂ>‘A_V2. (7.6.5)

Let {A, B,C, I} be a minimal realization for S0 2 A, = ©71AY2 where A =
I. Then {A, BA~Y2 C,A~1/?} is a minimal realization for ©~'. According to
Remark 14.2.1, a minimal realization {A, B,C, D} for © is given by

O(z) =D+ C(zI —A)™'B where A= A— BC,
B=B, C=-AY>C and D=A"Y2 (7.6.6)

So if one knows A and {An}gj_1 where j > §(0©), then one can apply the Kalman-

Ho algorithm directly to {4, }5~" to compute a minimal realization {A,B,C,I}
for ©*A/2, Then {A, B,C, D} in (7.6.6) is a minimal realization for ©.

According to Theorem 7.5.1, the invertible outer function ¥, admits an ob-
servable realization of the form {A on X, B,C, D} where dim X = (k—1) xdim(&);
see (7.5.4). In general this realization is controllable and observable. So in many
problems the McMillan degree of Uy approaches infinity as k tends to infinity. Re-
call that the McMillan degree of O is finite. So it may appear that ¥y is not very
useful in computing a state space realization for ©. However, since ¥, converges
to © uniformly on compact sets in D, we can apply the Kalman-Ho algorithm to
the Fourier coefficients of W' (or even ¥}) to find an approximate realization for
©. To see this, for large k one can run the Kalman-Ho algorithm on {Ay ; }?;01
where Ay o = I and k > 26(©). The McMillan degree of © does not have to be
known a priori. By throwing out all the small singular values in the Hankel matrix
corresponding to {4y ; }, compute a minimal realization {A, B, C, I'} for the data
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{4k} Then compute the realization {4, B,C,D} in (7.6.6). For k sufficiently
large, ©(z) ® D+ C(2I — A)~'B.

To see why this works, observe that the Hankel matrix in the Kalman-Ho
algorithm corresponding to {Ay ;} is given by

Apr Axz o Ak A Ay A

A2 Apz o Apjn Ay Ay o Aj
Hp = . . ) : and set H = | | . ) )

Arj Akj+r - Agoj— Aj Ajpr - A

Now assume that j is fixed and j > §(©). For large k the Hankel matrix Hj, will
have §(©) nonzero singular values and all the other singular values will be zero.
Because Tg}CH"gAk converges to T 1H;§A in the operator topology, Hj converges
to H in the operator norm; see (7.6.4). Since Hj, is the Hankel matrix in the
Kalman-Ho algorithm corresponding to the data {4y, }277" for \IllzlA,lc/ %, we see
that

O() 'AV2 ~ 1+ C(2I - A)'B

where {,Z, E, C’\,I } is computed by using the Kalman-Ho algorithm on the data
{Ap, Y27 Hence for k sufficiently large, ©(z) ~ D + C(zI — A)~'B.

Remark 7.6.3. One can also compute an approximate state space realization for
the outer spectral factor © by applying the Kalman-Ho algorithm directly to the
Taylor coefficients {¥y,,,} in the Taylor series expansion for

\Ilk(z) = Z Z_V\I/k},,.
v=0

To compute the Taylor coefficients { ¥}, .} by using state space methods, recall that
transfer function W, (z) = Dy + Cx(2I — Ay) !By where Ay, By, Cr and Dy, are
determined by (7.5.4). According to Theorem 7.5.1, the Taylor coefficients ¥y, o =
Dy and ¥y, = CkAZ_lBk for all integers v > 1. Notice that this method requires
multiplying matrices with many zero entries to compute {Uy, , }. If these matrices
are large, this method may be inefficient. However, the fast Fourier transform
is an efficient method to compute {¥y, .}, especially in the scalar setting. Once
one obtains {¥},,}, run the Kalman-Ho algorithm on the data {®} ,}27," where
j > 6(0) and k is sufficiently large to compute a minimal realization {4, B, C, D}
for Wy. Then O(z) ~ D+ C(2I — A)~'B.

7.7 An Inner-Outer Factorization Procedure
In this section, we will use the finite section inversion method in Lemma 7.6.1

to compute the inner-outer factorization for a rational transfer function G in
H>(£,Y). To be precise, assume that G admits an inner-outer factorization of
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the form G = G;G, where G, is an invertible outer function in H*°(£,€) and G;
is an inner function in H*°(&£,Y). To compute G, set R = G*G = G}G,. Now use
the state space techniques in Lemma 4.5.4 or the fast Fourier transform, to com-
pute the Fourier coefficients {R,, }¢° for R = >~ e “"R,,. Then invert Tg j and
use the Kalman-Ho algorithm to compute a minimal realization {A,, B,, Co, Dy}
for Wy. For k sufficiently large, {A,, B,, Co, Do} can be used as a realization for
© = G, the outer spectral factor for Tg.
To compute a realization for the inner factor G;, observe that

Gi=GG' ~ G (I e s+ 2 P A z_(k_l)Ak}kq) ATV,

Now there are several different approaches to compute G;. First one can use stan-
dard fast Fourier transform techniques to compute the Taylor coefficients {G; .}
for G; = ZZO:O 27 "G, . For another method, recall that convolution in the time
domain corresponds to multiplication in the z domain. Hence {G;,,}7% can also
be computed by the matrix multiplication

Ao ]
Gio Ar,1
Gia
Giz2| ~Tg |Aps| A2 (7.7.1)
Gis 0
: 0

where A, o = I and T is the lower triangular Toeplitz matrix determined by
the Taylor coefficients {G,,}§° for G = Y ;" 27 "G,. To obtain {G,}§° by state
space techniques, let {A, B,C, D} be any realization for G, then Go = D and
G, = CA™ 1B for all integers n > 0. (In fact, one can use the Matlab command
“dlsim” to compute {G;,} in (7.7.1).) Now run the Kalman-Ho algorithm on
{Gitn}ij:_ol for j sufficiently large to compute a minimal realization {4;, B;, C;, D;}
for G1

One can also use state space techniques to compute a realization for G;. To
this end, let {A, B, C, D} be a minimal realization for G, and {A,, B,,C,, D,} be
the minimal realization for its outer spectral factor G,. Recall that

{A, - B,D,'C,,B,D,*,—D;'C,,D; '}
is a realization for G '; see Remark 14.2.1. Using G; = GG, ! with Remark 14.2.2,
we see that a realization {A;, B;, C;, D;} for G; is given by

A —-BD;'C, _[B] .

C;=[C -DD;'C, ] and D;=DD,. (7.7.2)
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This realization may not be minimal. One may have to apply standard model
reduction techniques on {A;, B;, C;, D;} (the Matlab command is minreal) to find
a minimal realization for G;. Finally, one can also use the Kalman-Ho algorithm
on the Taylor coefficients of GG; to compute a minimal realization for G;.

Ezxample. Consider the rational transfer function g in H*° given by

1.19092% 4 0.87352% — 0.5210z + 0.0492
27 +0.121125 — 0.378825 — 0.23422% + 0.022223 + 0.040822 + 0.0025z — 0.0011°

g:

Let g = gigo denote the inner-outer factorization for g where g, is outer and g; is
inner. By keeping only three significant singular vales in the Kalman-Ho algorithm,
for computing the outer part, we obtained

() = 1.36523 + 0.6422 — 0.27772 + 0.1551
9ol%) = 310130822 — 02608z — 0.1922

The singular values for the 500 x 500 Hankel matrix corresponding to g, are
{0.9152, 0.5789, 0.2881, 0.0108, 0.0016, O, ---}.

Running the Kalman-Ho algorithm on {g; ,,}3%9, and keeping five singular values,
we arrived at the inner function

0.8722z+ 1
gi(z) =

24 (2 4 0.8722)° (7.7.3)

In fact, the singular values for the 500 x 500 Hankel matrix corresponding to the
gi are {1,1,1,1,1,0,...}. Using the fast Fourier transform, ||g||x = 2.7818 and
llg = gigolloo = 0.014. On the surface, it appears that g;g, is eighth order, while g
is seventh order. However, there is an approximate pole zero cancellation in g;g,.
One can obtain a more accurate approximation of the inner and outer factors by
keeping more singular values in the Kalman-Ho algorithm for g,. In fact, keeping
six singular values, we arrive at ||g — gigo|loo = 1.5027 x 10~ where the McMillan
degree of g, is now six.

A typical procedure for computing the inner-outer factorization for g = p/q
in Matlab is given by the following steps.

(i) Set g = fft(p,2 A 13)./ftt(q,2 A 13). Compute R = abs(g). A 2. Set Rn =
real(ifft(R)). The vector Rn(1 : 2 A 12) contains the first 2!? Fourier coeffi-
cients for R = |g|. Finally, it is noted that in Matlab,

p=10,0,0,0,1.1909,0.8735, —0.5210, 0.0492];
g = [1,0.1211, —0.3788, —0.2342, 0.0222, 0.0408, 0.0025, —0.0011];

One must include the zeros in p.

(ii) Now invert the Toeplitz matrix Tr ;, for k sufficiently large. In Matlab [a e] =
levinson(Rn(1 : 1000)). The vector a corresponds to {Ax ., } and e to Ag.
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(iif) Compute go = Y 5" 27" go,n. In Matlab go = sqrt(e)./fit(a, 2 A 13); and gn =
real(ifft (go)). Then gn(1: 2 A 12) contains the first 212 Fourier coefficients of
Yo-

(iv) Run the Kalman-Ho algorithm on gn(1:500). Select the appropriate number
of significant singular values to compute the realization {A, B, C, D} for g,.

(v) Compute g;. In Matlab, compute g; = g./go. Set g,; = real(ifft(g;)). Then
gi(1:2 A 12) contains the first 2!? Fourier coefficients of g;.

(vi) Run the Kalman-Ho algorithm on g¢,;(1:500) to compute the realization
{4i, Bi, C;, D;} for g;.

There is nothing magical about 1000 for the Levinson or 500 for the Kalman-Ho.
Certainly these numbers can be much smaller, or even larger depending on the
problem. We choose these numbers to demonstrate that this kind of an algorithm
works well for large numbers. Finally, by making minor modifications, the previous
algorithm can be converted to compute the inner-outer factorization for a rational
function G in H*°(€,)) when the outer factor is an invertible outer function. The
details are left to the reader as a simple exercise.

Let H be the Hankel matrix corresponding to a two-sided inner function
©. Then H has 6(0) singular values equal to 1 and all the other singular values
are zero; see Remark 4.2.3. So it is not surprising that the singular values for
the 500 x 500 Hankel matrix corresponding to the inner function g; in (7.7.3) are
{1,1,1,1,1,0,0,...} and §(g;) = 5. In other words, numerically, there are §(g;)
nonzero singular values for this Hankel matrix and these singular values are all
one. This happens for any square rational inner function once the finite section of
the corresponding Hankel matrix becomes large enough.

7.8 Rational Contractive Analytic Functions

We say that G is a contractive analytic function if G is a function in H*(£,))
and ||G||so < 1. In other words, a function G in H>(£,)) is a contractive analytic
function if and only if its corresponding Toeplitz matrix T defines a contraction
mapping (2 (£) into (2 ().

We say that {A on X, B,C, D} is a contractive realization if its system matrix

PN R

is a contraction. An isometric realization studied in Section 4.2 is a special case
of a contractive realization. In Chapter 13 we will show that G is a contractive
analytic function if and only if G admits a contractive realization. It is noted that
if {A, B,C, D} is a minimal realization for a contractive analytic function, then
is not necessarily a contraction. For example, {0,2,1/2,0} is a minimal realization
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for 1/z and ||| = 2. In this section we will concentrate on rational contractive
analytic functions and their contractive realizations.

Let {Aon X,B,C,D} be a contractive realization for a function G. The
state space X can be finite or infinite dimensional. Let Tz be the lower trian-
gular Toeplitz matrix corresponding to the Taylor series expansion for G(z) =
>0 2 "G, and W, the observability matrix determined by the pair {C, A}. To
be precise,

Go 0 0 - C
Gi Go 0 --- CA
T = G2 Gl GO and W, = CA%| - (782)
Then we claim that
— X
== [WO Tg] : [61(5)] — zi(y) (7.8.3)

is a contraction. In particular, T is a contraction mapping ¢2 (£) into ¢2 (). In
other words, if G admits a contractive realization, then G is a contractive analytic
function.

To show that = is a contraction consider the state space system

[ x%l(:)l) ] - [ é g } [ iEZg } : (7.8.4)

Here the state z(n) is in X, the input u(n) is in £ and the output y(n) is in Y for
all integers n > 0. Using the fact that the systems matrix 2 is a contraction, we
have

ly )11 + lla(WI* < lz(0)[I* + u(0)]1%,
ly(WI1Z + @)1 < J2@0)]* + [u@)]?,

ly()II* + [lz(n + D)II* < [lz(n)]* + [[u(n)]*.
Summing up the previous inequalities yields

n+1 n

Doy + D 1z < > eI + D ().
§=0 j=1 j=0 §=0

By eliminating the terms {||z(j)||?}}, we obtain

S IyOIZ <D Iy + llz(n + DI < [z + D lul)]*
§=0 j=0

=0



7.8. Rational Contractive Analytic Functions 167

If {u(4)}5° is any square summable sequence, then we have

Sy < 2O+ llu)]>. (7.8.5)
j=0 §=0

Recall that the solution to the state space system in (7.8.4) is given by

y(0) c Go 0 0 -7 [u0)
y<2) = |CA? I(O) + Gy G1 Go --- u(2) s (7.8.6)
where G(z) = Y ° 2 "G, is the Taylor series expansion for G; see equation

(14.1.5) in Section 14.1. By consulting (7.8.5), we see that
IWo(0) + Ta (5 u()|* = Z lyDI? < Nz )17 + D a1
§=0

Therefore Z is a well-defined contraction mapping X & ¢3 (€) into £3.(Y).

In summary, if {A, B, C, D} is a contractive realization for a transfer function
G, then G is a contractive analytic function. Recall that two similar realizations
have the same transfer function. So if {A, B,C, D} is similar to a contractive
realization, then its transfer function is also a contractive analytic function. This
proves part of the following result known as the bounded real lemma in systems
theory.

Theorem 7.8.1. Let {A on X, B,C,D} be a minimal realization for a L(E,Y)-
valued rational transfer function G. Then the following statements are equivalent.

(i) G is a contractive analytic function.

(ii) The operator A is stable and

AR

where Y is a strictly positive operator on X.
(iii) The realization {A, B,C, D} is similar to a stable contractive realization.

In particular, G is a rational contractive analytic function if and only if G admits
a stable minimal contractive realization.

Proof. Assume that G is a contractive analytic function. Let R be the rational
function in L>°(&, &) defined by R(e™) = I — G(e™)*G(e™) for all 0 < w < 27.
Because G is a contractive analytic function, R(e™) > 0 for all 0 < w < 27. Hence
Tg is a rational positive Toeplitz operator on Zi (€). By consulting Lemma 4.5.4,
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we see that the entries (Tr);r = R;_r of the Toeplitz matrix Tx are determined
by
Ry=1—-D"D - B*PB,
R,=CA"'B  (forn>1),
C = —(D*C + B*PA). (7.8.8)
Here P is the observability Gramian for the pair {C, A}. The results in Section

6.1, show that Tr admits a rational outer spectral factor ©. Moreover, according
to Theorem 6.1.1, the outer spectral factor © admits a realization of the form
{A, B,Cy, D,}. Let ® be the function in H*(E,Y ® ) defined by ® = [G ©]"".
We claim that ® is an inner function. Using the fact that I — G*G = R = ©*0 on
the unit circle, we have

PP =G"G+O0'0=G"G+I-G"G=1
on the unit circle. Therefore ® is an inner function.

Observe that {A, B, [C’ C’O] tr, [D Do]tr} is a minimal realization for ®.
According to Theorem 4.2.1, we have

Ao x| YO0 O A B Y 0
B D D(:‘ 0 Iy O C D | = 01 (7.8.9)
0 0 0 It C, D, €
where Y is the observability Gramian for {[C' C,] " , A}, that is,
Y = A*YA+C*C + C:C,. (7.8.10)
So for x v in X ® &, we obtain
2
viza yieg o2 |[Y4 Y2B vz o] [«] |
C D v = ¢ D v - 0 I |v
CO DO

This yields the inequality in (7.8.7). In other words, Part (i) implies Part (ii).
Assume that Part (ii) holds. Multiplying both sides of (7.8.7) by Y~/2 @ I,
we see that

(7.8.11)

Y2AY-Y2 yi2p ] [ X X
cy-1/2 D |le] Y

is a contraction. In other words,

Y ={yY24ay-12 y¥/2B cy~'/? D}

is a stable contractive realization of G. Notice that Y'/? is a similarity transfor-
mation intertwining {A, B,C, D} with 3. Therefore {A, B,C, D} is similar to a
stable contractive realization. So Part (ii) implies Part (iii). We have already seen
that Part (iii) implies Part (i). Therefore Parts (i), (ii) and (iii) are equivalent. O
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Remark 7.8.2. Let {A, B, C, D} be a minimal realization for a rational contractive
analytic function G. Let {A, B, C,, D, } be a realization for the outer spectral factor
© for I — G*G. Then

It E RS P B

where Y is the observability Gramian for the pair {[C CO] " , A}. Moreover,
(yY2Ay-1/2 yi/2B cy—12 D)
is a stable contractive realization for GG. Finally,
(B[ C]".[D DJ")

is a minimal realization for the inner function [G 6] "in H (&, Y@ E) and
(7.8.9) holds.

7.8.1 A contractive realization procedure

Assume that G is a rational contractive analytic function in H*°(€,)) satisfying
|G|l < 1. Then one can use the finite section method in Section 7.6 to compute
a realization {A, B, C, D} for G satisfying (7.8.12). To this end, compute the outer
spectral factor © for R = I — G*G. One can compute the Fourier coefficients { R, }
for R by using the fast Fourier transform or the state space method in (7.8.8). Now
let {A, B, [C Co]tr , [D DO] tr} be a minimal realization for the inner function
G O] " Then {A, B,C, D} satisfies the inequality in (7.8.12) where Y is the
observability Gramian for {[C' C,] LAY

Ezxample. Consider the contractive analytic function

—0.71652% + 0.17962 — 0.0706
_ . 7.8.13
9(2) = 50582122 _ 0.0580> 1 0.0003 ( )

A simple computation shows that ||g]lcc = .92. Using the finite section method
with the Kalman-algorithm, the outer spectral factor 6 for 1 — |g|? is given by

_ 0.667123 — 0.24712% — 0.1627z + 0.0004497

7.8.14
23 —0.282422 — 0.058z + 0.0003 ( )

0(z)

A minimal realization {A, B, C;, D;} for the inner function [g 0]” is given by

0.0983 —0.3295 —0.0116 0.8548
A= | —0.4965 0.1097 —0.2787 |, B= [0.0515],
0.0178  0.2840  0.0744 0.0196
~0.8344 —0.0757  0.0294 0
“i=1 _o0ss2 03187 0.0154} and Di:[o.%n]' (7.8.15)
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Then a realization for g is given by {4, B, C,0} where
C=[-0.8344 —0.0757 0.0294]

is the first row of C;. The observability Gramian Y for the pair {C;, A} is given
by

0.7590 0 0
Y= 0 01934 0 |. (7.8.16)
0 0  0.0163

Finally, the inequality (7.8.12) holds with D = 0.
A typical procedure for computing {A, B, C, D} for the rational contractive
analytic function g = p/q in Matlab is given by the following steps.

(i) Compute g = fft(p,2 A 13)./1ft(¢q,2 A 13). Here
p =1[0,—-0.7165,0.1796, —0.0706] and ¢ = [1, —0.2824, —0.0580, 0.0003].

Then ||g|lcc = norm(g,’inf’). Compute R = 1 — abs(g). A 2. Set Rn =
real(ifft (R). The vector Rn(1:2 A 12) contains the first 2!? Fourier coefficients
for R=1—|g|°.

(ii) Invert the Toeplitz matrix Tg for k sufficiently large. In Matlab [a €] =
levinson(Rn(1:1000)). The vector a corresponds to {Ay »} and e to Ay.

(iii) Compute 8 = >° 27"6,,, the outer spectral factor for 1 — |g|>. In Matlab

0 = sqrt(e)./fft(a,2 A 13); and 9 = real(ifft(#)). Then 9¥(1:2 A 12) contains
the first 212 Fourier coefficients of 6.

(iv) Run the Kalman-Ho algorithm on (1:500). Select the appropriate number
of singular values and compute the realization {A,, B,, C,, D,} for 6.

(v) Now use standard state space techniques to find a minimal state space real-
ization {A, B, C;, D;} for the inner function [g 9]”.

(v-a) Another method to compute {A, B, C;, D;} which skips part of step (iv) is to

find the Fourier expansion g = > " 27 "g,. In Matlab gn = real(ifft(g)); the

vector gn contains {gn}gw_l in the vector gb(1:2 A 12). Let o be the vector
defined by

a=[gn(l) 9(1) gn(2) I9(2) gn(3) I3) --- gn(500) I(500)].
Then run the Kalman-Ho algorithm on a to compute a minimal realization
for [g 9] " In fact, this is how we computed {4, B, C;, D;}.

(vi) Finally, use the “dlyap” command to compute the observability Gramian for
the pair {C;, A}. Then {A, B,C, D} is a realization for g where C is the first
row of C; and D is the first component of D;.
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As noted earlier there is nothing magical about 1000 for the Levinson or 500 for
the Kalman-Ho. Finally, by making minor modifications, the previous algorithm
can be converted to compute a minimal realization for any rational contractive
analytic function G in H*>*(€,)Y) satistying ||G|lcc < 1. The details are left as a
simple exercise.

7.9 A Spectral Factorization Approach to Filtering

Let {A, B,C, D} be a minimal stable realization for a scalar-valued rational trans-
fer function g(z) in H°. The corresponding state space system is given by

z(n+1) = Ax(n) + Bu(n) and y(n) = Cz(n) + Du(n). (7.9.1)

The output y(n) corresponding to the input u(n) is determined by the Toeplitz
matrix T, and the observability matrix corresponding to {C, A}, that is,

y(0) c g9 0 0 -] [u(0)
y(1) CA g1 go 0 -+ |u(l)

y2)| = |caz| =)+ gy g1 g0 | [u(2)]- (7.9.2)

Here g(2) = Yo 2 *g, where go = D and g, = CA*~1B for all integers k > 1;
see Section 14.1.

The steady state response to an input u(n) is the output yss(n) after all the
transients have died out. The steady state response is usually computed for a
sinusoid input. For example, consider the sinusoid input u(n) = ae"°™. Here a is
the amplitude of the sinusoid and wy is the angular frequency. In this case, the
output y(n) is determined by

y(n) = CA™z(0) + Zgn_kaeu"“k
k=0

= CA"z(0) + ae"™°" Z Gn_pe w0 (n=k)
k=0

= CA"z(0) + ae*™" Z gre ok
k=0

oo
= CA"2(0) + g(e"“°)ae™*" — ae'°" Z gre ™ok,
k=n-+1

Observe g(e™?) is the value of the rational transfer function g(z) computed at the
boundary z = e"°. Because g is a rational function in H°°, the last term converges
to zero as n tends to infinity, that is,
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o0 oo
ae™on Z gre k| < |al Z lgk| — 0.
k=n+1 k=n+1

Since A is stable, CA™2(0) also converges to zero as n tends to infinity. So for
large n the output y(n) = g(e™°)ae’™. Recall that the steady state response
is the output yss(n) after all the transients have died out. So in our example
yss(n) = g(e™0)ae™0™. Notice that g(e™°) admits a polar decomposition of the
form g(e™0) = |g(e™?)|e*? where ¢ is the angle for g(e*°). This readily implies
that the steady state response is given by

as(n) = alg(e™0)[ "o +00), (7.9.3)

The steady state response yss(n) corresponding to the input u(n) = ae™°" is a
sinusoid with the same frequency wy as the input, while the amplitude had changed
to alg(e™°™)| and there has been a phase shift of ¢y radians.

Now assume that the input u(n) is a finite linear combination of sinusoids,
that is,

u(n) = Zakew’“". (7.9.4)
k=1

Here {ay}y are the amplitudes and {wy}y are the distinct frequencies for the
sinusoid input. Because the system in (7.9.1) is linear, the corresponding steady
state output is given by

Yas(n) =Y aglg(er)[erwrntor) (7.9.5)
k=1

where g(e**) = |g(e™*)|e*®* is the polar decomposition for g(e**).

In most applications (7.9.1) is a state space system consisting of real matrices
{A, B,C, D}. In this case, the Taylor coefficients {g}5° are also real. Moreover,
if ¢ is the phase for g(e'), then we see that

gle™™) = g(e) = Jg(e=)[e? = |g(e™) e,

In other words, g(e’) and g(e~*) have the same magnitude, while ¢ is the phase
for g(e™) if and only if —¢ is the phase for g(e™*). Recall that sines and cosines
of ¢ are linear combinations of e*?. Now consider the sinusoidal input of the form:

u(n) = Z ay, cos(wgn + k). (7.9.6)
k=1

Here {ay}} are the amplitudes and {wy}} are the distinct frequencies and {py }Y
are the phases. Because the system in (7.9.1) is linear and the Taylor coefficients
of g are real, the steady state output is given by

Yss(n) = > axlg(e™*)| cos(win + ¢x + ox)- (7.9.7)
k=1
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An ideal filter is a “causal” function # which accepts sinusoids in a specified
frequency range « and rejects sinusoids outside the frequency range of x, that is,
if u(n) = ae™, then

yss(n) = ae™" ifwe K,

=0 otherwise.

A filter is called low pass if the filter accepts low frequencies and rejects high fre-
quencies, that is, K = [0,wy]. A filter is high pass if the filter rejects low frequencies
and accepts high frequencies, that is, k = [wp, 7r|. Finally, a filter is bandpass if
it accepts frequencies in a specified band k = [wg,w;] and rejects all the other
frequencies. (Filters are symmetric about 7, and thus, & is only specified in the in-
terval [0, 7].) Filters are usually implemented as stable rational transfer functions.
Because a nonzero rational transfer function cannot be zero on a set of positive
measure, it is impossible to implement an ideal filter. So the practical problem is
to find a rational transfer function to approximate an ideal filter. Finally, McMil-
lan degree plays a fundamental role in filter design. In general filters with a higher
McMillan degree tend to be more accurate. However, they are more expensive to
implement.

There are many methods to design a filter of a specified McMillan degree; see
[12, 65, 127, 172, 192]. Here we will use our outer spectral factorization theory in
Section 7.6 along with the Kalman-Ho algorithm to design a filter. A major prob-
lem with this design method is that it does not allow one to specify the McMillan
degree a priori. The method is really quite simple. First specify in the frequency
domain a positive function f(w) for w in [0, 27] which is symmetric about 7. The
function should be smooth and f(e) = 1 if w is in some specified frequency range
k, then outside this range, the function f should decay smoothly and relatively
fast to € > 0. The filter which we want to design will select frequencies in x and
reject frequencies outside of k. (The faster the function decays to e the larger
the McMillan degree of the filter will be.) To take advantage of the fast Fourier
transform, the function f is specified by 2% points around the unit circle for some
integer k say 12, 13 or 14 is sufficient. Then the idea is to find a rational outer
function 6 of the lowest possible McMillan degree such that f(e™) ~ |6(e**)|. To
accomplish this one can use the fast Fourier transform to find the Fourier coeffi-
cients {ry}>, for f(e*)? =r=3""_e *“Fr;. Because f is symmetric about T,
the Fourier coefficients rj are real. The corresponding Toeplitz matrix

To T1 T2
/]"1 7"0 7"1 ... 2
Tr=1|ry r rg --- | OnLL (7.9.8)

is positive and invertible; see Proposition 2.5.1. Hence T;. admits an invertible outer
spectral factor, or equivalently, r = |0]?> where 6 is an invertible outer function in
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H*®°. Then one can use the results in Section 7.6 with the Kalman-Ho algorithm
to compute a minimal realization {A, B,C, D} for the outer spectral factor 6 for
r(e™). Finally, 6 is the transfer function or filter which picks out the sinusoids in
the frequency range x.

Recall that the steady state response yss(n) for a transfer function 6 corre-
sponding to the sinusoid input u(n) = ae™°" is given by

i) = alf(e"n)ereom o)

where ¢¢ is the phase for 6(e*?). So if the input frequency wg is in k, then
|0(e*0)| = 1, and yss(n) = ae’@oF90) In other words, the steady state output of
the filter 0 is the same as the input except for a phase shift ¢y. In many applica-
tions, this phase shift does not pose any problems. However, one can eliminate this
phase shift by adding the appropriate Blaschke product b to the transfer function
6. To see this, consider the transfer function g = bf. Recall that |b(e’)| = 1 over
all frequencies w. Hence r = |0|> = |g|2. So by choosing the appropriate Blaschke
product b one can eliminate the phase shift ¢g at wy by implementing the filter b6.
Finally, it is noted that if the input frequency wq is sufficiently far from k, then
the steady state output yss(n) = a|f(e?0)|e*wontdo) ~ 0,

The graph for fand [6]
T T

Figure 7.1: A bandpass filter.

Ezample. Consider the bandpass filter given in Figure 7.1. The cutoff frequencies
are 37/10 and 67/10. In fact, for simplicity of presentation, we choose f? = r =
|€]24+107* where ¢ is the the fourth-order Butterworth filter with cutoff frequencies
[37/10,67/10]. (In Matlab butter(4,[3,6]/10).) Notice that f > 1/100 over all

frequencies. (If the function f(e*) =~ 0 over some interval, then the Levinson
algorithm will not work properly. Moreover, since our Butterworth filter £ has

eight zeros on the unit circle, the outer spectral factor for |¢|? is not invertible,
and the Levinson algorithm may have numerical problems when inverting the
corresponding Toeplitz matrix. All these problems are avoided by choosing |¢]? +
10~%.) Using the inverse fast Fourier transform on 7, we computed {ry}§ for v
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sufficiently large. Then running this through the Levinson algorithm, we computed
the transfer function = \/e/a. Now the fast inverse Fourier transform can be used
to approximate the Fourier coefficients {0} for = Y"° 2~*6;. Finally, by running
the Fourier coefficients {;} through the Kalman-Ho algorithm, we obtained the
filter

_0.0872% — 0.04427 — 0.09125 + 0.0242° + 0.0772* — 0.0142% — 0.02622 + 0.002z + 0.004

0
28 —0.97827 4 1.9426 — 1.33925 + 1.62724 — 0.73523 + 0.58322 — 0.139z + 0.076

Figure 7.1 plots both |0] and f on the same graph. They are so close that they
appear as one graph. Our algorithm is summarized in the following steps:

(i) Compute r = ifft(f. A 2). The Fourier coefficients {ry}4§ for r = f? are
contained in the first v components of 7 where v < 2¥~! and f contains 2*
points.

(ii) Compute [a, €] = levinson(r(1:v)) for v sufficiently large (we used v = 1200).
Next compute 8 = +/e./flt(a,2 A k) and v = real(ifft(9)). Then the first
v < 28=1 Fourier coefficients {0y} for 6 = > 27%6), are contained in ~.

(iii) Run the Kalman-Ho algorithm on «(1:u) for u sufficiently large (we choose
@ = 800) to compute a state space realization {A, B,C, D} for 6. Finally,
using ss2tf we arrived at our eighth-order model for 6.

By keeping the first six singular values in the Kalman-Ho algorithm, we
arrived at the following sixth-order approximation ¥ for the filter 6:

9= 0.08742% — 0.02512° — 0.11582* + 0.00722% + 0.097222 + 0.0053z — 0.0431
© 20 —0.76402° + 1.55582% — 0.817223 + 1.040822 — 0.27932 4 0.2230

The sixth order approximation 9 for 6 is very close. In fact, the H* distance
between 6 and 9 is given by ||§ — J||oc = 0.0051. So when || is plotted on the
same graph as |6| or f, all the graphs are virtually indistinguishable.

Finally, by retaining only four singular values in the Kalman-Ho algorithm,
we obtained the following fourth-order approximation v for 6:

- 0.08742% — 0.007923 — 0.12622% — 0.03572 + 0.1666

v 2% —0.540623 + 1.158122 — 0.3621z + 0.4919

The H> distance between 6 and 1) is given by || — ¥|/c = 0.0886. The plot of
|| and f is displayed in Figure 7.2.

7.10 Notes

Theorem 7.1.1 is a classical result in inverting strictly positive Toeplitz oper-
ators; for example see Rosenblum-Rovnyak [182]. The results in Section 7.2 are
well known and were taken from the Appendix in Foias-Frazho-Gohberg-Kaashoek
[84]. The Carathéodory interpolation problem was solved by Carathéodory [50, 51]
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The graph for fand [y]
T T

Figure 7.2: A bandpass filter approximation.

and plays a fundamental role in modern H*° interpolation theory. The literature
on H* interpolation theory is massive. For some monographs in H* interpola-
tion theory; see Agler-McCarthy [4], Bakonyi and T. Constantinescu [22], Ball-
Gohberg-Rodman [24], Foias-Frazho [82], Foias-Frazho-Gohberg-Kaashoek [84],
Chapter XXXIII in Gohberg-Goldberg-Kaashoek [114] and their historical com-
ments. The finite section inversion Lemma 7.6.1 is a special case of the projec-
tion matrix inversion formulas in Section 2.17 of Gohberg-Goldberg-Kaashoek
[112]. For some further results on the finite section method in operator theory
see Bottcher-Silbermann [36] and Lindner [157]. Using the Levinson algorithm
with the finite section inversion formulas to compute the outer spectral factor and
inner-outer factorization is a straightforward application of the Kalman-Ho algo-
rithm. The bounded real lemma (Theorem 7.8.1) is a classical result in systems
theory; see Kailath-Sayed-Hassibi [143] and Zhou-Doyle-Glover [204] for histori-
cal comments and applications to systems theory. A general theory of contractive
analytic functions and unitary realizations was developed independently of the
bounded real lemma in operator theory. In operator theory the contractive ana-
lytic functions were not necessarily rational and the unitary realizations were in
general infinite dimensional. The theory of unitary systems started with Livsic
[163, 164]. Then using dilation theory, Sz.-Nagy-Foias developed the characteristic
function; see [198]. The characteristic function is a unitary system which plays a
fundamental role in operator theory. The Sz.-Nagy-Foias characteristic function
can be used to study the spectrum and invariant subspaces of contractions. For
further results on unitary systems; see Brodskii [43, 44], Chapter 28 in Gohberg-
Goldberg-Kaashoek [114], Arocena [15] and Arov [19, 20]. Finally, it is noted that
the results in Section 7.9 is a rather naive approach to filtering theory for sinu-
soids. However, it may provide a reasonable filter for certain applications. For
an in-depth study of sinusoid filtering theory; see Antoniou [12], Daryanani [65],
Hayes [127], Peled-Liu [172], Oppenheim-Schafer-Buck [169], Schafer-Oppenheim
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[191] and Schaumann-Van Valkenburg [192].

A Wiener optimization problem. A Wiener filtering problem is discussed in
Chapter 11. Motivated by Wiener filtering, a classical Wiener optimization prob-
lem is given by

p=inf{|G -OH|s: He H*U,E)}. (7.10.1)

Here © is a specified function in H*(€,)) and G is a function in H*(U,)). As
always, we assume that the spaces U, £ and )Y are all finite dimensional. Moreover
the inner product between two functions P and @ in the appropriate H?(-, -) spaces
is determined by

2m
(P,Q)2 = %/0 trace (P(e*)Q(e*)*) dw.

Now assume that © admits an inner-outer factorization of the form © = 6,0,
where O, is an inner function in H*>°(£,Y) and O, is an invertible outer function

in H*(&,€). The solution H to the Wiener optimization problem in (7.10.1) is
unique and computed by

H(z) = 0, (2)(PL(0;G))(z) and 42 = |G}~ |P-(O;Q)3.  (7.10.2)

Here P, is the orthogonal projection from L?(-,-) onto the appropriate H?(-,-)
space, that is Y 0% F,e™™" = Py > Fpe ™",
To verify that the solution is determined by (7.10.2), observe that

OH?*U,E) = 0,0,H*U,E) = 0;H*(U,E)

is a linear subspace. Because ©, is an_invertible outer function, the projection
theorem guarantees that the solution H to the optimization problem in (7.10.1)
is unique. Moreover, this solution is determined by the unique function H in
H?(U, &) such that ©,0,H — G is orthogonal to ©,H*(U,E). So using the fact
that ©70, = I on the unit circle, GOﬁ—@fG is orthogonal to H?(U, £) on the unit
circle. Hence ©,H = PO}, or equivalently, H= ©,1P.0;G on the unit circle.
So the optimal solution His unique and given by the first equation in (7.10.2). To
obtain the expression for the cost p in (7.10.2), observe that

12 =G -0:0,H|}= |G- 6:;P,0;G|3
= [|G|13 — 2R(G, ©: P, ©;G) + |0 P1O; G|
= IG5 - 2R(0; G, P, O;G) + || P 0;G|]3
= [|G|I5 - | PrO; G3.

Therefore the expression for the cost p in (7.10.2) holds.
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Ezxample. Now let us try an example in Matlab. Consider the function

23 —4.8332%2 4+ 3.52 — 0.6667

24 —0.723 4+ 0.22522 — 0.0252’
2242243

23 +0.533322 — 0.01667z — 0.01667"

9:

g:

In this case, the Wiener optimization problem is y = inf{||g — 0h|| : h € H?}. By
using Matlab and keeping four singular values in the Kalman-Ho algorithm, we
arrived at

—0.39762% — 0.481923 + 0.30732% — 0.09307z + 0.001575

E =
24 —0.110623 — 0.31122 4 0.027452 4 0.01511

Moreover, the error u = 1.4434. The corresponding Matlab commands we used
are given by

o theta=fft([0,1,—4.833,3.5,—0.6667],213). /fft([1,—0.7,0.225,—0.025,0],213);

o g=ft([0,1,2,3],2'3)./ft([1,0.5333,—0.01667,—0.01667],2'3);

o r=real(ifft(abs(theta).A2));

e [a,e] =levinson(r(1:1000));

e thetao=sqrt(e)./fft(a,2'3);

e thetai=theta./thetao;

e g=conj(thetai).*g; dq=ifft(q);

o h=fft(dq(1:2!2),213). /thetao;

o mh=real(ifft(h));

e [a,b,c,d, s|=kalho(mh(1:600));

o [hn, hd]=ss2tf(a,b,c,d); hopt=tf(hn,hd);

e u = norm(ifft(g — 6. x h));

e Finally, u is also given by: u? =norm(ifft(g)).A2 — norm(dq(1:2'2))A2.

(The Kalman-Ho algorithm is not yet in the standard Matlab package and we
programmed a Kalman-Ho algorithm.) Finally, it is noted that we only kept four
singular values in the Kalman-Ho algorithm.



Chapter 8

Isometric Representations and
Factorization

Let Tk be a positive Toeplitz matrix with a rational symbol R. In this chapter,
we will use the finite sections T ,, of Tr to compute the maximal outer spectral
factor and the unitary part for Tr. Then we shall use the lower triangular Cholesky
factorization of Tr, to approximate the Taylor’s coeflicient of the maximal outer
spectral factor for Tg.

8.1 Isometric Representations and Finite Sections

Let {U on K,T'} be a controllable isometric representation for a positive Toeplitz
matrix Tg with £(€,€)-valued symbol R = 3% e *kR;. Recall that U is an
isometry and I' is an operator mapping £ into K such that R_,, = I'*U"T for all
integers n > 0. Consider the function G(z) defined by

oo

G(z)=> %R_n. (8.1.1)

n=0

The function G will be used to gain some further insight into the maximal outer
spectral factor for Tg. Notice that {U,T',T* 0} is a controllable realization for
G(z). However, this realization may not be minimal. To construct a minimal re-
alization for G(z), we simply extract the observable subspace from {U,T",T*,0},
that is, let X’ be the observable subspace for the pair {I'*, U}, or equivalently, the
controllable subspace for the pair {U*,T'} given by

X = <7 UTE.

n=0
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Clearly, X is an invariant subspace for U*. Let A be the operator on X and B the
operator mapping £ into A defined by

A=TxUXon X and B=T:&—-X.

It is emphasized that {A, B, B*,0} is obtained by extracting the observable part
from the controllable realization {U,T',T*,0} of G. Thus {4, B, B*,0} is a con-
trollable and observable realization for G. In particular, X is finite dimensional if
and only if G is a rational function. Finally, the McMillan degree of G equals the
dimension of X.

Throughout we assume that G is rational, or equivalently, the symbol R for
T is rational. To obtain the maximal outer spectral factor for T, recall that
{U,T'} admits a Wold decomposition of the form

U= [*g 3} on [zi}(}y)] and T = [E] (€ — [ﬁ](}y)] : (8.1.2)

As expected, Y = ker U™ and S is the unilateral shift on 63_ (Y). Moreover, V is a
unitary operator on V. We claim that {A, B} admits a matrix representation of

the form
A, 0 X, B X,
A—{O V] on {V} and B_[Fg]‘g_){]i} (8.1.3)

Here B, =T'; is viewed as an operator mapping £ into X,, and A, is the operator
on X, determined by

X, =\/ S*"T1€ and A, =TIy, S|X,. (8.1.4)

n=0

Moreover, the subspace &, is a finite dimensional invariant subspace for the back-
ward shift S*. Finally, the operator A, is stable.
To see this, first notice that the Wold decomposition in (8.1.2) shows that

B 0 S*nTy
X = \!O [V*”FJ ECX,®V.

Because X is finite dimensional, X, and V, = \/8O V*nT'Z€& are both finite dimen-
sional. Using the fact that X, is invariant for S* and A% = S*|X,, it follows that
A"x = S*"z converges to zero for all x in X,. Since the state space is finite
dimensional, A} is stable, and thus, A, is stable.

Now let us show that V, = V. Notice that V, is invariant for V*, and thus,
V*|V, defines an isometry on V,. Since V, is finite dimensional, V*|V, is unitary,
and V*V, = V,. Hence V'V, = V,. In particular, V, is an invariant subspace for
V. Using the fact that I's€ is contained in V, and V, is invariant for V', we obtain
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Vo 2 Vo V'I'2€ = V. The equality follows from the controllability of {V,T'2}.
This readily implies that V, = V. Finally, it is noted that the pair {V* Ty} is
controllable.

The above analysis shows that {A}, B,} and {V*,T's} are both controllable
and X C X, @ V. The operator A} is stable and all the eigenvalues for V* are on
the unit circle. By consulting Lemma 6.1.2, we see that X = &, ® )V, and the pair
{A, B} admit a matrix decomposition of the form (8.1.3). This proves our claim.

Recall that the maximal outer spectral factor © for Tr is determined by

O(z) = 2Ty (2] — U*) 7T = 200y (21 — S*) 7'y, (8.1.5)

where IIy is the orthogonal projection onto } = ker U*; see Theorem 5.2.1. We
claim that the pair {IIy|X,, A%} is observable. To verify this, assume that there
exists a vector x = [xo T T2 ] r in X, such that 0 = IIy A"z for all
integers n > 0. Since A} = S*|X,, we obtain

0=TyA"x =11y S = x, (n>0).

In other words, x,, = 0 for all n and the vector 2 must be zero. Hence {I1y|X,, A%}
is observable. (Essentially, the observability of {IIy|X,, A%} follows from the ob-
servability of {IIy,S*}.) By construction, the pair {A%, B,} is controllable. So
{4, By, IIy|X,,0} is both controllable and observable. Since X is an invariant
subspace for U* and A* = U*|X, we obtain

0(z) = 2(Tly|X) (21 — A*)'B = 2(TIly|X,) (2] — AX) "' B,. (8.1.6)

Therefore { A%, B,,I1y|X,, 0} is a controllable and observable realization for z—10.
The subspace X = X, if and only if the unitary part V is not presented
in the Wold decomposition of U. Because {A}, B,, I1y|X,,0} and {A*, B, B*,0}
are both controllable and observable, the McMillan degree of z~'@ equals the
McMillan degree of G if and only if the unitary operator V is not presented in the
Wold decomposition of U.
We claim that the maximal outer spectral factor for Tk is given by

O(z) = 2C,(2I — AX)"'B, (8.1.7)
where C, is any operator mapping X, onto Z such that
I—-AA, =CC,. (8.1.8)

To see this, first observe that II5,Ily = I —UU*. Let C} be the operator mapping
X, into Y given by Cy = IIy|X,. Using the fact that A% = S*|X, = U*|X,, we
arrive at
CiCy = N, Iy | X, =y, (I — UU™)|X,
=1 -Tx,UA, =1— AA.
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Hence C;C; = I — A,A%. We claim that C4 is onto ). Equation (8.1.5), shows
that Iy = O(00). Since I'E is a subspace of X = X, ® V and I,V = {0}, we
have

ClXo = HyXo = HyX 2 HyFS = @(OO)S = y

The last equality follows from the fact that © is outer, and thus, ©(c0) is onto Y.
So C; maps X, onto ). Equation (8.1.6) shows that ©(z) = 2Cy (21 — A,) !B, is
the maximal outer spectral factor for Tg.

Let C, be any operator mapping X, onto Z such that I — A, A’ = C*C,.
Then C;C, = C7C; and there exists a unitary operator ® such that C, = ®C}.
Hence 2C,(2I — A%)~!B, = ®O(z). Because the maximal outer spectral factor is
unique up to a constant unitary operator on the left, zC, (21 — A%)~!B, is also a
maximal outer spectral factor for Tx. Finally, { A%, B,, C,, 0} is a controllable and
observable realization for z~!'0. This verifies our claim.

Let us construct a sequence of finite dimensional operators to approximate
the pair {A, B}. This approximation will be used to develop some computational
algorithms. To this end, let H,, be the subspace of K defined by

n—1
H,=\/UTE  (n>1). (8.1.9)
j=0

Let U,, be the operator on H,, and B,, the operator mapping & into H,, defined
by

U,=UPy, |HohonH, and B,=T:&—H,. (8.1.10)
Notice that U,, Py, converges to U in the strong operator topology, and B,, equals
I" for all n. By employing the definition of U,, and B, we have UJB,, = U’T for
all integers j = 0,...,n — 1. Thus we arrive at

BiU)B, =T*UT =R_; (for j=0,1,2,...,n—1). (8.1.11)

Remark 8.1.1. Assume that U = S is the unilateral shift. Then U, is stable, that
is, all eigenvalues of U,, are contained in the open unit disc D.

Since U, = UPy, _,|Hy, where U = S is an isometry, |Uy] < 1. In other
words, U, is a contraction and all eigenvalues of U, are contained in the closed
unit disc. To prove that U, is stable, it remains to show that U,, has no eigenvalue
on the unit circle. Let us proceed by contradiction. Assume that A is an eigenvalue
of U,, on the unit circle corresponding to the eigenvector x in H,,. Then we obtain

]l = (Al = [[Az]] = [Unz || = [[SPr,, _xll = || P, |-
In other words, ||z|| = || Px,,_, | which implies that = is a vector in H,,—1. Thus
Sx =SSPy, ,v=Uz =\

So A must also be an eigenvalue for the unilateral shift. Recall that the unilateral
shift has no eigenvalues; see Section 1.2. This leads to a contradiction. Hence none
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of the eigenvalues of U, are on the unit circle. Therefore all eigenvalues of U,, are
contained in D and U, is stable.
Recall that Tr = WHW where W is the controllability matrix determined by

W=[T Ur Ur ---].

Let Tr,, on £™ be the block Toeplitz matrix determined by the n by n block upper
left-hand corner of Tg, that is,

RO RT - R:—l
R, Ry - R,
Trn = ) ) ) ) on &". (8.1.12)
Rn—l Rn—Z tet RO

Let W, be the operator mapping £" onto H,, restricted to the first n columns of
W, that is,

W,=[ UT ... U"'T]:&"—H,CK.

Then Tg,, admits a factorization of the form Tx, = W W,. Let J, and @,, be
the operators mapping £" ! into £" defined by

Jp = |:é} e |:S7;:—1] and Q= |:?] (&M [57{;—1} . (8.1.13)

Notice that H,—1 = ranW,J,. Moreover, U,W,J, = UW,J, = W,Q,. The
contraction U,, = W,,Q,, (W, J,,)~" where L~" denotes the Moore-Penrose pseudo-
inverse of L. Finally, B,, = W,,|€ where £ is identified as the subspace correspond-
ing to the first component of £".

Let M,, be any operator mapping £" onto X, such that Tr , = MM, . Then
there exists a unitary operator ® mapping X,, onto H,, such that W, = ®M,,.
Using this, we obtain

Up® = ®[M,Qn(M,J,)""] and B, = ®M,|E.

Clearly, the pairs {U,, B,} and {M,Q,(M,J,)"", M,|E} are unitarily equiva-
lent. Due to this unitary equivalence, without loss of generality we can ignore the
unitary operator ®, and thus, U,, and B,, can be computed by

Up = MpQn(M,J,)™" and B, = M,|E. (8.1.14)

Notice that U} converges to U* in the strong operator topology. (This is left
as an exercise.) Recall that X = \/;° U*'T'€ and A* = U*|X. For large n and fixed
k> dim X = §(G), the number of significant singular values of

E=[B, U:B, U®B, - UB,] (8.1.15)

n
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is equal to the dimension of X'. Moreover, one can use the singular value decompo-
sition of = to find an approximation of {A, B} and this readily leads to the outer
spectral factor and the unitary part V. This computational method is described
in the following algorithm. Finally, it is emphasized that this method does not
require O to be square.

Because the pair {V on V,T's} acts on finite dimensional spaces and V' is
unitary, by performing the appropriate unitary transformation, without loss of
generality we can assume that V' is a diagonal operator with distinct eigenvalues
e"7 with multiplicity v;, that is,

e ] 0 . 0 Ccn T2,
0 ew2 T ... 0 Cr2 I‘Q’Q

V=1 . . _ _ on | . [ andTe=| . |. (8.1.16)
0 0 e Wk ] Cvr F2,k

Here 'y ; is an operator mapping € onto C% for j =1,2,...,k, and V = &C.

The Wold decomposition algorithm

Assume that G in (8.1.1) is a rational function corresponding to a positive Toeplitz
matrix Tr. We say that UAV* is the singular value decomposition for a finite
dimensional operator T if A is the (rectangular) diagonal matrix consisting of the
singular values for T while U and V are unitary operators acting between the
appropriate spaces.

(i) For sufficiently large n, construct Tg ,, on ™.
(ii) Compute a factorization T'r,, = MM, where M,, maps " onto X,.

(iii) Construct J, and @y, in (8.1.13). Then compute U,, = M,,Qn(MpJp)~" and
B, = M,|€.

(iv) Now construct the controllability matrix
Er=[Bn U;Bn U}B, - U}*B,|

for a fixed k > §(G), or an integer k such that the number of significant
singular values for Z; and =41 are the same.

v) Let UAV* be the singular values decomposition of =j. By selecting the firs
Let UAV* be th 1 lues d t f By selecting the first
e largest significant singular values o1 > 09 > -+ > 0, > 0 where 0,41 = 0,

set ® = U|CH by keeping the first ;¢ columns of U.
(vi) Compute A = ®*U,® and B = ®*B,,.

(vii) Compute the matrix representation of A and B of the form

A, 0 X, | Bo] . X,
A—[O V] on [V] and B—[FJ.EH{V]
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Here A, is stable and V is unitary.

(viii) Let (701\0‘70* be the singular value decomposition of I — A,A}. Let A, be the
q by ¢ diagonal matrix contained in the upper left-hand corner of A, where
q is the number of significant nonzero singular values of A,, or equivalently,
I — A,A;. Compute the matrix C, mapping X, onto C?¢ by

Co=[AY? 0]V x4, —co.

Observe that CXC, =1 — A, A%.

(ix) The maximal outer spectral factor © for Tx is given by the state space
realization

O(z) = 20,(2I — AX)"'B,.
Here © is a rational function in H> (&, C?).

(x) Finally, {V T2} is our approximation for the unitary part of {U,T'}. In par-
ticular, one can use a unitary transformation to convert {V,I's} to a diagonal
representation {V, 'y} given in (8.1.16).

It is noted that this algorithm converges faster when the unitary part is not present
in the Wold decomposition. In Section 8.4, we will show how the lower triangular
Cholesky factorization can also be used to compute the maximal outer spectral
factor. Finally, it is noted that one disadvantage of this method is that the size n
of T, is not known a priori.

Remark 8.1.2. One can also compute the maximal outer spectral factor © for a
rational positive Toeplitz matrix Tg and its corresponding unitary pair {V,Ts}
directly from {U,, B,}, when n is sufficiently large. To this end, let C,, be any
matrix mapping H,, onto C? such that C;C,, = I — U,U;:. Then

O(z) = 2C, (2 —UN)'B,.

It is noted that this realization is not necessarily minimal. One can extract a
minimal realization for © from the system {U*, U} B,,, Cy,, C,, B, }. In fact, one can
run the Kalman-Ho algorithm on {C,U;?B,} to compute a minimal realization
{A,B,C, D} for ©.

To compute {V, T2}, let ¥ be an isometry mapping C™ into H,, such that
U,¥ = UV where V is a unitary matrix of the form (8.1.16) consisting of all the
eigenvalues for U,, of modulus 1. Set 'y = ¥*B. This yields {V, '3} in (8.1.16).
Finally, it is noted that this computational method involves larger matrices.

8.2 A Basic Optimization Problem

Let ©(z) = Y07 27"0,, in H?(£,Y) be the maximal outer spectral factor for a
positive Toeplitz matrix Tr. Recall that © is unique up to a unitary operator on
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the left. Let

0 0 0
O =MpTeleh=| . . |k (8.2.1)
Ok-1 Op—2 -+ O

be the k x k block lower triangular Toeplitz matrix contained in the upper left-
hand corner of Tg. Let T, on £" be the block Toeplitz matrix contained in the
upper n X n left-hand corner of Tg; see (8.1.12). For a fixed k < n, the space £
admits a decomposition of the form £" = £¥ @ £"~* where £F is embedded in the
first k components of £", while £7~* is embedded in the last n — k components
of £™. For a fixed k < n and a specified vector f in £*, consider the optimization
problem

(Apnf, f) = mf{(Trn(f ©h), (f © ) : b€ E"F}. (8.2.2)

The solution to this optimization problem is not necessarily unique. However, the
cost p(f) = (Agnf, f) where Ay, is a positive operator on EF.

To obtain an expression for Ay ., let M, be any operator mapping £" onto
H,, such that T, = M M,. In fact, one could choose M, = Tl/2 Now let G be

the subspace defined by G = M,,(0® £"~*). According to the prOJection theorem,
we have

p(f) = mf{(Trn(f ®h),(f©h)): he&F}
= inf{||M,(f ®h)||>: h e E"*}
= inf{||M,(f ®0) — M,(0® h)||>: h e E"*}
= inf{[|M,(f ®0) —¢[* : o € Ma (05 ")}
= [|(I = Pg)My(f ©0)[|* = (egx My (I = Pg)MuTTg1 f, f)-

Hence p(f) = (Aknf, f) where
Agn = Tex M (I — Pg) M, I, (8.2.3)

Remark 8.2.1. One can use the eigenvalue decomposition of T ,, to compute the
cost function Ay, ,, in the optimization problem 8.2.2. To see this, let VAY* = Tg ,
be the eigenvalue decomposition of Tx, where A on C” is a diagonal operator
consisting of the nonzero eigenvalues of Tk, and ¥ is an isometry mapping C”
into £". Let ®; be the operator mapping £ into C” defined by ®; = AY2W*|EF.
Let ® be any isometry mapping C™ into C* whose range equals the range of
AY2T*(0@E™F). (One can use the singular value decomposition or the command
“orth” in Matlab to compute the isometry ®.) Then

App = 0% (I — BD*) 5. (8.2.4)
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To see this simply observe that Tr , = M, M,, where M,, = AY2¥* In this case,
MpITg, = @1 and Pg = @~ is the orthogonal projection onto

M, (0@ E"7F) = AV20 (0@ £77F).

So equation (8.2.4) follows from (8.2.3).

Remark 8.2.2. Assume that T, is strictly positive. Consider the decomposition
of Trp given by
_ |Trk X £k
Try = [ Y TR,n_J on |:gn—k . (8.2.5)

Then Lemma 7.2.1 shows that Ay ,, is the Schur complement of T ., that is,
A =Trr — X T, X. (8.2.6)

In other words, the cost A, in the optimization problem 8.2.2 is precisely the
Schur complement of Tr j in the matrix representation (8.2.5).

Theorem 8.2.3. Let O(z) = > " 2790, in H*(£,Y) be the mazimal outer spectral
factor for a positive block Toeplitz matriz Tr with L(E,E)-valued symbol R. For a
fired k < n and f in E*, let Ay, be the cost in the optimization problem

(A f, f) = nf{(Tra(f ®h), (fBR)):he &} (8.2.7)

where Tr ,, on E™ is the block Toeplitz matriz contained in the upper n xn left-hand
corner of Tr; see (8.1.12). Then for k fized {Ak,n} forms a decreasing sequence
of positive operators, that is, Ag pt1 < Agn. Moreover,

n—oo

where Qp = Iy To|EF; see (8.2.1). In particular, Ay, converges to ©(00)*O(cc)
as n tends to infinity.

Proof. Observe that Tg,, is contained in the m x n upper left-hand corner of
Trn+1. To show that for k fixed {Ag,,} is decreasing, notice that

(Dpmirf, f) = nf{(Trnsi(f D R), (f ©R)): h e TR

<inf{(Trn1 (fEh®0), (fOhB0):hate" o)
= inf{(Trn(f D h),(f ©h) : h € EF} = (Apnf, ).

Hence Ay pny1 < Agn and the sequence {Ay ,,} is decreasing in n.
To obtain the limit in (8.2.8), let {U on IC,I'} be a controllable isometric
representation for Tr. Let W), be the controllability matrix determined by

W,=[C UT -~ U™'T]:€" =K.
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Let U=5@V on Ea_ Y)eVand T = [Fl Fg]tr be the Wold decomposition for
{U,T'} where S is a unilateral shift and V is unitary; see equation (8.1.2). In this
decomposition I'y = [@0 0, 6, ] " The Wold decomposition for {U,T'}
shows that W,, admits a matrix decomposition of the form

W, = [i@] " — [411(}3})] (8.2.9)

where * represents an unspecified operator; see Section 5.2. Recall that Y = KoUK
is the wandering subspace for U which determines S. In particular,

‘ k—1 gy k
S
where V¥ is viewed as the first k& components of ¢2 ()). This with (8.2.9) readily
implies that
oy W lEF =TTy To|EF = Qr (K <n).

Because the pair {U,I'} is controllable, \/o” U/TE = K, and thus, UFK =
/32 UITE. Tn particular, UFK D \/} ' UITE. Using this along with the fact that
TRy = W)W, we obtain

12 f1I* = IMxevsc Wi fI®
= inf{||Wif — h||?: h € UK}
n—1
< inf{[Wif —hl>:he \/ UTE}
j=k
= inf{|W,(f @ h)||>: h € E"F}
= inf{(Tr(f ®R),(f®R)):he&F}
= (Agnf, f). (8.2.10)

Hence Q5 < Ay, Since ;" UTE = UFK, the inequality in (8.2.10) shows
that Ay, converges to ;) as n tends to infinity.

Finally for £k = 1, the matrix ©; = O(c0) = Og. So in this case, Ay,
converges to O(00)*©(00) as n tends to infinity. O

8.3 The Lower Triangular Cholesky Factorization

In this section, we will develop the lower triangular Cholesky factorization for a
positive matrix. In the next section, we will use this factorization to obtain an
algorithm to compute the maximal outer spectral factor.

Let M be an operator mapping C* into C”. Let {m;x}"} be the entries of
M. Let k; denote the position in the j-th row of M corresponding to the last
nonzero element in this row, that is, m;x;, # 0 and m; s, +; = 0 for all i > 1.
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Definition 8.3.1. A matrix M mapping C* into C” is a lower triangular Cholesky
matrix if the following conditions hold:

(i) The number of rows of M is less than or equal to the number of columns,
that is, v < p.

(ii) The entries myy, >0 forall j =1,2,...,v.

(iii) The entries m;, = 0 for all ¢ > k;.

(iv) k1 <ka<- - <k,

A generic structure of a lower triangular Cholesky matrix is given by

* ok Mk,

*  x * * Kk M2k
(8.3.1)

* K * * K * *  My—1k,

*  x * * ok * * * * * My, O

Here * represents unspecified entries, the blank spots represent zero elements and
the last nonzero element of every row is strictly positive. Furthermore, § is a row
of zeros or 0 is empty. Finally, it is noted that the rank of the lower triangular
Cholesky matrix mapping C* into C” is v.

We say that M is a lower triangular Cholesky factor for a positive operator
T on C#, if M is a lower Cholesky matrix satisfying 7' = M*M.

Theorem 8.3.2. Let T be a positive operator on C*. Then T admits a unique lower
triangular Cholesky factor.

Proof. Let T'= WAY* be the eigenvalue decomposition for 7" where A is a nonsin-
gular diagonal matrix on C” consisting of the nonzero eigenvalues for 7" and U is
an isometry from C¥ into C*. Let QM = AY2U* be the factorization of AY/2W*
where @ is a unitary operator on C” and M is a lower triangular matrix mapping
C* into C¥. Because A'/2¥* is onto C¥, the matrix M is also onto C*. By multi-
plying each row of M by the appropriate complex number on the unit circle, with
out loss of generality, we can assume that the last nonzero entry in each row of M
is strictly positive. In other words, M is a lower triangular Cholesky matrix. Since
Q is unitary, M = Q*AY/2U* satisfies M* M = WAU* = T. Therefore M is a lower
triangular Cholesky factor for T'. (Most algorithms compute a factorization of the
form QR = A for a matrix A where @ is unitary and R is an upper triangular
matrix. In Matlab [@, R] = qr(A). However, reversing the columns of A and then
reversing the rows and columns of R yields a lower triangular matrix M.)
Assume that N is another lower triangular Cholesky factor for 7. Then
N*N = M*M, and thus, there exists a unitary operator Z such that ZM = N.
Lemma 8.3.3 below shows that Z = I, or equivalently, M = N. Therefore the
lower triangular Cholesky factor is uniquely determined by T |
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A Gram-Schmidt orthogonalization proof of Theorem 8.3.2. Let us present anoth-
er proof based on the Gram-Schmidt orthogonalization procedure. To this end,
consider the Hilbert space H determined by the inner product

(z,y)n = (Tz,y)cu (z,y € CH).

To guarantee that H is a Hilbert space, we say that x is zero in H if and only
if x is in the kernel of T. In other words, x = y in ‘H if and only if x — y is
in the kernel of T. The dimension of H equals the rank of 7. Let {e;}} be the
standard orthonormal basis for C#, that is, the j-th component of e; is one and
all the other components are zero. Let {¢,,vu—1,...,¢1} be the orthonormal
basis for H obtained by applying the Gram-Schmidt orthogonalization procedure
to {eu, eu—1,...,e1}. It is emphasized that the Gram-Schmidt procedure is done
in reverse order starting with e,, and v = rank7. Let ® be the unitary matrix
mapping C” onto H defined by

P=[p1 @2 -+ ¢ ]:C">H.

Because the Gram-Schmidt orthogonalization procedure is done in reverse order,
and H is composed of vectors in C*, the unitary operator ¢ also defines a lower
triangular matrix mapping C” into C*. The adjoint ®* mapping H into C” is
given by ®* = 3T where @ is the conjugate transpose of the matrix ®. Let
M be the operator mapping C* into C” determined by M = 3. Tn this case,
M* =" For z in CH, we have

(M* Mz, z)cr = [Ma||ge = [|@%2]2 = l|lz]F = (T, z)cn.

In other words, (M*Mz,x) = (Tx,x) for all z in C*. Therefore T = M*M.
Since T'= M* M, to complete the proof, it remains to show that M is a lower
triangular Cholesky matrix. The entries m; ; of M are determined by

—tr
mij = (Mej,e;) = (& Tej,e;) = (Tej, Pe;) = (Tej, i) = (&5, pi)n-

Therefore the components of M are given by m; ; = (e;, ;i) n.

We claim that M is a lower triangular Cholesky matrix. Starting the Gram-
Schmidt orthogonalization procedure with e, let ¢, be the unit vector defined by
vy = eu/lleulln. Then my ,, = (eu, o)1 = |leplln > 0. (Without loss of generality,
we assume that the last column of T is nonzero, and thus, e, is not in the kernel of
T.) Let k be the largest integer strictly less than u such that ey is not an element
in the subspace G, = span{y,}. Let ¢,_1 be the next unit vector computed by
the Gram-Schmidt orthogonalization procedure, that is, ¢,—1 = @p_1/||Pv-1lln
where ¢,_1 = ex, — Pg,er. The v — 1 row of M is given by

[(617901/*1)71 (627@1/*1)7'[ (6167(»01/*1)7'[ (6k+17§01/*1)7'l (euﬂpl/*l)?'l} .

Since eg+1, ..., e, are contained in G,, the inner products (e;, ¢, —1)x are all zero
for j > k, that is, the v — 1 row of M is given by

[(617‘:01/—1)7'{ (62;‘;01/—1)’}-{ (6k,gpy_1)H o --- ()] .
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Using the fact that Pg, ey is orthogonal to ex — Pg,er = ¢,—1 in H, we obtain

(€ks Pv—1)n = (ex,ex — Pg,ex)n = (ex — Pg, er, ex, — Pg, €r)n

= |lex — Pg,exll3 = llgv-1l3 > 0.
Since v,—1 = @u—1/||@v—1| %, it follows that

€k, ~1/—
(0 Pr R _ o~ Py eyl > 0.

My—1,k = (€k, Pv—1)H = 1% 1l
b

Hence the last nonzero element of the v — 1 row of M is strictly positive.
Let g be the next largest integer less than k such that e, is not in the subspace
Gy,—1 = span{p,, p,_1}. Then the v — 2 row of M is determined by

[(e1,00-2)n (e2,00—2)n -+ (eq,0v—2)n O - 0].

The zeros after (eq, p,—2) follow from the fact that {e;}{,, are contained in
Gy—1. In this case, p,_o = @v_2/||Pv—2||n Where @¢,_o = e — Pg,_,eq. Using the
fact that Pg,_, e, is orthogonal to e, — Pg,_, e4, we obtain

(eq7 9511—2)7-[

~ = |leq — Pg, _,eqlln > 0.
||S01/—2||H || q Gu_1 qH

my—2.q = (€q7 SOV—Q)'H =

In other words, the last nonzero element of the v — 2 row of M is also strictly
positive. By continuing in this fashion, we see that M is a lower triangular Cholesky
matrix and

Mjk; = ”9277“7'[ = ||€k7j - ng+1€/€j HH >0,
Gj+1 =span{e, : n > k;} (8.3.2)

where k; is the last nonzero entry in the j-th row of M. Since T' = M*M, the
operator M is a lower triangular Cholesky factor for T'. Lemma 8.3.3 below shows
that the lower triangular Cholesky factor of T is unique. ]

Lemma 8.3.3. If A and B are two lower triangular Cholesky matrices such that
Z A = B where Z is a unitary operator, then A = B.

Proof. Without loss of generality, we can assume that both A and B map C* onto
C". Let {e;} be the standard orthonormal basis and let a;; and b;; be entries of A
and B, respectively. By eliminating the appropriate number of columns, without
loss of generality we can assume that the last column of A and B are nonzero. In
this case, a,,, and b,, are the only nonzero elements of the last column of A and
B. Moreover, both a,,, and b,,, are strictly positive. Observe that

aypZe, = Zayue, = ZAe, = Be, = byue,.
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In other words, a,,||Ze,|| = buulleu||. Since Z is unitary and ||e,|| = 1, it follows
that a,, = b,,. Moreover, Ze,, = e,. Because Z is unitary, it must admit a matrix
decomposition of the form

= T[]

Furthermore, Z;, is a unitary operator on C¥~!. Now observe that 4 and B admit
decomposition of the form

A= All 0 . Ccr-1 R cr-t
o A21 [ ’ C C ’
B— By 0 . (O R cr-t
- |Ba1 by | C C |-
Using this decomposition with ZA = B, we can conclude that As; = Bs; and
Z11A11 = Bi1. Because A and B are lower triangular Cholesky matrices, A1q

and Bj; are also lower triangular Cholesky matrices. By repeating the previous
analysis v — 1 times, we arrive at Z1; = I, and thus, Z = I. Therefore A= B. O

Lemma 8.3.4. Consider a sequence {A,}5° of positive decreasing matrices on CH,
that is, 0 < Ap41 < A, for all integers n > 1. Let T be the positive operator on
C* defined by

T = lim A,. (8.3.3)

n—oo

Assume that all the lower triangular Cholesky factors A, for A, is a sequence of
matrices mapping C* into C* and inf{(A,);r,} > 0 for all j and n. Then

Q= lim A, (8.3.4)
n—oo
where Q is the lower triangular Cholesky factor for T. In particular, 2 is a lower
triangular Cholesky matriz mapping C* into C¥. Finally, in the special case when
T is a strictly positive operator on CH, then {A,} are lower triangular Cholesky
matrices on C* and A, converges to €.

Proof. Let k;(n) denote the position in the j-th row of A,, corresponding to the
last nonzero element in this row. Let E, be the isometry mapping C” into CH
defined by

En = [6k1(n) €ky(n) " 6ku(n)] - CY — CH

where ey, () is the unit vector in C* placing 1 in the k;j(n) position and zeros
elsewhere. Let B, be the lower triangular Cholesky matrix on C¥ defined by
B, = A,E,. Notice that {(A,);x; }’Jf:1 appears on the diagonal entries of B,.
Using the hypothesis inf{(A,);,} > 0 for all j and n, it follows that det[B,] > €
for some € > 0. Because A} A, converges to T and ||B,| < ||A4,||, there exists
a finite positive scalar v such that ||B,| < v for all n > 1. Since | B,|| is the
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largest singular value for B, all the singular values for {B,}{° are uniformly
bounded by 7. Observe that det[B,] equals the product of all the singular values
for B,,. Because all the singular values are uniformly bounded and det[B,,] > ¢, the
smallest singular value for B,, is greater than or equal to some ¢ > 0. In particular,
IBXf|l > 6] f| for all f in C”. Hence || A% f|| > ||BXf|| > 6|/ f||. Therefore A,, has
v nonzero singular values and all these singular values are greater than or equal
to 0. Since A} A,, = A,, converges to T" = Q*(), it follows that T has v nonzero
eigenvalues and all these eigenvalues are greater than or equal to 2. So its lower
triangular Cholesky factor €2 is a matrix mapping C* into C”.

Let €, 1, be the last nonzero entry in the last row of 2. Then for ¢ > k,, we
have [|Aneq||* converging to [|Qeq|* = 0. Since inf{(A,);k,} > 0, it follows that
(Apn)v,q =0 for all ¢ > k, and n sufficiently large. So without loss of generality, we
can assume that the last p—k, columns of A4,, are zero. Using the fact that ||Aney, ||
converges to ||Qeg, || = Q.x, > 0, we see that (A,,), , converges to 2, > 0. By
ignoring the last y — &, zero columns of A4,, and 2, without loss of generality we
can assume that p = k,. In this case, A,, and  admits a decomposition of the

form
A, 0 (910
A, = |:A21,n aw,n} and Q= |:021 Quu] . (8.3.5)

This readily implies that

. Q711 + 95, Q21 Q5 Q| .
Q* Q= 9 = lim A} A,
QZlQl/u QVH n—oo
* * *
— lim At pArin + ASy A2 A21,§auu,n
n— 00 21,nQuu,n auu,n

Since (An)uy = @upun converges to £1,,, the sequence As , converges to o.
Hence A3, ,, A21,, converges to 221€23;. So A7 ,, A11,, converges to 7,€211. Notice
that Aj1, and Qq; are lower triangular Cholesky matrices mapping C*~! into
C*~! and inf{(A11,n)jk,} > 0. By repeating the previous argument v — 1 times,
we see that A, converges to ). (The fact that Af A, is decreasing is not necessary
in this part of the argument.)

If T is strictly positive, then A% A, > T, and thus, {A% A, }3° is a sequence
of strictly positive operators on C#. In other words, A, is a one to one lower
triangular Cholesky matrix. Because a Cholesky matrix is onto, 4,, is an invertible
operator on CH. Moreover, det[A,]? = [[(A4,)? ; converges to the product of the

JsJ
eigenvalues for 7. This, along with the fact that A} A, is uniformly bounded,
implies that inf{(Ay);;} > 0. Therefore A, converges to . O

If T' is strictly positive, then the condition inf{(A,);;} > 0 in Lemma 8.3.4
automatically holds. However, if T is not invertible, then this condition is not
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necessarily satisfied. For a counterexample, consider the matrix

A,=10 =1 L 0| then T= = lim A*A,,.
o o0 11 00 1 1 n-soo M
001 1

In this case, A, converges to A and A is not a lower triangular Cholesky
matrix.

For another example of a sequence of decreasing positive matrices which
violate the hypotheses of Lemma 8.3.4, consider the positive matrices A,, on C2

given by
1 0
B = {0 1/n2] '

Clearly, the matrices A,, are decreasing. Notice that

10 .
T= {0 0} = lim An.

In this case, the lower Cholesky factors A, for A,, and € for T are determined by

10

Anz{o 1/n] and Q=1 0].

The lower Cholesky matrices {A,} do not satisfy the hypotheses of Lemma 8.3.4.
Obviously, A% A,, converges to Q*Q). However, A,, does not converge to 2. In fact,
the operators A, and Q do not even act between the same spaces. Finally, it is
noted that A,, converges to [Q O]tr as n tends to infinity.

8.4 Cholesky Factorization and Maximal
Outer Spectral Factors

Let T, be a positive block matrix on £ where £ = C”. Let M,, from £" onto
C* be the lower triangular Cholesky factor of T,,. Then M, admits a matrix
representation of the form

A 0 ek cvkn)
Mn = |:Bk Ck:| : |:((:n—k:| - [Cu—u(k,n) (841)

where Aj and C}, are both lower triangular Cholesky matrices. Here y=rank M,, =
rank T,,. Moreover, v(k, n) equals the rank of Ay, while p—v(k,n) equals the rank
of Cy. Because Cy, is a lower triangular Cholesky matrix, the range of M, |(0&E"~*)
equals 0 @ CH—*(1) In particular, for a fixed f in £, this implies that

1ARSI? = inf{|| Mo (f @RI - h € €7} (8.4.2)
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To see this, notice that the decomposition in (8.4.1) yields

o,
14t <[5, 740

Hence ||Arf|? < inf{||M,(f ® h)||* : h € E"F}. Since C}, is onto we can choose
a vector h in £"7F such that Brf = —Cih. For this h, we obtain ||A,f||?> =
| M,.(f @ h)||?, which yields the equality in (8.4.2).

Let ©(z) =Y ;" 2770, in H*(£,Y) be the maximal outer spectral factor for
a positive Toeplitz matrix Tr. Recall that © is unique up to a constant unitary
operator on the left. By the appropriate choice of this unitary operator, we can
always assume that ©g = O(c0) is a lower triangular Cholesky matrix. In this
case, we claim that the k x k block matrix

2
= M (f @ h)|>.

Qg 0 0
0, SH 0

Qp =MyTolF = | . , ) I L, (8.4.3)
Ok-1 Or—2 -+ O

contained in the upper left-hand corner of Tg is also a lower triangular Cholesky
matrix.

To verify this, let ¥ be any maximal outer spectral factor for Tx. Then
U(00)*¥(c0) = L*L where L is a lower triangular Cholesky matrix. Since both
U(c0) and L are onto, there exists a unitary operator ® such that ®¥(c0) = L.
Hence ©® = @V is also a maximal outer spectral factor for Tg, and ©O(c0) =
(®T)(c0) = L is a lower triangular Cholesky matrix. Finally, Lemma 8.3.3 shows
that there is only one maximal outer spectral factor © for Tr such that ©q is a
lower triangular Cholesky matrix.

Theorem 8.4.1. Let Tr be a positive block Toeplitz matriz with L(E,E)-valued
symbol R. Moreover, assume that

e O(2) =37 2770, in H*(E,Y) is the mazimal outer spectral factor for Tr
where ©g = O(00) is a lower triangular Cholesky matrix.

o Let Q = HykT@|(€k be the block lower triangular Cholesky Toeplitz matriz
contained in the k x k left-hand corner of To; see (8.4.3).

o Let M,, mapping E™ onto CH be the lower triangular Cholesky factor of Tr p,
where Tr, on E" is the block Toeplitz matriz contained in the upper n X n
left-hand corner of Tr; see (8.1.12).

e For a fizred k < n, consider the matriz representation of M,, determined by

Akr,n 0 5’“ (Cl/(k:,n)
Mn N |:Bk:,n Ck:,n:| : |:gn_k:| - |:(CNn—V(k,n) (844)

where Ay, and Cyn are both lower triangular Cholesky matrices.
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Then for any fized f in E*, the operator Ay, = A} Akn determines the cost in
the optimization problem

(Apnf, f) = mf{(Trn(f ©h), (f ©h)): h e E"F}. (8.4.5)

In particular, for fived k the sequence {Ay n} is decreasing, that is, Ag pnt1 < Dgop.
Moreover,
lim Ak,n = QZQk (8.4.6)

Finally, if © is in H*(E,€), then Ay, converges to Qi as n tends to infinity.

Proof. By consulting (8.4.2), we obtain

[ Ak fI? = it {|| Mo (f ® R)[|*: h € "7}
=inf{(Trn(f ®R),(fDh)):hec &
= (Ak,nfvf)'

Hence ||Agnf|? = (Agnf, f) for all fin EF. In other words, Ay, = A} Ak
Theorem 8.2.3 shows that Ay, is decreasing in n and Ay, converges to {27 €.
If © is in H%(&,£&), then ©(c0) = Oy is an invertible operator on €. In this
case, ), is an invertible lower triangular Cholesky matrix on €. In particular,
Q7 €Yy, is strictly positive. According to Lemma 8.3.4, the lower triangular Cholesky
matrices Ay, ,, converge to ) as n tends to infinity. O

A Cholesky Algorithm for computing the maximal outer spectral factor

Theorem 8.4.1 and Lemma 8.3.4 can be used to develop an algorithm to compute
the maximal outer spectral factor © in H?(&,CY) for a rational positive Toeplitz
matrix Tr with block entries in L(€,£).

(i) For sufficiently large n, construct Tr,, on ™. It is assumed that for this n
the cost Ay, in the optimization problem (8.4.5) is approximately equal to
Q7 Qp =~ Ay n; see Theorem 8.4.1. To apply the Kalman-Ho algorithm to find
a state space realization for O, we also assume that k£ > 26(©) where 6(©) is
the McMillan degree of ©.

(ii) Compute the lower triangular Cholesky factor M, for Tg . Select the lower
triangular Cholesky matrix Ay, in the upper left-hand corner of M,,. Then
Ay, p is a block lower triangular Toeplitz matrix with block entries in £(€, C?).
One can determine q from the structure of this block Toeplitz matrix. We also
assume that our lower triangular Cholesky algorithm eliminated the small
entries in the last row of M, such that the conditions in Lemma 8.3.4 hold.
Then Ay, =~ €. Finally, for perhaps a more efficient method to compute
Ak n, one can use Remark 8.2.1 (or Remark 8.2.2 in the invertible case) to
compute Ay ,,. Then Ay, ,, is the lower triangular Cholesky factor of Ay ,,.
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(iii) Run the Kalman-Ho algorithm on the first column of Ay, that is, Ay ,|E
to obtain a minimal realization {A, B, C, D} for the maximal outer spectral
factor © for Tg.

(iv) To gain some further insight, one may also run the Wold decomposition
algorithm in Section 8.1 using the lower triangular Cholesky factor M,,.
Compute the operators J, and @, in (8.1.13), and the contraction U,, =
M, Q. (M, J,)~". Recall that U, M,J, = M,Q,. Because M, is a lower
triangular Cholesky matrix and Ay, is block Toeplitz, the upper left-hand
k x k corner of U, will be a block lower shift of multiplicity ¢q. So one can
also determine ¢ from U,. If the upper left hand corner of U, is not a block
lower shift, then one may have to take a larger n.

8.5 Some Examples of the Cholesky Factorization

In this section, we will present some numerical examples to demonstrate that the
initial part of the first column of the lower triangular Cholesky factor converges
to the Fourier coefficients of the maximal outer spectral factor @ € H>®(E,))
for Tr. Throughout M, mapping £" into C" is the lower triangular Cholesky
factor of Tr, . Moreover, J, and @, are the matrices defined in (8.1.13), while
U, = Mp,Qn(MpJ,)™" and B,, = M,|€ is the first block column of M,. Finally,
for large n, the upper left-hand corner of the matrix U, is approximately equal to
a lower shift of multiplicity dim ).

8.5.1 Scalar-valued outer function
Consider the outer function € in H*® given by

0(2) — 10 9 8 7 6 5 4 3 2 1

(2) = ettt At st sttt

Since we know the Taylor coefficients of 6, we can construct the Toeplitz matrix
Tr = T;Ty. In fact, R = |0|? can be computed by using the fast Fourier transform.
Let Tk, be the n x n matrix contained in the upper left-hand corner of Tx. In
this case, £ = C. We computed the lower triangular Cholesky factor M,, of Tg .
The first fifteen elements of the first column of M,, for n = 10, 20, and 30 are
given by the following table:
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[n=10 n = 20 n =307
10.0265 10.0002 10.0000
9.0402 9.0007 9.0000
8.0259 8.0009 8.0000
6.9990 7.0006 7.0000
5.9744 5.9999 6.0000
4.9624 4.9990 5.0000
3.9678 3.9984 4.0000
2.9895 2.9986 3.0000
2.0213 1.9996 2.0000
0.5096 0.9979 1.0000

0 0
0 0
0 0
0 0
i 0 0 |

(All elements with absolute value less than 0.0001 were set to zero.) Notice that
Mo has only ten elements in its column. For n = 30, we practically obtain the
Taylor coefficients of 6 from the first column of Mj3y. Moreover, the 5 x 5 matrix
contained in the upper left-hand corner of Usg is given by

0 0 0 0 0
1.0000 0 0 0 0
0 1.0000 0 0 0
0 0 1.0000 0 0
0 0 0 1.0000 0

The upper 5 x5 left-hand corner of Us is a unilateral shift of multiplicity 1. Finally,
it is noted that in general U,, is not a lower shift. However, for n sufficiently large,
the upper left-hand corner of U,, will be a lower shift.

8.5.2 Multi-input multi-output square outer function

Let © be the square outer function in H>(C?,C?) given by

15 0], 112 0], 19 0] 1[6 0], 130
0@ = {14 13]4_2{11 10]+z2{8 7}*&{5 4]*&{2 1]'

Here each Taylor coefficient of © is a 2 x 2 matrix. In this case, T = T3Te is a
block Toeplitz matrix with entries in £(C?,C?), and thus, £ = C?. We computed
TR, and calculated M,,. The first fifteen elements of the first block column of M,
for n =5, 10, and 15 are given by the following:



8.5. Some Examples of the Cholesky Factorization 199

n=>5 n =10 n =15
15.0919 0.0000 15.0019 0 15.0000 0
14.0109  13.0288 14.0000  13.0001 14.0000 13.0000
12.0168 —0.0247 12.0012 —0.0004 12.0001 0
11.0501  10.0067 11.0007  10.0005 11.0000 10.0000
8.9979 —0.0147 8.9980 —0.0008 8.9999 0
8.0294 6.9642 8.0007 6.9997 8.0000 7.0000
6.0926 —0.0023 6.0013 —0.0006 5.9999 0
5.0893 4.0139 5.0017 3.9989 5.0000 4.0000
1.9877 —0.0161 2.9821 —0.0004 2.9998 0
1.4205 0.7103 1.9994 0.9997 2.0000 1.0000
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

By inspecting the upper left-hand corner of Ms, we see that © is in H2(C2, C?).
The 5 X 5 matrix contained in the upper left-hand corner of U5 is given by

0 0 0 0 0
0 0 0 0 0
1.0000 0 0 0 0
0 1.0000 0 0 0
0 0 1.0000 0 0

So U, converges to the unilateral shift S of multiplicity 2. In other words, ©® must
be in H?(C?,C?). Therefore at n = 15, we are able to obtain the Taylor coefficients
of ©.

8.5.3 Non-square outer function

Let © be the non-square outer function in H?(C?,C) given by

1 1 1 1
O(z)=[20 19]+—[18 17]+ 5 [16 15]+ — [14 13]+ = [12 11]
1

b (10 9+ 58 T+s[6 5+ 5[ 3+52 1] @5

Let Tr = T§Te where R = ©70. Let M,, be the lower triangular Cholesky factor
for Tr . The first fifteen elements of the first block column of M,, for n =5, 10,
and 20 are given in the following table:
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n=>5 n =10 n = 20

0.7699 0 20.0000  19.0000 20.0000 19.0000
19.9852  19.0141 —0.4296 —0.0430 18.0000 17.0000
—0.8033 —1.1705 18.0134  17.0048 16.0000 15.0000
18.0468  17.0608 —0.2689 0.0672 14.0000 13.0000
—1.7007 —1.8266 16.0144  15.0043 12.0000 11.0000
16.0844  15.0888 —0.1663 0.1164 10.0000 9.0000
—2.2335 —2.2087 14.0133  13.0033 8.0000 7.0000
14.1078  13.1058 —0.1161 0.1234 6.0000 5.0000
—4.7446 —4.5442 12.0121  11.0028 4.0000 3.0000
18.0426  15.7393 —0.1027 0.1027 2.0000 1.0000

10.0114 9.0027
—0.1148 0.0631
8.0111 7.0031
—0.1452 0.0104
6.0112 5.0039

OO O OO
O O O oo

The matrix Tr, is a 2n x 2n matrix. It is well known that the Gram-Schmidt
orthogonalization procedure can lead to numerical errors; see Golub-Van Loan
[122]. This may explain the “extra terms” in the columns for n = 5 and n = 10.
For n = 10, our lower triangular Cholesky factor M7y maps C2° into C'?. However,

| Tr.10 — MigMiol|| = 3.2767 x 107% and || Tg.10|| ~ 1.6492 x 10,
So our lower triangular Cholesky factor Mg for Tg 10 is fairly accurate.
For n = 20, we essentially arrive at the Taylor coefficients for ©. In this case,
Tr20 is a 40 x 40 matrix. Moreover, Moo maps C4° into C2° while

| Tr20 — MjoMagl|| = 3.279 x 107% and || Tr.20| ~ 2.0003 x 10*.

Hence our lower triangular Cholesky factor My for Tr oo is fairly accurate. By
inspecting the upper 5 x 5 left-hand corner of Uyy we arrive at

0 0 0 0 0
1.0000 0 0 0 0
0  1.0000 0 0 of. (8.5.2)
0 0 10000 0 0
0 0 0  1.0000 0

Clearly, the multiplicity of this matrix is 1. This also verifies that © is in
H>(C?,C). Finally, it is noted that one may obtain much better results by using
a more efficient lower triangular Cholesky factorization algorithm. To avoid the
Gram-Schmidt orthogonalization one can use the QR algorithm; see the proof of
Theorem 8.3.2 or Golub-Van Loan [122] for other techniques.
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8.5.4 Non-square outer function and a unitary part

For our next example, consider the controllable unitary pair {V on C* TI'y} given
by

et /3 0 0 0 2 1
0 e /3 0 0 2 1

vV = 0 0 /4 0 and Ty= |} (8.5.3)
0 0 0 e /4 1 2

Clearly, V is a unitary operator on C*. Notice that I'y is an operator mapping
E=C?into C* Let R = Ziooo e "R, be the symbol for Tr determined by

2m
R, = iﬂ/ ") 0(e") dw + T3V™"Ty (8.5.4)
0
where © € H>(C?,C) is the same outer function in (8.5.1) in Example 8.5.3.
The results in Section 6.3 show that the Toeplitz matrix Tr determined by this
R is positive. Moreover, © is the maximal outer spectral factor for Tr. Finally,
{V, T2} is the unitary part in the Wold decomposition for the controllable isometric
representation {U, T'} for Tk.

Because the unitary part is present in the Wold decomposition of {U,T'},
we needed to choose a larger Tr , than the previous Example 8.5.3 in order to
compute the same ©. So for this example, we choose n = 30 to compute the
Fourier coefficients for ©. In this case, Tr 30 is a 60 x 60 matrix. Moreover, Msq
maps C% into C*3 while

HTR,SO — M§0M3OH = 5.6288 X 10_7 and HTR,3OH ~~ 2.1031 x 104

Hence our lower triangular Cholesky factor Msg for Tk 30 is fairly accurate. The
first 15 components in the first column M3o|E was practically the same as the first
15 components in the first column My|€ in the previous Example 8.5.3. Finally,
it is noted that the upper 5 x 5 left-hand corner of U3y was also given by the same
lower shift of multiplicity 1 in (8.5.2). This also verifies that © is in H°(C?,C).

To compute the unitary pair {V, 2} using the Wold decomposition method
in Remark 8.1.2, we first observed that Usy has four eigenvalues on the unit cir-
cle. In fact, absolute values for the eigenvalues for Usg in decreasing order are
1,1,1,1,0.5645, ... Then using the isometry ¥ mapping C* into C*? consisting
of the eigenvectors corresponding to these four eigenvalues on the unit circle, we
obtained

[0.5 + 0.8660i 0 0 0
. _ 0 0.5 — 0.8660i 0 0
W Uso ¥ = 0 0 0.7071 4 0.70714 0 '
| 0 0 0 0.7071 — 0.70714
[2e"#1 ¥l
. 2e'¥2 2
V' B, = eP3  9oWs
PR 2et¥4
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where @1 = 2.8173, po = —2.8173, @3 = 2.3562 and ¢, = —2.3562 (all in radi-
ans). So if ® is the diagonal unitary matrix formed by ® = diag({e~*¥7}}), then
OU*U3o¥ ~ VP and ®U*B,, ~ I's. In other words, {U*Usq V¥, ¥*B,,} is unitarily
equivalent to {V, T2}, and we have essentially computed the unitary pair {V,2}.
Finally, it is noted that the ergodic method in Section 6.5 takes much more data
to pick out the unitary pair {V,'3}. Sometimes ergodic methods converge slowly.

8.6 An Inner-Outer Factorization Algorithm

One can use the Wold decomposition algorithm in Section 8.1, or the Cholesky
algorithm in Section 8.4, to compute the inner-outer factorization for a rational
function G in H* (&, D). To see this, for sufficiently large n compute the Toeplitz
matrix Tr, on E" where R = G*G and Tr = TE 1. Using the Wold decompo-
sition algorithm or the Cholesky algorithm, compute the rational outer spectral
factor © for R, that is, © is an outer function in H*°(£,Y) and R = ©*0O on the
unit circle. This © is also the outer factor for G. In other words, G = G;0 where
G; is a rational inner function in H*°(), D). Let {4, on X,, B,,C,, D,} be any
realization for ©, and F the function determined by the realization

F(z)=D;" — D;"Cy(2I — (A, — B,D,;"C,))"*B,D,".

(The Moore-Penrose inverse of M is denoted by M~".) According to Lemma
4.5.2, the transfer function F' is the right inverse of ©, that is, ©(z)F(z) = I. Let
{A on X, B,C, D} be a realization for G. Notice that G;(z) = G(z)F(z). Now one
can use classical state space formulas for the product of two transfer functions to
find a state space realization for G;; see Remark 14.2.2. In fact, using this remark,
a realization {A;, B;, C;, D;} for G; is given by

A —BD;"C, X ~_[BD;"]. X
Ai=1o a,- BODO‘TC’O] on [Xo] » Bi= {B(,D;T} e [Xo] ’
X

C.,=[C -DD;Cy)] [ s

} —Y and D,=DD]".
The realization {A;, B;, C;, D;} for G; might not be minimal. However, one can
always extract a minimal realization from {A;, B;, C;, D;} for G;.

If © is scalar-valued, then one can use the fast Fourier transform to compute
the Fourier series expansion G;(z) = Y g 277y; = G/O for the inner function
Gi. (In Matlab [yo -+ 7 0 --- 0] =ifft(G./O); see Remark 8.6.1 below.)
Applying the Kalman-Ho algorithm to {v;}{ yields a minimal realization for G;.
This method works even when G is a column vector, that is, G is in H>*(C,C").

If © is not square, then G; = GO™" on the unit circle. Now simply use the
fast Fourier transform to compute the elements of the matrices in G and ©. (Use
Remark 8.6.1 to compute the fast Fourier transform of all the entries of G and 0.)
For example, in a 2'3 fast Fourier transform, G and © are matrices containing 2'3
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components. Then, by taking the Moore-Penrose inverse, compute G; = GO™"
(this requires 23 Moore-Penrose inverses). Then we obtain a matrix for G; with
213 entries. By taking the inverse fast Fourier transform of G;, that is, each entry
of G;, we now have G;(z) = Y. 27 7v; where {v;}§ are matrices. Finally, applying
the Kalman-Ho algorithm to {v;}§ yields a minimal realization for G;.

Remark 8.6.1. Recall that if
‘f_ 2
h(z) = E — 72'17/70 _pJ

is a rational function in H*°, then h expressed as the fast Fourier transform in

Matlab is

h=ft([pp po—1 -+ p1 po).k)/H([aw @1 - @ ). k).

Here k is the length of the fast Fourier transform. A typical value for k is 2'3. The
vectors p and ¢ are ordered from the highest value of z” to the lowest including
zeros. If p and ¢ are not of the same degree, then one must also include the
appropriate number of zeros when calculating the fast Fourier transform. Finally,

iffttth)=[vw m - ez 0 0 --- 0]

k/2
0

yields an approximation for the Fourier coefficients h(z) = z7I; for h.

8.6.1 A scalar inner-outer factorization example

Consider the rational function g in H*® given by
(2) 0.1z4+0.5
z) = .
T = 31 0322-032-05
Notice that g has zeros at z = oo and —5. Since there are zeros of g outside the

unit disc, g is not an outer function. Set R = |g|* = Y- _e~*"r, on the circle.
(In Matlab,

g = ft([0,0,0.1,0.5],2'%). /fft([1,0.3, 0.3, —0.5], 2'3);
R = abs(g). A 2;
ifft(R)=1[ro m ro -+ 71— r_1] =13
T = toeplitz(r(1 : 20));
see Remark 8.6.1.) Let us now use the Cholesky algorithm in Section 8.4 to com-
pute the outer spectral factor é for g. By choosing n = 20, construct T'g 29. Then
compute the lower triangular Cholesky factor Myo for Tk 2. By applying the

Kalman-Ho algorithm to the first ten components in the first column of My, we
obtain

_ 0.523 + 0.122
T 2340.322 —0.3001z — 0.5001"

0(2)
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All the zeros and poles of §(z) are inside the unit disc, and the McMillan degree
of 8 is three. Finally,

11612 = |g]?loo = 1.1887 x 10~ 2.

In other words, |02 ~ |g|> on the unit circle. Therefore 6 is approximately the
outer spectral factor for g.

To compute the inner part g; for g, use the fast Fourier transform to compute
gi = g/0. (In Matlab g; = g./0; see Remark 8.6.1.) Then using the inverse fast
Fourier transform, compute the Fourier coefficients g;(z) = Zg 27J7;. Now apply
the Kalman-Ho algorithm on {~; }§ to obtain a minimal realization {A;, B;, C;, D;}
for the inner factor g; of g. This calculation yields:

1+0.22

gi(z) = m

As expected, g; is an inner function whose zeros are oo and —5. Finally, it is noted
that [|g — gigol|co ~ 2.2627 x 10714

8.6.2 A non-square inner-outer factorization example

Consider the rational function G in H?(C?,C) given by

G(z) 23 —55224+852—3, 2°—522+62],

— 1 [
d(2)
d(z) = 2% — 0.26842% + 0.01352 — 0.1155. (8.6.1)

Let G = G;0 be the inner-outer factorization of G where G; is inner and © is
outer. In this case, © is a rational function in H?(C?,C) and G; is a scalar-valued
rational function in H°. Observe that G; equals the Blaschke product formed by
the common zeros of the two components of G outside the closed unit disc. In
this case {2,3} are the corresponding common zeros outside the closed unit disc.
Hence the inner part of G is determined by

z—2 z—3\  2%/6-5z/6+1
1-22)\1-32) 22-52/6+1/6

Gi(z) = (

Using G = G;0, we see that

G(z) 1
O(z) = ——= = — [62° — 822 +3.52 - 0.5, 62%— 522 .
(2) Gie) A0 [62 2%+ 3.5z , 6z 22 + 7]

Let us now use the Cholesky algorithm in Section 8.4 to compute G; and ©.
First we used the fast Fourier transform to compute R = G(e™)*G(e"). Then
using the inverse fast Fourier transform, computed the Fourier coefficients { Ry}
for R = Ziooo e~ kR, . Then we proceeded to form T ,,, and compute the lower
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triangular Cholesky factor M, for Tr ,,. In this case, we chose n = 15. Hence T 15
is a positive Toeplitz matrix on C3°. Our lower triangular Cholesky factor M;s
maps C3° into C'6. Finally,

|Tr1s — MisMs|| ~ 1.4230 x 107" and || Tg,15|| =~ 249.5897.

Therefore our lower triangular Cholesky factorization of T'r 15 is fairly accurate.
By applying the Kalman-Ho algorithm to the first ten components of the
first block column M;5|C?, we arrived at

0(z) = % [62% —82% +3.52 — 0.5, 62° -5z +2—1.751x1077]. (8.6.2)

We used the fast Fourier transform to calculate G;(e) by the formula

G(ezw)g(ezw)*

G = gl e

By using the inverse fast Fourier transform, we computed the Taylor’s coefficients
of G;. After applying the Kalman-Ho algorithm to the Taylor’s coefficients of G;,
we obtained

~0.16672% — 0.83332 + 1
T 22-0.83332+0.1667

Finally, using M;5 along with Remark 8.1.2, we computed the outer spectral factor
for GG, and arrived at the same ©.

8.6.3 An outer function and a unitary part

For our next example, consider the controllable unitary pair {V on C* T's} given
by (8.5.3). Let R =" e ""R, be the symbol for Tr determined by

1 2T

R, N G(e™) G () dw + D5V, (8.6.3)

:%O

where G € H®°(C?,C) is the same function in (8.6.1) in Example 8.6.2. Clearly,
G*G = O*0 where O is the outer part of G. The results in Section 6.3 show
that the Toeplitz matrix Tr determined by this R is positive. Moreover, O is the
maximal outer spectral factor for Tg. Finally, {V, T2} is the unitary part in the
Wold decomposition for the controllable isometric representation {U,T'} for Tg.
Now let us compute © using the Cholesky algorithm in Section 8.4, and {V,T'}
by employing Remark 8.1.2.

To compute © and the unitary pair {V, T3} for Tg, we chose n = 15. In this
case, Tr 15 is a 30 x 30 matrix. Moreover, our lower triangular Cholesky factor
M5 for Tg 15 maps C3* into C*° and ||Tr 15 — M5 Mis|| ~ 3.5697 x 10719 where
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TR, 15]| =~ 249.6040. Hence our lower triangular Cholesky factor M5 for Tr 15 is
fairly accurate. By applying the Kalman-Ho algorithm to the first ten components
of the first block column M;j5|C?, we arrived at the same maximal outer spectral
factor © for Tr as in (8.6.2).

To compute the unitary pair {V, 'y} using the Wold decomposition method
in Remark 8.1.2, we first observed that U;s has four eigenvalues on the unit cir-
cle. In fact, absolute value for the eigenvalues for U;s in decreasing order are
1,1,1,1,0.5647,... Then using the isometry ¥ mapping C* into C2° consisting
of the eigenvectors corresponding to these four eigenvalues on the unit circle, we
obtained

[0.5 + 0.8660i 0 0 0
. _ 0 0.5 — 0.8660i 0 0
Y Uso¥ = 0 0 0.7071 + 0.7071% 0 ’
i 0 0 0 0.7071 — 0.70714

[2e¥1 Pl
N 2e'¥2 et¥2
VB, = e'P3 2et¥3
PR 2etP4

where 1 = 0.2692, 2 = —0.2692, 3 = 1.9661 and ¢4 = —1.9661 (all in radians).
So if ® is the diagonal unitary matrix formed by ® = diag({e=*%}{), then ®
intertwines {¥*UsqU, U*B,,} with {V,T'3}. This yields the unitary pair {V,T}.

8.7 Notes

The results in Section 8.1 were taken from Bhosri [32]. The Cholesky factorization
of a positive matrix is classical. The Cholesky factorization plays a fundamental
role in signal processing; see Kailath-Sayed-Hassibi [143] and Stoica-Moses [194].
Theorem 8.4.1 is due to Rissanen-Barbosa [180] when Tg is a rational strictly
positive Toeplitz matrix. In this case, one can also derive this result using the
Kalman filter; see Section 3.3 in Caines [47]. So Theorem 8.4.1 can be viewed as
a mild generalization of the Cholesky factorization results in Rissanen-Barbosa
[180]. The controllable isometric representation {U,T'} for Tx along with its Wold
decomposition, allows us to present an elementary proof of this result; see also
Bhosri [32]. Trying to compute the maximal outer spectral factor and the unitary
part from a positive Toeplitz matrix can be numerically tricky depending on the
data. So one should try various methods to compute © and {V,T's}. For some
nice results on spectrum analysis and identification techniques, see Pillai-Schim
[173]. Finally in Chapter 10, we will present some Riccati equation techniques to
compute the inner-outer factorization.

Sinusoid estimation in wide sense stationary processes. The problem of determin-
ing the maximal outer spectral factor or the unitary pair {V, T3} from a positive
Toeplitz matrix Tk naturally occurs in wide sense stationary random processes;
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see Caines [47], Foias-Frazho-Sherman [88, 89], Stoica-Moses [194] or Pillai-Schim
[173]. (Wide sense stationary processes are discussed in Chapter 11.) To sketch
how this problem arises, recall that a wide sense stationary process {yn}> with
values in C” is a sequence of random vectors {y, }>°, in C” such that Ey, = ~,
the same constant «y for all n, and Ey;y; = Ry—; is just a function of the difference
between j and k. Here E denotes the expectation. (We choose Ey;y; = Ri—; to
be a function of k — j rather than j — k to fit our notation.) Moreover, it is well
known that the Toeplitz matrix Tr determined by the symbol R = Ziooo e R,
is positive. Finally, =, = Tg is called the autocorrelation Toeplitz matriz for y,.
In this case, the entries of Z, are determined by (Z,)r; = Ey;y; = Rk—;.

Let G be a co-outer function in H>°(CH,C"). Let x,, be the wide sense sta-

tionary random process determined by driving a white noise process through the
causal filter G, that is,

Tn Gy G1 Go --- W,
Tn—1 0 Go Gi | |wna

Tnool =10 0 Go | [wnol- (8.7.1)

Here w,, is a white noise process with values in C*, that is, w, is a mean zero
process such that Ew;w;, = I0,_; for all integers j and k where d; is the Kronecker
delta. In particular, Z,, = I. Moreover, G(z) = > ° 277G} is the Taylor series
expansion for G. Let © be the function in H>(C¥,C*) defined by ©(z) = G(z) =
G(z)* for all z in D Notice that ©(z) = >_° 2770; is the Taylor series expansion
for © where ©; = G} for all integers j > 0. Because G is co-outer, © is an
outer function; see Section 3.2. Equation (8.7.1) can be rewritten as & = TEw. As
expected, Z is the column vector formed by {z;}"  where x, appears in the first
position, z,_1 appears in the second position, etc. The vector w is the column
vector formed by {w;}” . in a similar fashion. Using the fact that Eww* = I, we
see that the autocorrelation matrix =, for z,, is determined by

E, = Eit* = T§To = To-o- (8.7.2)

The j,k entry of =, is given by (Z;);x = Expz}. Since ©*0 is the symbol for
E, = T§Te, we have

1 27 .
Erpr; = %/ IR (e ) O (™) dw.
0

The autocorrelation matrix =, admits a factorization of the form =, = TgTe
where © is an outer function. In particular, =, is a positive Toeplitz matrix with
block entries in L£(C”,C").
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Now consider the random process &, determined by

et(winteu;)
K et(wintea;)
=2 T3, .- (8.7.3)
i=1 :
e winteu;;)

Here I'; ; is a matrix mapping C” onto C"7; see also Section 11.6.1. In particular,
v; < v. Moreover, {w,}5 are distinct constant frequencies in the interval [0, 27)
and k is finite. Furthermore, ¢,,; are independent, identically distributed random
variables over the interval [0, 27]. A simple calculation shows that

B&n&, = T3 Ty eitm=m),
j=1

Let V' be the diagonal unitary matrix on V = @7C* and I' the operator mapping
C” into V given by

e ] 0 s 0 Fg,l
O ew] ... 0 FQ,Q

V= . . ) . and I = . (8.7.4)
0 0 ceeoe™n] T2k

)

Finally, it is noted that E¢,, & =TV~ T

Let y, be the wide sense stationary process defined by vy, = z, + &,. Here
we assume that the white noise process w,, and ;i are all independent random
variables. So ¥, is a mean zero wide sense stationary process and

Eyjy; = Ex;x}, + E¢€ = Bxjoy + T*VI7FL,
In other words, if we set R,, = Eyoy;;, then

1 2T

R, e“nO(e)* 0(e") dw + T3V Ty,

27 /o
By construction E, = Tr where T is the positive Toeplitz matrix determined
by the symbol R = Y. e ""R,. The results in Section 6.3 also show that
Tr is positive. Moreover, © is the maximal outer spectral factor for Tr. Finally,
{V,T'2} is the unitary part in the Wold decomposition for the controllable isometric
representation {U, '} for Tx. Therefore our problem of determining the maximal
outer spectral factor © and the unitary pair {V,T2} from the Toeplitz matrix
Tg is equivalent to finding the co-outer filter G, the frequencies {w,}, and the
amplitudes matrices {I'; ;} from the wide sense stationary process yp.



Chapter 9

Signal Processing

In this chapter, we will show how a fundamental optimization problem in pre-
diction theory can be used to determine the maximal outer spectral factor and
the eigenvalues in the unitary part corresponding to a positive Toeplitz matrix.
In particular, we will present the Capon-Geronimus method for estimating these
eigenvalues.

9.1 A Fundamental Optimization Problem

Let R=>"%_ e "R, be the L(£,E)-valued symbol for a positive Toeplitz ma-
trix Tg. (Throughout £ is finite dimensional.) Moreover, let {U on K, T'} be the
controllable isometric representation for Tg. Recall that {U,T'} admits a Wold
decomposition of the form

U:[g 3] on [ﬁ](}y)] and F:[E];ge[ﬁf}w] (9.1.1)

Here S is the unilateral shift on zi(y) where ) = kerU*, and V is a unitary
operator on V. According to the results in Section 5.2, the outer spectral factor
O for Tg is given by the Fourier transform of I'y, that is, (f;f‘l)(z) = 0(z). In
other words,

SN
oo @1
O(x) =Y 270, where T1=| @, |:&—A(E); (9.1.2)

n=0
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see equation (5.2.5) in Section 5.2. The unitary pair {V,T'3} admits a matrix
representation of the form

"M 0 0 - 0 &
0 Al 0 - 0 &
vl 0 0 I 0 | on| & |,
0 0 0 - W Vs
[ A, &
Ay &
Th=| 4 |65 & |. (9.1.3)
T, Vs,

Here {);}{ are the distinct eigenvalues for V and &; = ker(V — A;I) is identified
with the eigenspace for V corresponding to the eigenvalue A;. The number of
distinct eigenvalues v for V' can be finite or infinite. Moreover, A; is an operator
from & onto &;. In applications, {A;}{ are called the amplitude matrices. Because
the pair {V,T's} is controllable, dim&; < dim & for all j = 1,2,...,v; see Lemma
9.1.2 below. If £ = C, then without loss of generality, we can always assume that
Aj = a; are scalars and a; > 0 for all j. Furthermore, V5 is the unitary operator
onV, =V 0 (®7€;) defined by Vo, = V|V,. The operator V, is a unitary operator
with no eigenvalues. Finally, it is noted that I's is the operator mapping £ into V,
defined by I's = Iy, I's.

For fixed o in Dy = {2 : |2| > 1} and f € &, consider the optimization
problem

pla, f) = inf{(Trz,z) : @ € £ (E) and (Flz)(a) = f}. (9.1.4)
Here p(a, f) is called the cost in this optimization problem. If @ = oo, then this

optimization problem reduces to

ploo, f) =f{(Tpz,x) :x=[f a1 22 x5 -7 €lo(E)} (9.1.5)

For o in Dy, we set
Va2 -1
do = L (a €Dy). (9.1.6)

|

The following result shows that the cost p in this optimization problem is related
to the maximal outer spectral factor and the amplitude matrices {A;}. Finally,
the set of all eigenvalues for V' are denoted by eig (V).

Theorem 9.1.1. Let R =Y e "R, be the L(E, E)-valued symbol for a positive
Toeplitz matriz Tr. Consider the optimization problems in (9.1.4) and (9.1.5),
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where o is in Dy and the vector f is in . Let © be the mazximal outer spectral
factor for Tr. Then

p(00, f) = (6(00)"0(c0) f, f) (@ = 0),

pla, f) = d2(O(a) ©(a)f, f) (laf > 1),

pla, f) = (A5A;f, f) (@=\; and @ € eig (V)),

pla, f)=0 (lal =1 and @ ¢ eig (V)). (9.1.7)

Finally, the maximal outer spectral factor © is zero if and only if p(a, f) =0 for
any fired o in Dy and all f in E.

Proof. Notice that = [zg #1 @2 - ]tr is a vector in (4 () satisfying the
condition (FZ z)(a) = f if and only if Z(a) = f where 7 is the polynomial in 2~

defined by
z(z) = Zz_”xn = (Ffz)(2).
n=0

In other words, x is a vector in ¢5 (&) satisfying (FZ z)(e) = f if and only if
7 admits a representation of the form: Z(z) = f + (27! — a™!)g where 7 is a
polynomial in z~! with values in £. By taking the inverse Fourier transform, x is
in ¢5(€) and (Ffz)(a) = f if and only if

r=15f+ (Se —a'I)q (9.1.8)
where Il¢ = [I 0 0 ---] and ¢ is a vector in £ (£). As expected, Sg is the
unilateral shift on ¢2 (£). Finally, since ¢ (£) is a subspace of £2 (£), we see that
(Se — a™!I)q is a well-defined vector in /< ().

Let {U on K,T'} be the controllable isometric representation for Tx, and

W=[ Ur ur - |

its corresponding controllability matrix. Notice that UW g = W Sgq for all ¢ in
05(€) and WIILf = I'f. Hence if = II5f + (S¢ — a~'1)g, then we obtain
Wz =Tf+ (U - a 'I)Wq. Recall that Tr = W*W. Let L, be the kernel of
U* — (a)~'I. By employing (9.1.8), we arrive at
pla, f) = inf{(Trz,z) : @ € £5.(€) and (Fiz)(a) = f}

=inf{||Wz|?: 2 € £5(€) and (Fiz)(a) = f}

=inf{|Wx|?: 2 =II5f + (Se —a~'I)q and q € (5. (£)}

(TS + (U — a )Wl s g € £5.(6))
inf{||T'f + (U —a 'Da|*: h € K}
inf{||Tf — hl|*: h € ran(U — o~ 1)}
inf{|ITf —hl|*:h Lker(U* — (@)~ 1)}
H‘Pﬁa]‘—‘f”Q'
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Therefore p(a, f) = ||Pz Tf||. It is noted that £, is nonzero if and only if (a)~!
is an eigenvalue for U*. In this case, L, is the eigenspace for U* corresponding to
the eigenvalue (@)~!. Finally, according to Lemma 9.1.2 below, £, = P T€.

By virtue of the Wold decomposition U = S @ V', we see that

Lo = ker(S* — (@)~'1) @ ker(V* — (@)~1).

Recall that S is the unilateral shift on ¢% () and V is unitary. The open unit disc
equals the set of all eigenvalues for the backward shift S*, that is, eig (S*) = Dj
see Section 1.2. Because V is unitary, the eigenvalues for V' are contained in the
unit circle, that is, eig (V*) C T. This readily implies that

Lo = ker(S* — (@)~ '1) (if |o| > 1)
=ker(V* — (@)~ ')  (if o = 1). (9.1.9)

Finally it is noted that Lo = ker S* = II5, ).

For the moment assume that « is on the unit circle T. In this case, « = 1/a.
Because V* is unitary, « = 1/a@ is an eigenvalue for V* if and only if @ is an
eigenvalue for V. Moreover, the eigenspace for V* corresponding to a equals the
eigenspace for V' corresponding to @, that is, ker(V* — aI) = ker(V — @I). Notice
that @ is an eigenvalue for V' if and only if £, is nonzero. This readily implies that

pla, f) = 1P, Df|I* = ||Tz, T f*.

Therefore p(a, f) = ||z, T2f||? for all & on T. Obviously, Pz, = 0 if and only
if @ is not an eigenvalue for V. Hence that last equation in (9.1.7) holds. In fact,
according to (9.1.3), we have

HL'QFZHLQFQZAJ' ifGZ)\j,
My T =T, Ts=0 if @ ¢ eig (V). (9.1.10)
The second from the last equation in (9.1.7) follows from p(a, f) = |Tlz, T2 f]|* =
|4, f||> when @ = \;; see (9.1.3).
It remains to derive an expression for p(«, f) when « is contained in D,.
Consider the operator

Vo= | (@21 |:V=0G0Q) (veDby). (9.1.11)

Then ¥, is an operator whose range equals £, the eigenspace for the backward
shift S* corresponding to the eigenvalue 1/@; see Section 1.2. Notice that

=1 I |2 1
T, = I= = I=—1.
“ ,;) |af?n e dz
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This readily implies that d,V, is an isometry from ) onto Zi (YV) whose range
equals L,. So Pz, = d>2¥,V¥? is the orthogonal projection onto £,. Using the
formula for I'y in (9.1.2), we see that U:I'y = > °a™"0,, = O(«). Hence

dgt\pa\p;rl} B [dima@(a)]

P..T = [ ) i (a € Dy). (9.1.12)

Using this and the fact that d, ¥, is an isometry, we obtain
1P, TfII” = [(daWa)da®(a) fI* = dg | ©(a) f|*.

Therefore p(a, f) = d(0©(a)*O(a)f, f) when « is in D,. By letting |a|] — oo, we
obtain p(co, f) = [|[©(c0) f]*.

To complete the proof assume that p(«, f) = 0 for all f in £ and some fixed «
in D;. Then O(a) = 0. Because © is an outer function, the range of ©(«) equals
Y. Therefore Y must be zero, and the maximal outer spectral factor for Tg is
Z€ro. |

Lemma 9.1.2. Let {A on X, B} be a controllable pair where B is an operator map-
ping a finite dimensional space £ into X. Fiz X\ in C, and let L be the subspace of
X defined by

L=XSran(A— \) = ker(A* — \I).

Then PcBE = L. In particular, if X is an eigenvalue for A*, then L is the
eigenspace for A* corresponding to A and the range of PrB equals L.

Proof. Without loss of generality, we can assume that X is an eigenvalue for A* and
L is the corresponding eigenspace for A*. Now, let x be any vector in £ & P BE.
Then using A*x = Ax, we have, for all v in &,

(z, A"Bv) = (A*"z, Bv) = ((\)"z, Bv) = (\)"(P,x, Bv)

= (N)"(x, PrBv) =0

for all integers n > 0. Since {4, B} is controllable, x is orthogonal to the whole
space X. Thus x must be zero and hence £L & P.BE = {0}. In other words,
L = P:BE. O

9.2 Sinusoid Estimation

Let {U on K, T} be the controllable isometric representation for a positive Toeplitz
matrix Tr with £(€, E)-valued symbol R = Y™ e "“"R,,. Recall that

RO RT ;kz—l
R4 RO ;’;_2

Trn = : : . , on &" (9.2.1)
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is the compression of T to £". Assume that T, is invertible for all n. In this
section, we will present Capon’s maximal likelihood method [49] or Geronimus
[107] orthogonal polynomial result to determine the eigenvalues {A;} and {AA;}
for the unitary part {V,T'2} in the Wold decomposition for {U,T'}; see (9.1.1),
(9.1.2) and (9.1.3).

Remark 9.2.1. Let Tr be a positive Toeplitz matrix with block entries in £(&, ),
and Tr,, the compression of Tg to £™; see (9.2.1). If the maximal spectral factor
O for Ty is a function in H2(&, &), then T, is invertible for all integers n > 1.

By the definition of a maximal outer spectral factor, T > TgT@. So for any x in
E™ viewed as a subspace of £ (£), we obtain

(T, ) = (Tra,x) > (TETex, x) = |Tox||? > |[MenTox||.

Because © is an outer function in HZ?(&,£), the operator ©(occ) is invertible.
The matrix representation for IlgnTg|E™ is a lower triangular block Toeplitz ma-
trix with ©(o0) on the diagonal; see (8.2.1). Hence IgnTg|E™ is invertible. Since
(Trnw,x) > |HenTox|? for all z in £", the operator Tk, is strictly positive.

Theorem 9.2.2 (Capon-Geronimus). Let {U on K,T'} be the controllable isometric
representation for a positive Toeplitz matriz Tr, and assume that Tr , s strictly
positive for all integers n > 1. Let © be the maximal outer spectral factor for Tg.
Let {V,T2} in (9.1.3) be the unitary part in the Wold decomposition for {U,T}.

For any o and B in Dy set

Cn,a = [I 0_1] OZ_QI cee Oll_nI] N g,
Ku(f,0) = CppTrnCra 9.2.2)

Then K, (a,a) is invertible. Moreover, K, (o, )™ is a decreasing set of positive
operators, that is, K,(a,a)™t > K, 11(a,a)" . Finally,

nlingo K, (a,a)™! = ©(c0)*O(c0) (o = 0)
=d30(a)'0(a)  (la| >1)
= A;AJ (a = )‘j and @ € elg (V))
=0 (la] =1 and @ ¢ eig (V)). (9.2.3)

In order to implement Theorem 9.2.2, observe that ngl admits a factoriza-
tion of the form ngl = U,U; where U, is an upper triangular matrix of the
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form: R N N

[ Bin,O Bn-10 -+ Bso DBao §1,0_
Bna Bp1a o+ Bzn Baa 0
B, 2 By,_12 -+ B3a 0 0
Un = i . . ) ) - (9.2.4)
§n7n—2 En—l,n—Q e T 0 0
_En,n_l 0 0 0 |

Here {Ekj} are all operators on €. It is emphasized that {Ekj} can be computed
recursively using the Levinson algorithm; see Remark 15.1.2. (The indices on §k7 j
in U,, are arranged in a nonstandard way to coincide with how they are com-
puted from the Levinson algorithm.) Now let ®5(z) be the Fourier transform of

{By.;}"=¢, that is,

=0
_ Ek,o -
By
e :
Op(2) = 2B =Cnz |Bypoy| (k1) (9.2.5)
=0 0
L 0 -
The equation K,(z,z) = szT}gjo;:,z yields
Kn(z,2) =Y Or(2)®x(2)". (9.2.6)
k=1
To verify that (9.2.6) holds, observe that
On,zUn = [‘Pn(Z) (I)n—l(z) e (I)Q(Z) q)l(z)] )

Kn(2,2) = Cn 2T Cr = Cr2Un(Cr 2Un)™ =Y Bp(2)@(2)".

The second from the last equality follows from ngl = U,U;. Therefore (9.2.6)

holds.
By combining (9.2.3) with (9.2.6), we obtain

nlin;o (Z @k(a)fl)k(a)*> = 0(00)*O(x0) (o = 0)
k=1
=d’0(a)*0(a) (aeDy) (9.2.7)

=A% A (@=\; and @ € eig(V))

=0 (lal =1 and @ ¢ eig(V)).
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Finally, it is noted that ®, is the k*" orthogonal polynomial with values in £(E, £)
obtained in classical orthogonal polynomial theory; see Geronimus [107]. In this
case, equation (9.2.7) reduces to the classical summation formulas from orthogonal
polynomial theory. In particular, if £ = C, then © is a scalar-valued outer function
and A; is a scalar. In other words, in the scalar setting

" -1
Tim. (Zm(aw) = |O(o0) (0= o)
k=1

=d2|0(a)? (@ €Dy) (9.2.8)
= |A;)? (@=\; and @ € eig(V))
=0 (la] =1 and @ ¢ eig(V)).

Remark 9.2.3. One does not need the Levinson algorithm to compute K, (z,z).
As before, assume that T, is a strictly positive Toeplitz operator on £". Com-
pute any operator L, on £" such that ngl = L,L}. Then L, admits a matrix
representation of the form

Vi1 Y12 o Y
Pa1 Yoo o Yon

L, = on &™.

ql)n,l wn,Q T wnm
Notice that {t; 1} are operators on €. Let T;(z) be the Fourier transform of the
j-th column of L,, that is, T,;(z) = ZZ;S 27 Fp41. 4. Then

Kn(z,2) = Z Tr(2)Te(2)".
k=1

To see this, simply notice that for z # 0, we have
Cn,2 Ly = [Tl(z) YTolz) --- Tn(z)] ,

Ko(2,2) = Cn2TrhCr = Co2LnLCh . =Y " Ti(2)Ti(2)".
k=1

Hence K, (z,2) = Y7 Ti(z)YTk(2)*. Finally, it is noted that {Y;}7 depends on
the factorization ngl = L,L7. So this method is not recursive. However, the
Levinson algorithm in (9.2.4) and (9.2.5) is recursive.

Proof of Theorem 9.2.2. Because Cj, o is onto and Tg,, is invertible, it follows
that Ky(a,a) = CpoTr1Ch , is invertible. For fixed o in Dy = {2z : || > 1} and
f € &, consider the optimization problem

pnle, f) = inf{(Trpz,z) : x € E" and Cy, oz = f}. (9.2.9)
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We claim that {p,(a, f)}$° is decreasing, that is, pp41(a, f) < pn(a, f) for all
integers n > 0. To see this observe that

prii(a, f) = inf{(Trpi1z,2) 2 € £ and Cpyy 0r = f}
< inf{(TR,n+ly7y) ry=200€&"®E and Cpi1,0y = I}
=inf{(Trnz,x):x € E" and Cp qx = f}
Hence ppy1(a, f) < pn(a, f). By consulting Lemma 9.2.4 below with C = C,,
and T = Tg.,, it follows that p,(a, f) = (Ku(o, )7L f, f). So Ky(a,a)7t is a
decreasing sequence of positive operators in n. Finally, it is noted that K, («, «)
is increasing.
To complete the proof, it remains to show that p,(«, f) converges to p(«, f)
as n tends to infinity. Then Theorem 9.1.1 yields (9.2.3) and completes the proof.

Let us view £" as the subspace of ¢ (€) contained in the first n components of
05.(€). Observe that

pnla, f) = nf{(Trpx,x) : x € E" and Cy oz = f}
=inf{(Trz,z) :x € E" and Cp oz = [}
= inf{(Tgr,z) 1z € £" and (Fiz)(a) = f}
— inf{(Trz,z) : v € (L(€) and (FLz)(a) = [}

= p(a, f). (9.2.10)
Therefore (K, (o, )7 f, f) = pnla, f) converges to p(c, f). This with Theorem
9.1.1 completes the proof. O

Lemma 9.2.4. Let T be a strictly positive operator on X. Let C be an operator
from X onto £. Consider the optimization problem

p(f) =inf{(Tz,z) :x € X and Cz = f}. (9.2.11)
Then the optimal solution to this optimization problem is unique and given by
Zopt = T'C*(CT'CH) T f and p(f) = (CT'C) T £ 1) (9.2.12)
Proof. First let us consider an optimization problem of the form
p(f) =mf{lly|*:y € X and Ay = f}. (9.2.13)

Here A is an operator from X onto £ and f is a vector in £. Notice that this
is precisely the optimization problem in (9.2.11) with T'= I and C = A. The
solution is unique and given by

Yopt = A" (AA*)T' f and  p(f) = (AA)' £, f). (9.2.14)
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To see this, let yop: be the unique vector in ker(A)+ such that Ay, = f. If y is
any other vector in X satisfying Ay = f, then y = yops + v where v is in ker(A).
Using the fact that y,,: is orthogonal to v, we obtain

||y||2 = Hyozvt + U||2 = Hyozvt”? + 2R (Yopt, v) + HU”2 = HyOPtHQ + ||UH2 > ||y0pt||2'

In other words, ||y|| > ||yopt|] With equality if and only if v = 0, or equivalently,
Y = Yopt- So the optimal solution to the optimization problem in (9.2.13) is unique
and determined by the unique vector yop: in ker(A)* such that Ayep: = f. Because
the range of A* equals ker(A)+ and A* is one to one, there exists a unique vector u
in £ such that yop: = A*u. Hence f = Ay,pr = AA*u. Since A* is one to one, AA*
is invertible, and thus, u = (AA*)_1 f. Therefore yopr = A*u = A* (AA*)_1 f.
Finally, the optimal cost

P(F) = [Yope|* = (A"(AA")THf, AT(AAT) T ) = ((AA) TV ).

Thus p(f) = ((A4°)1f, f).

Let us return to the optimization problem in (9.2.11). Notice that (Tx,z) =
| T1/22||? where T/? is the positive square root of T. Because T is invertible, T'1/2
is also invertible. By choosing y = T"/2z, we see that the optimization problem in
(9.2.11) is equivalent to

p(f) = inf{|jy||*>: y € X and CT /2y = f} (9.2.15)

In other words, yop: is a solution to (9.2.15) if and only if x,p is a solution
to (9.2.11) where yopr = T1/2xopt. By consulting the optimization problem in
(9.2.13), with A = CT~/2 we see that the optimal solution y,p; to (9.2.15) is

given by yopr = T~/2C* (CT-1C*) ™" f. Therefore
_ - 1y —1
Topt = T yop = T71C (CTTIC*) 7 f.

Since yopt is unique, z,p: is also unique. A simple calculation shows that

p(f) = (Topt, Topt) = ((CT1C*) " £, f).
This yields (9.2.12). O

The case when T is invertible. Previously, we have discussed the case when
Tg is positive. Now assume that Tr is an invertible positive Toeplitz operator on
(3 (€). Then Tx admits an invertible outer spectral factor © in H>(&,£), that is,
Tr = TETe where Tp is an invertible lower triangular Toeplitz operator on ¢2 (£);
see Theorem 7.1.1. For each o in D, let C' o be the operator mapping 63_ &)
onto &£ given by

Cooa=[1 o' o721 - ]:03(E) =€ (9.2.16)
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Observe that Coo .h = (FZh)(2) for hin ¢2 (£) and 2 in D,. For @ and 3 in D,
let K(8,a) be the operator on £ defined by

K(B,0) = Coo gT5 ' Che - (9.2.17)

Notice that K(z,«a) = (f;T1510;‘07a)(z). For o in Dy and f in &, consider the
optimization problem in (9.1.4) rewritten as

pla, f) = inf{(Trz,2) : € (3 (E) and Co 0 = f}. (9.2.18)

According to Lemma 9.2.4, the solution to this optimization problem is unique
and given by

Topt = T O o K (@, )1 f and  pla, f) = (K(a, )7, f). (9.2.19)
Finally, it is noted that (FZ @op)(2) = K(2z, ) K (a, )7L f.

Now let us show how the solution to the optimization problem in (9.2.18)
can be used to compute the outer spectral factor. First we claim that

K(z,0) = 0a(2)0(2)7'0(a) ™ where 4(2) = Z;a 1’
K(a,0)™' =d?20(a)*0(a) where d? = |a||Z|; 1,
K(z,00) = O(2)'0(c0) ™",
K (00,00) ' = ©(00)*0(0). (9.2.20)

Because the outer spectral factor is unique up to a unitary constant on the left,
without loss of generality we can assume that

K(o,a) V2 =d,0(a) and K(oo,00)" 2 = O(c0). (9.2.21)
By consulting the first equation in (9.2.20), we see that

O(2) = dowa(2)K(a,0) 2K (z,0)™" and 0O(z) = K (o0, 00) /2K (2, 00)7 1.
(9.2.22)
Finally, it is noted that the two formulas in (9.2.22) do not necessarily yield the
same outer spectral factor ©. These spectral factors are equal up to a unitary
constant on the left.

All of our formulas for © follow from the first equation in (9.2.20). So to
verify that (9.2.22) holds, it remains to show that K(z,a) = ¢, (2)0(2)710(a)~*.
To this end, let ©(2)~' = >0 27"¥,, be the power series expansion for ©~*.
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Then

Uy 0 0
. U, ¥y 0
Coo,aT@ = Coo,ozTG*l = COO,Oz Uy, U Uy

=[0()™ a 'O a?0(a)”t -]
@_1(04)000,&.
In other words, C'OO,QT(_;1 =07 a)Cuo,q- Using T = TgTe, we obtain
K(2,0) = Coo . TR'C% o = Coo . T5 ' TG *Cly o = ©71(2)Cc - C ,O() ™
_ 1
11— (za)!
Therefore the first equation in (9.2.20) holds, and the other equations follow from
the first.

Remark 9.2.5. Let Tr be an invertible positive Toeplitz operator on 63_(8), and
© in H%(&,£€) its outer spectral factor. Let K, (8, ) = Cp gTx 1 Ci o, Where Tgp,
is the Toeplitz matrix contained in the block n x n upper left hand corner of Tg;

see (9.2.1). Then for z and « in D4, we have

O(2) = dowa(z) lim Kn(a,a)1/2Kn(z7a)_1,

071(2)0(a) ™" = pa(2)07(2)O(a) .

O(z) = lim K,(co,00)" 2K, (z,00)7 . (9.2.23)

n—oo

Lemma 7.6.1 shows that T ; converges to T~ in the strong operator topology.
Therefore (9.2.23) follows from (9 2.22). In Sectlon 9.5, we will use (9.2.23) with the
Kalman-Ho algorithm to obtain an algorithm to compute the outer spectral factor
O for Tr in the rational case. Finally, it is noted that one can use the Gohberg-
Semencul-Heinig inversion formula in Section 15.3 to compute the inverse of T j,.

Remark 9.2.6. For the moment let us return to the Carathéodory interpolation
problem discussed in Section 7.5. Let Tg 41 = Tp41 on E™*1 be the strictly posi-
tive Toeplitz matrix presented in (7.5.1). Then the solution © to the Carathéodory
interpolation problem in Theorem 7.5.1 is also determined by

O(2) = Kp11(00,00)* Ky (2,00) 7"
Finally, it is noted that in this case, the “kernel function”

Kn+1(zaoo):Cn+lz Rn—i—lC*
Kni1(00,00) = CTg 5, C7,
c=[ 00 - 0.

Here we set C' = Cp, 11,00 mapping £"F! onto €. The details are left as an exercise.
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9.3 Sinusoid Estimation: Capon-Geronimus

Let R =3 _e "R, be the symbol for T determined by

1 27 v
() O () dw + | ApAge " (9.3.1)
k=1

Ro=--
27 0

where O is an outer function in H>(€, ). Moreover, A, is an operator mapping £
onto &; for j =1,2,...,v. The results in Section 6.3 show that the Toeplitz matrix
Tr determined by this R is positive, and © is the maximal outer spectral factor
for Tr. The controllable isometric representation {U, '} for Tx is determined by

U:[g 3}011{%?5?} and F_[E}:ge{%?(ggj)]. (9.3.2)

As expected, S is the unilateral shift on H?(£), and T'; is the operator mapping
€ into H?(E) given by (I'1€)(z) = O(2)¢ where € is in €. Furthermore, V is the
diagonal unitary operator on @&7&; determined by

e ] 0 e 0 Aq
0 ew2] ... 0 As

V= . . ) . and I'o=| . |. (9.3.3)
0 0 ceeewr] A,

Notice that {€"7}} are the eigenvalues for V. By construction R_,, = I'*U"T for
all integers n > 0. Proposition 6.3.1 guarantees that the pair {U, '} is controllable,
and © is the maximal outer spectral factor for Tg.

Because O is in H2(&, &), the Toeplitz matrix Tg,, on £" obtained by com-
pressing Tr to the upper left-hand n x n corner is strictly positive; see Remark
9.2.1. Hence one can use the Levinson algorithm to compute the normalized Levin-
son polynomials {®;}7 associated with Tr »; see (9.2.4) and (9.2.5). Recall that
{e™i}¥ are the eigenvalues for V. In this setting, the last two equations in (9.2.7)
become

nh_)rrgo (Z @k(elw)q)k(e“")*> = AT A; (if w=—-wy)
k=1
=0 (if w ¢ {—w;j}i_q)- (9.3.4)

So to compute the frequencies {w;}{ one simply looks at the convergence of the
series

n -1
Kn(euu761w)—l — (Z @k(ezw)(bk(ezw)*>
k=1

as w varies from 0 to 27. The positive operators K, (e, e™)~! converge mono-
tonically to A7A; at w = —wj for j = 1,2,...,v and zero otherwise. So for
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large n, we have A5A; ~ K,(e™*,e"*)~!. Moreover, if § = rankA;, then
K,(e7wi e~wi)~! has § large eigenvalues and the rest of the eigenvalues are
small. Let K, (e, e~*i)~t = QAQ* be the spectral decomposition for the op-
erator K, (e~ e~"i)~! where () is unitary and A is a diagonal matrix consisting
of the eigenvalues of K, (e~*i,e~*i)~1. By keeping the J significant eigenvalues
values for K, (e~ e~*i)~1 it follows that

Kp(e ™, e7) ™ ~ QA

where A,, on C° is a diagonal matrix consisting of the § significant eigenvalues
and €, is an isometry mapping C° into £. Hence A5 A; = Q,An ;. Because
A% Aj uniquely determines A; up to a unitary operator on the left, without loss of

generality we have A; =~ (A,,)/2Q.

To compute (Y _, ®,®;)~! on the unit circle, one can use the fast Fourier
transform to evaluate ®p at 2™ points around the unit circle. Then plot the
norm || K,(e®,e™)~ Y|, or equivalently, the inverse of the smallest eigenvalue
of K,(e™,e™) for various values of n. (In the scalar case, one simply plots
K, (e, e™)~1.) This graph will be decreasing to [|A7A;|| at w = —w; for j =
1,2,...,v and zero elsewhere. Once the frequencies {w;}} have been determined,
then the corresponding amplitude matrices A7 A; ~ Kp(e™"/, e=i)~! for n suf-
ficiently large. Finally, it is noted that one can also use Remark 9.2.3 with the fast
Fourier transform to compute K, (e*’, ") and implement this algorithm.

In almost all practical problems, the eigenvalues for V' come in complex
conjugate pairs. In this case, AJA; = Af Ax when €'/ = e™"“*. So in practice we
only have to check the frequencies in the range 0 < w < 7.

Ezxample. Consider the outer function given by

~ 1.146522 — 0.2850z + 0.1125
T 22-0.2802z — 0.0585

0(z) (9.3.5)
Let Tx be the positive Toeplitz matrix with symbol R = Y% r, e~ " deter-
mined by

1 2
Tn

1 1
= — e“m|0(e™)[2dw + ~ cos(nm/4) + = cos(nm/2). (9.3.6)

The controllable isometric representation {U,I'} for T admits a Wold decompo-
sition of the form

U_[gg]on{gq and F_H;}:C—»[gj} (9.3.7)

As expected, S is the unilateral shift on H?, and I'; is the operator mapping C
into H? given by (I'1€)(2) = 0(2)¢ where £ is in C. Moreover, V is the unitary
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Figure 9.1: Convergence of K, (e~ e~%)~1

operator on C* determined by

e/t 0 0 0 1/v/8
0 e /4 0 0 1/4/3
V=10 0 e 0 and Tz =15,
0 0 0 e /2 1/2

Proposition 6.3.1 guarantees that the pair {U,T'} is controllable and 6 is the max-
imal outer spectral factor for Tg.

Using the Levinson algorithm with the fast Fourier transform, we plotted
>, |<I>k(e“*’)|2)_1 in Figure 9.1 for some large n. As expected, this series con-
verges to zero if € is not one of the sinusoid frequencies, and converges to 1/8
for w = £7/4 and 1/4 for w = £7/2.

9.4 A Nested Optimization Problem

In this section we will present a nested set of optimization problems which will be
used to approximate the maximal outer spectral factor for certain positive Toeplitz
matrices.
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Lemma 9.4.1. Let {H,}5° be an increasing sequence of finite dimensional sub-
spaces, that is, H,, C Hn+1. Let C,, be a linear map from H,, onto a Hilbert space
& such that Cpy1|Hn = C,, for all integers m > 1. Let E,, be a one to one operator
from H,, into a Hilbert space K such that E,i1|Hy, = E,, for all integers n > 1,
and set T,, = EXE,. Fiz a vector f in £, and consider the optimization problem

pn(f) = inf{||E,h|?: h € H,, and C,h = f}. (9.4.1)

Then the following holds.

(i) For each integer n > 1 an optimal solution to (9.4.1) is given by G, f where
Gy, is the operator mapping £ into H,, determined by

Gy =T Cx(CAT'C) ™ and  po(f) = (CAT'CE) ™ £, ). (9.4.2)

(ii) The cost functions {p,(f)}3° form a decreasing sequence of positive scalars
and pu(f) = (Anf, f) where A, = (C,T71C2) ™ The {AL)° forms a

decreasing sequence of positive operators on &, that is, Apy1 < A, for all
integers n > 1. Moreover, A,, converges to a positive operator A on & and

(AF,f) = lim pu()). (9.4.3)

(iii) The operators E,G,, converge to an operator Q mapping & into K as n tends
to infinity. Furthermore, A = Q*Q.

(iv) For any integer n > 1, we have PcE,G, = Q where L is the subspace of K

defined by
L= (K& E.kerCy) =K© \/{EnkerCy}. (9.4.4)
n=1 n=1
Finally, we have
IEwGnf = QFII> = pu(f) = (AL, f). (9.4.5)

Proof. The optimization problem in (9.4.1) is equivalent to the optimization prob-
lem

pn(f) =inf{(Thz,x) : x € X and Cpz = f} (9.4.6)
in (9.2.11). According to Lemma 9.2.4, the optimal solution is given by

ToCr (C. T ) T

Hence Part (i) holds. Finally, it is noted that Lemma 9.2.4 also shows that p,(f) =
(Anf, f) where A, = (C,T;7C) ™"

To verify that Part (ii) holds recall that the subspace H,, is contained in
Hp+1. Moreover, Cpi1|Hy = Cy, and E,11|H, = E, for all integers n > 1. So
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the optimization problem in (9.4.1) corresponding to n + 1 searches over a larger
set than the corresponding optimization problem for n. Thus p,+1(f) < pn(f). In
other words, the sequence {p,(f)} is monotonically decreasing. Because the cost
pn(f) > 0, the sequence p,(f) converges to a positive scalar p(f) as n tends to
infinity. Recall that p,,(f) = (A, f, f). Using the fact that {p,(f)}3° is decreasing,
we obtain

Thus {A,,}5° forms a decreasing sequence of positive operators on £. Clearly, A,
converges to a positive operator A as n tends to infinity. The limit in (9.4.3) follows
from the fact that
p(f) = lim po(f) = lim (Anf, f) = (AfF)  (feé)

Therefore Part (ii) holds.

To verify that Part (iii) holds, fix f in £. Observe that h,, = G,, f is an optimal
solution to the optimization problems in (9.4.1) corresponding to the integer n.
First let us show that

Enh, L E kerC,, where h, =T, 'CrA,f. (9.4.7)
For u in ker C,,, we have
(Enu, Ephy) = (Tou, T, 'CEAL f) = (Cpu, A, f) = 0.

Hence (9.4.7) holds. Now assume that m < n. Clearly, h,, and h,, satisfy the
constraints Cp,hy, = f and Cph,, = f. Since H,, C H,, and C,|H,, = C,, we
have C hy, = Cryhy = f = Cphy,. Thus Cy (hy, —hy) = 0, or equivalently, h,, —hy,
is in ker C,,. According to (9.4.7), the vector E, (hy, — hy,) is orthogonal to E,h,.
This readily implies that

1EmGmf = EnGnfllg = | Bmhm — Enhnllk
= | Enhin||? = 2R(Ephum, Enhy) + || Enhy|?
= | Enhm|® = 2R(En(han — B + ha), Enhi) + || Epha|?
= ||EnhmH2 - 2%(En(hm - hn)yEnhn) - HEnhn||2
= ”EnhmH2 - HEnhn||2 = pm(f) — pu(f).

Recall that p,(f) monotonically converges to p(f) as n tends to infinity. So as
both m and n tend to infinity, the difference p,,(f) — pn(f) converges to zero. In
other words, {E,Gyf}5° is a Cauchy sequence in the Hilbert space K. Because
the space £ is finite dimensional, the operators F,,G,, converge to an operator
mapping &£ into K as n approaches infinity. Since A,, = G E} E,,G,, converges to
A and E,,G,, converges to @, we obtain A = Q*Q. Therefore Part (iii) holds.

As before, assume that m < n. Since Cy,|H,, = C,, we see that ker C,,
is contained in ker C),. Because F,|H,, = E,,, we have X, = K& E, ker C,, is
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contained in X,, = K © E,, ker Cy,,. In other words, {X,,}3° forms a decreasing
sequence of subspaces. So if £ = (]° X, then Py, converges to P, in the strong
operator topology as n approaches infinity. Observe that M,, = E, kerC,, is a
subspace of E,H,. This readily implies that X,, admits a decomposition of the
form X, = (E,H,)* © (E,Hn, © M,,), and thus,

Px, = P, 1)+ + PE,HooM,)-

Recall that h,, = G,, f, the vector E,,(hy, — hy) is in M,,. Equation (9.4.7) shows
that E,h, is a vector in E,’H, © M,,. This readily implies that
PrEnGnf = lim Py, Ephpy,

= lim P(E Hn )LE h +P(En'Hn9M )E hm

= lim E,h, = hm E.G.f =Qf.

Therefore Part (iv) holds.
To complete the proof it remains to establish (9.4.5). To this end, observe
that

1EnGnf = QFII° = | EaGnflI> = 2R(EnGnf, PcQf) + |QfI
= pu(f) = 2R(PLEnGnf, Qf) + |QfI

= pu(f) = 2R(QF, Qf) + IQfI
= pn(f) = QI
= pnlf) = (AS 1)
Therefore (9.4.5) holds. O

9.5 Limit Theorems

In this section, we will use Lemma 9.4.1 to develop a limit theorem to compute the
maximal outer spectral factor and the eigenvalues for the unitary part in the Wold
decomposition for the isometric representation. Finally, this yields a generalization
of Remark 9.2.5.

Theorem 9.5.1. Let the pair {U,T'} be a controllable isometric representation for
a positive Toeplitz matrix Tr with L(E,E)-valued symbol R. Let U = S &V on
PE)sY and T = Iy Fg]tr be the Wold decomposition for {U,T'} in (9.1.1),
(9.1.2) and (9.1.3) where ©(z) = (f;Fl)(z) in H*(E,€) is the mazimal outer
spectral factor for Tr, and S is a unilateral shift while V' is unitary. Let

Wy=1[Ty VI VI -]
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be the controllability matriz for the pair {V,Ts}. Finally, for o in Dy let éna(z)
be the polynomial in 1/z with values in L(E,E) be given by

éna(z) = Kn(z,0) K (o, )71,
Gn,a = T-1or K (a,a)™': € =&,

Rn~n,a"*n

K,(z,a) = C’,LZT_1 cx

R,n~"n,a’
Cn,a == [I Oé_l.[ Oé_2I e al—nl] . Sn N ((:7
Cn,oo:[f 0 0o ---. O]S”_>57
zZa |a|2 1
e d do="" 5.1
va(2) a1 an o] (9.5.1)

Then for a in Dy, the polynomial K, (z,a) in 1/z is an invertible outer function
in H*(E,&). Moreover, we have

lim OGn.a = d2pu(2)0(a) in H(E,€) (a € Dy),
lim OGp.oa =0 in H*(E,€) (aeT),
nh_)rrgo WaGn,o = 1I¢ A (@= M\ €eigV),
lim WG =0 (@=\ ¢eigV).  (95.2)

(In the last two equations Gy o is embedded in the first E™ components of £5.(E).
If the mazimal outer spectral factor © is an invertible outer function in H>*(E, &
and o € Dy, then © is determined by (up to a unitary constant on the left)

)
)

O(2) = dapa(2) nlingo Kn(a,0) 2Ky (z,0) 7",
O(z) = lim K, (c0,00) 2K, (z,00)™" (in H?(E,E)). (9.5.3)

n—oo

For a € Dy and n > 1, the rational functions dape(2) Ky, (o, o) /2K, (z,0)~" and
K, (00,00) /2K, (2,00)~" are all invertible outer functions.

Proof. For the moment assume that « is a fixed scalar in D. Let
W= Ur UT -]

be the controllability matrix determined by {U,T'}. Recall that Tr = W*W. Con-
sider the optimization problem

pnla, f) =nf{||Epz|| : x € E" and Cp o2 = f} (9.5.4)

where E, = W|E". Notice that Tr,, = E}E,. According to Lemma 9.4.1, the
optimal solution to (9.5.4) is given by Gn.of and pn(a, f) = (Anof, f) where
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Gna=Gpnand A, o = K, (a,a)~!. The operators E, G, o converge to an oper-
ator @ in £(&,K) as n approaches infinity. Finally, Q = Pz E,, G, o where m is
any positive integer and £ is given by (9.4.4) with C,, = Cy, 4.

We claim that ker Cy, o, = Ilgn (S —a~11)E"~! where S is the unilateral shift
on ¢2(€). Notice that

[—a~ 1T 0 - 0 0 ]
1 —a~ 1T 0 0
0 I 0 0
Hen (S —a tD)E"! = . ) . ) . el em,
0 0 e I —a”M
| 0 0 e 0 I |

The rank of Ign (S — a™11)|E"! equals the dimension of £"~!. A simple cal-
culation shows that C,, oIgn(S — @ 11)E"™L = 0. So Tlgn (S — o~ )E™ T is
contained in the kernel of C, ., and the dimension of ker C, , is greater than
or equal to dim E"~!. However, the rank of C), o equals dim &, and thus, the di-
mension of the kernel of C,, , equals dim £"~!. In other words, the dimension of
Hen (S — a7 I)E™L equals the dimension of the kernel of C,, 4. Therefore the
kernel of C, o equals Hgn (S — a~*1)E™~L. Finally, it is noted that

E" =Tlgn(S —a 'NE" T @ Cr o€
Using WS = UW and E,, = W|E™, the subspace £ in (9.4.4) is determined
by
L={heK:hLlE,kerC,, foralln > 1}
={hekK:h LW(S —a 'DE" ! forall n > 1}
={heK:h L (U—-a*DHWe" ! foralln>1}
={hek:hL(U-a 'K}
=ker(U* — (@)~ '1) = L.
The fourth equality follows from the fact that the pair {U,T'} is controllable.
Therefore £ = L, = ker(U* — (a)~ ).
We claim that Pz, E,, G = P, I for all m > 1. Clearly, Cr, o Ginof = f.

Since Cpy o [f 0 0 --- O]tr = f, the vector G, of admits a decomposition
of the form

Gumaf=[f 0 0 -+ 0]" +Tem(S—a"'I)g
where ¢ is a vector in £™~!. This readily implies that

Pro EnGmaf =Pe.W({f 0 0 0 - ]" +(S—a 1))
=P, If+P; (U—-a'YWq= P, TFf.
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So for any « in D, we have
PLQEme’a = PLQF (Oz € D+) (955)

Now assume that « is in D;. By consulting (9.1.12), we obtain

Ao ¥a®(a) } (a € Dy); (9.5.6)

P.T = [ 0
see (9.1.11) for the definition of ¥,. Equation (9.1.10) shows that

0 _ .
P T = [ Iz A ] (@=\; €eigV). (9.5.7)

Finally, if @ € T is not an eigenvalue for V, then P, I' = 0.

If 2 is any vector in £5 (£), then Wx = Tox ® Wox where Tg is the Toeplitz
matrix determined by © and W5 is the controllability matrix corresponding to
{V,T'2}. Since G, o f is an optimal solution to (9.5.4), for a specified f in &, we
obtain
T@Gn,af

} — P Tf. (9.5.8)
Here G, is embedded in the first £" components of £ (£). According to Lemma
9.4.1, the operators E, Gy, converge to Pz I'. By consulting (9.5.6) and (9.5.7),
we obtain

lim ToGpo = d2¥,0(a) (e €eDy),

lim TeGpo =0 (a €T),
nh—{go WQGn,a = HZJ Aj (a = Aj € elg V),

lim WG, o =0 (@ ¢ eigV). (9.5.9)

n—oo

Notice that (FfGna)(z) = Gh.o(z) and FIV, = pa(2)]. Because the
Fourier transform of convolution is multiplication in the z domain, we obtain
f;T@Gma = OGy,,o. So by taking the Fourier transform in the first equation
in (9.5.9), we see that ©G,, o converges to d2¢4(2)O(a) in the H2(E,E) topol-
ogy when « is in D;. On the other hand, if a is on the unit circle, then @@n,a
converges to zero. Therefore the first two equation in (9.5.2) hold. The last two
equations in (9.5.2) follow from (9.5.9).

Theorem 9.6.2 below shows that K, (z,«) is an invertible outer function
for each a in D, . Equation (9.2.3) in Theorem 9.2.2 shows that K, (o, ) 1/?
converges monotonically to d,©(a) up to a unitary constant on the left. So without
loss of generality, we can assume that K, (a, )~/ converges to d,©(a). If © is
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an invertible outer function, then (9.5.2) shows that

0= hm 4200 (2)0(0)G e
= nh_)rrgod 0a(2)0(a)K (o, ) Ky (z,0) 7!
= lim dopa(2)Kn(a, a) /2K, (z,a)7t

This yields (9.5.3). O

Remark 9.5.2. Let © in H? be the maximal outer spectral factor for the positive
Toeplitz matrix Tr where R is a scalar-valued symbol. Let {U on K,T'} be its
controllable isometric representation, and U = S @ V' its Wold decomposition in
(9.1.1) and (9.1.3) where {A;} are all scalars on C. Then G, o(2) = Z;:Ol 27 Gn s
is a scalar-valued polynomial in z71. Let p, o()\) be the polynomial defined by
Pr.a(N) = Z?:_Ol M gn .- Then in the strong operator topology

lim py.o(V)=0 (a €Dy or @ ¢ eig(V)),
lim py, o (V)2 = 10 A; (@ € eig (V). (9.5.10)

If £ = C, then W2G,,,o = Pn,o (V). Theorem 9.5.1 tells us that py, o(V)T2
converges to zero when « is in Dy or @ is not an eigenvalue for V. Clearly,
Pn.o(V)VFT converges to zero for all integers k& > 0. Because the pair {V,T2}
is controllable, we obtain the first equation in (9.5.10). If @ = A;, then Theorem
9.5.1 with Wa G, o = Pn,o(V)T'2 shows that p, (V)T converges to HZJ,AJ-.

Remark 9.5.3. Let © in H?(E,€) be the maximal outer spectral factor for the
positive Toeplitz matrix T, and {U on K,T'} its controllable isometric represen-
tation. Remark 9.6.3 below shows that K, (3, ) is invertible for all & and f in
D,. We claim that

lim K,(8,0)"! = ap—1

n— 00 _ﬂ

0(a)*0(B)  (a,B€Dy). (9.5.11)

This is a generalization of the fact that K, (a,a)™! converges to d20(a)*O(a)
when « is in Dy ; see equation (9.2.3) in Theorem 9.2.2.

The proof of Theorem 9.5.1 shows that WG, o f converges to P I'f in K as

n tends to infinity where f is in £ and « is in D, ; see (9.5.8). In particular, this
implies that

lim Gy, sW*WGy, o =T"Pc, P, T. (9.5.12)

n—oo

By consulting the definition of Gy, o = Tx 5 C? K, (a,)”!, we obtain

Rn~"n,a
G W WG o =Gy, 5TrnGnoa
= K, (8,0)  CnpTr Ct Kn(a,a)™?

R,n~'n,a

—Kn(ﬁ7ﬁ)_lKn(ﬁ7 ) n(Oé,Oé) !
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This with (9.5.12) implies that

lim K, (8,8) ' K.(8,0)K,(a,a) =T*P;, P T. (9.5.13)

n—oo

If aisin T and § # « is in D, then £, is orthogonal to Ls. In this case, the
limit in (9.5.13) is zero. (The case when o = 3 € T is covered in equation (9.2.3)
of Theorem 9.2.2.)

If both « and 8 are contained in D, then (9.5.6) and (9.1.11) yield

* *\Trx 72 32 aﬂdid% *
r PﬁﬁPEaF = @(6) \I/ﬁdﬁda‘lla@(a) = % (ﬂ) @(a)
This readily implies that
: 4 _, Gpdid]
Jim I, (8.8) (B 0)Ko,0) ™ = TR 0(8)'0(a) (. € Dy).

Recall that for o in D, the sequence K, (o, )™ converges to d20(a)*O(a). So
K, (8, «) must also converge as n tends to infinity. Using this in the previous limit
with the fact that ©(a) and ©(5) are invertible, we arrive at

2 * . 2 aﬂdid% *
OB O(9) lin K,(5, 2)0(0)"0(a) = ==L 6(3)"0(a),
Jim K(3,0) = 7 €(9)0(a)

By taking the inverse, we arrive at the limit in (9.5.11).

Ezample. Let G be a rational function in H*°(&,)). Moreover, assume that G
admits an inner-outer factorization of the form G = G;G,, where G, is an invert-
ible outer function in H*(£,€) and G; is an inner function in H*°(£,Y). Then
the limit (9.5.3) in Theorem 9.5.1 with the Kalman-Ho algorithm can be used to
compute this inner-outer factorization. To this end, compute the Toeplitz matrix
TR, for n sufficiently large where R = G*G. One can use state space techniques
(see Lemma 4.5.4) or the fast Fourier transform to compute the Fourier coefficients
for the symbol R = Ziooo e~k R, . Then construct TR,n. Choose any o in Dy and
compute

0(2) = dopa(2)Kn(e,a)? K, (z,0) 7" or
O(2) = Ky (00, 00) 2K, (z,00) L. (9.5.14)

(Remark 9.6.3 below guarantees that © is an invertible outer function.) Then ©
is approximately the outer factor G, for G. The inner factor is determined by
; = GO~ These calculations can be done by using the fast Fourier transform.

One can use the fast Fourier transform to compute K,,(z,a) = (f;Tg;C;;,a)(z)



232 Chapter 9. Signal Processing

and ¢, (2) at 27 points on the unit circle. Then applying (9.5.14) and G; ~ GO~!
yields an approximation for G, and G; at 27 points on the unit circle. By taking
the inverse fast Fourier transform of © = 280 e~ k@, and G; = 280 6_“*’1“6’1-,;6,
we can approximate the Fourier coeflicients {©y} for © and {G; .} for G;. Finally,
applying the Kalman-Ho algorithm to these Fourier coefficients yields state space
realizations for G, and G;. Finally, it is noted that if we use a = 00, then s (2) =
1, dos = 1 and this method is essentially the Levinson finite section method in
Section 7.7 to compute the inner-outer factorization.
For example consider the rational function g in H*° given in Section 7.7:

1.19092% + 0.87352% — 0.5210z + 0.0492
27 +0.12112% — 0.378825 — 0.234224 + 0.022223 + 0.040822 + 0.0025z — 0.0011°

g =

Let g = gigo denote the inner-outer factorization for g where g, is outer and g; is
inner. By choosing o = 2 we computed Cs00.o and Tg 300 where R = |g|?. Then
we used the fast Fourier transform to compute the outer spectral factor

O(2) = dopa (2) Ky (a, oz)l/QKn(z, a)™?

for g. By taking the inverse fast Fourier transform and keeping only three signifi-
cant singular vales in the Kalman-Ho algorithm, for computing the outer part, we

obtained
B 1.36523 + 0.6422 — 0.2777z + 0.1551

9(2) =~ 50130827 — 0.2608z — 0.1922
The singular values for the 500 x 500 Hankel matrix corresponding to g, are

{0.9152,0.5789,0.2881,0.0108, 0.0016,0, . . .}.

Running the Kalman-Ho algorithm on {g; ,,}3%9, and keeping five singular values,

we arrived at the inner function

0.8722z 4+ 1

L 5.1
24 (2 + 0.8722) (9:5.15)

9i(z) =
In fact, the singular values for the 500 x 500 Hankel matrix corresponding to
the g; are {1,1,1,1,1,0,...}. As expected, the McMillan degree 5 for g; equals
the number of singular values equal to 1 and all the other singular values are
zero; see Remark 4.2.3. Using the fast Fourier transform, ||g|lcc = 2.7818 and
llg — gigollcc = 0.014. One can obtain a more accurate approximation of the inner
and outer factors by keeping more singular values in the Kalman-Ho algorithm for
Yo-
A typical procedure for computing the inner-outer factorization for g = p/q
in Matlab is given by the following steps.

(i) Set g = fft(p,2 A 13)./fft(q, 2 A 13) where

p = [0;0;0;0; 1.1909; 0.8735; —0.5210; 0.0492];
¢ = [1;0.1211; —0.3788; —0.2342; 0.0222; 0.0408; 0.0025; —0.0011];
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Compute R = abs(g). A 2. Set Rn = real(ifft(R)). The vector Rn(1:2 A 12)
contains the first 22 Fourier coefficients for R = |g|?. In Matlab set T =
toeplitz(Rn(1:300)).

(ii) In Matlab C), o = C = (1/a). A (0:299) and K = C «inv(T') « C’. Moreover,
in Matlab

va = fIt([conj(a); 0], 2 A 13)./fft([conj(e); —1], 2 A 13);
do = sqrt(abs(a)? — 1) /abs(a);
Kz = fit(inv(T) * C}, ,,2 A 13);

O = dy *sqrt(K) * po./Kz;

(iii) Compute © = Y% 27" go.n. In Matlab gn = real(ifft(0)). Then gn(1:2 A 12)
contains the first 212 Fourier coefficients of ©.

(iv) Run the Kalman-Ho algorithm on gn(1:500). Select the appropriate number
of significant singular values to compute the realization {A, B, C, D} for ©.

(iv) Compute g;. In Matlab, compute ¢g; = ¢./0. Set g,; = real(ifft(g;)). Then
g:(1:2 A 12) contains the first 212 Fourier coefficients of g;.

(vi) Run the Kalman-Ho algorithm on g,;(1:500) to compute the realization
{4, B;, C;, D;} for g;.

There is nothing magical about 300 for Tg 300 or 500 for the Kalman-Ho. Certainly
these numbers can be much smaller, or even larger depending on the problem. We
choose these numbers to demonstrate that this algorithm works well for large
numbers. Finally, by making minor modifications, the previous algorithm can be
converted to compute the inner-outer factorization for a rational function G in
H®(£,Y) when the outer factor is an invertible outer function. The details are
left to the reader as a simple exercise.

9.6 The Outer Function K,(z, «)

In this section, we will complete the proof of Theorem 9.5.1, and show that the
kernel function K, (z,a) = C’n,ZTgﬁlCz,a is an invertible outer function when «

is in Dy. Here Tg, is any strictly positive Toeplitz operator on £™; see (9.2.1).
Moreover, we will present state space formulas to compute the rational functions

dopa(2)Kn(o, o)’ K,y (z,0)" and K, (00, 00) 2K, (2, 00) 7"

in equation (9.5.3).
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Let A be the backward shift on £" and C the operator mapping £™ onto £
which picks out the first component of £", that is,

oI --- 00
o0 --- 0 0
A=|: © . ¢ il oné&",
0 0 0 I
0 0 0 0
c=1[I 0 0 0]:6"—E&. (9.6.1)

Notice that C' is onto, and the pair {C, A} is observable. Moreover, 47 = 0 for
j >n. Using 2(2] — A)~! = Zg_l 277 AJ | it follows that

Cp.=2C(zI— A~ (24#0) (9.6.2)
where C,, , is defined in (9.2.2). In particular, this readily implies that
K,(z,a) =zaC(z] — A)‘ngjl(aI — A*)~lor. (9.6.3)
Finally, Tr ,, is the solution to the Lyapunov equation:
Trn = A*Trn A+ C*C + C*C,
C=[Ro/2 R} Ry --- R:;_4]. (9.6.4)
It is noted that C maps E" into £. Motivated by the properties of {A, C, C, Trnt,
the following defines a mild generalization of the function K, (z, «).

Definition 9.6.1. We say that a set of operators {4, C, CN', A} define a kernel func-
tion K (z,«) if

K(z,a) = zaC(zI — A)~'A~Yal — A*)~tC* (z,a € Dy),

K(z,00) = 2C (21 — A)"*AC* (z €Dy). (9.6.5)
Here we assume that A is a stable operator on a finite dimensional space X and
A is a strictly positive operator on X'. Furthermore, C' maps X onto £ and C
maps X into €. Finally, the pair {C, A} is observable and A satisfies the Lyapunov

equation

A=A*AA+C*C+C*C. (9.6.6)
We are now ready to present our invertible outer function result.
Theorem 9.6.2. Consider the kernel function K(z,«) defined by {A,C,C, A}.
(i) Let © be the rational function determined by

0(z) = K(00,00) /2K (2,00) ™' = (CAT'C*)YV2K (2, 00) L. (9.6.7)
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Then © is an invertible outer function in H*(E,£). A state space realization
for © is given by

O(z)=D+C(zI-J)'L

where
D=(cAter) 2,
C =-DC,
L =AAT'C*D?,
J=A-LC. (9.6.8)

The McMillan degree of © is less than or equal to dim X . Finally, the operator
J is stable.

(ii) For a in D4, let © be the rational function determined by

Yal(z) = —— and  do = ——F—. (9.6.9)

Then © is an invertible outer function in H*(E,£). A state space realization
for © is given by
0(z)=D+C(zI-J)'L
where

B=aA'(al — A*)"'C*,

D = doK(a,a)/?(CB)7Y,
-DC,
(A— (@' )B(CB)™,
J=A-LC. (9.6.10)

=~ Q)
I

The McMillan degree of © is less than or equal to dim X. Finally, this oper-
ator J s also stable.

Remark 9.6.3. Consider data set {A7C,67TR,H} where A = Tgr, is a strictly
positive Toeplitz matrix on " while 4, C, and C are defined in (9.6.1) and
(9.6.4). Theorem 9.6.2 shows that the kernel functions K, (z,a) = Cn7zT§7zCn7a
in Theorem 9.5.1 are invertible outer functions for all & in Dy and n > 1. In this
case, state space realizations for

dopa(2)Kn(a, a)l/an(z, a)™' and K, (oo, oo)l/an(z, o0)~!

in (9.5.3) are given by (9.6.10) and (9.6.8), respectively.
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Proof of Theorem 9.6.2. Recall that if F' admits a state space realization of the
form

F(z)=N+C(zI - A)™'E (9.6.11)

where N is invertible, then the inverse of F' exists in some neighborhood of the
origin and is determined by

F(z) ' =N"'=N"'C (2 —(A—EN"'C)) ' EN"Y, (9.6.12)
see Remark 14.2.1.
Let us establish Part(i). If a = oo, then K (0o, 00) = CA~1C* = D=2, In this
case, the identity z(zf — A)™! =T + (21 — A)~! A, yields

O(2)™' = K(z,00)K (00, 00) /2
=20(zI — A)"'A~'C*D
=CA'C*D +C(zI — A)"*ANIC*D
=D +C(2I - A)TPANTICD.

By using the previous state space method to compute the inverse, we obtain

O(z) = D — DC (I — (A— AN"'C*D*C)) " AA'C*D?
=D —DC (21 —J) " ANTC* D2,

This yields the state space formula for © in (9.6.8).
We claim that J = A — AA~1C*D?C satisfies the Lyapunov equation

A = J*AJ 4+ C*D*C. (9.6.13)
To obtain this Lyapunov equation, set
P=I-A'C*D?>C and Q=A"'C*D?C.
Using P + @ = I, we obtain

A=(P+Q)*A(P+Q)
= P*AP + 2R(P*AQ) + Q*AQ. (9.6.14)

(If M is any operator on X, then ®M = (M + M*)/2.) Notice that CP = 0. By
applying P* to the left and P to the right of the Lyapunov equation

A= A*AA+C*C + C*C,
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we obtain P*AP = P*A*AAP. Notice that J = AP. This with (9.6.14) yields

A—JAJ = P*AP 4+ 2R(P*AQ) + Q"AQ — P*A*AAP
=P*AQ + Q*AP + Q*AQ
=P"AQ+ Q"A(P+ Q)
= -Q)"AQ+ Q™A
=AQ+ Q"A - Q"AQ
= C*D*C.
Therefore the Lyapunov equation in (9.6.13) holds.

To show that J is stable, notice that J = A — LC where L = AA~'C*D?.
Recall that the pair {C, A} is observable. Lemma 9.6.4 below shows that the pair
{C, J} is observable. Because D is invertible, the pair {DC, J} is also observable.
Since A is a strictly positive solution to the Lyapunov equation in (9.6.13) and
{DC, J} is observable, J is stable; see Section 14.4. The stability of A and J imply
that © and ©~! are both functions in H*°(€, £). In other words, © is an invertible
outer function. This completes the proof of Part (i).

To prove Part (ii), set ®, = (2 — A)~!. In this case, B = aA~1®*C*. Using
20, =1+ A, it follows that

da©(2) K (a, )2 = 0o (2) 1K (2, )
= (za— 1)CP® A 1O1C*
= 2aCP, A1 C* — CP AT'DICH
=aC (I +®,A)A 100" — CP AN 1ONC*
= aCA 'o:LC* + aCP, AN C* — CP AT'DCH
=CB+C®, (@A - I)\~ X C*
=CB+Cd,(A— (@)~ 'I)B.

By using the state space technique in (9.6.11) and (9.6.12) to take the inverse, we
arrive at

d K (o, 0)7Y20(2) = (CB) ™t = (CB)*C(2I — J)"Y(A - (@)"'I)B(CB) ™.

In a moment we will show that CB is invertible. Using D = do K (v, a)'/?(CB) ™1,
we obtain the state space realization for © in (9.6.10).
We claim that J satisfies the Lyapunov equation

A=JAJ+C*D*DC. (9.6.15)
To obtain this Lyapunov equation, set

P=I1-B(CB)™'C and Q= B(CB) 'C.
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Using P+ @Q = I with z in X', we obtain
(Az,z) = (A(P + Q)z, (P + Q)x)
= (APz, Px) + 2R(APz, Qz) + (AQz, Q). (9.6.16)
By employing J = AP + (a)~'Q, we obtain
IAYV2APz|? = |AY2 T2 — (@) 7 A2 Qu|?
= A2 Jz||* — 2R(AJz, (@) 7' Q) + |a|* A2 Qx|?
= [|AY2Jz|? = 2R(A(APz + (@) ' Qx), (@) ' Q)
+la|7? AV Qz|?
= (AJz, Jz) — 2R(Pz, (@) ' A*AQz) — |a| 3 (AQz, Qx).
In other words,
(AJz, Jx) = (AAPz, AP2) + 2R(Px, (@) ' A*AQx) + |a| ?(AQz, Qx). (9.6.17)

Notice that C P = 0. By applying P* to the left and P to the right of the Lyapunov
equation _ _

A=A"ANA+C*C+C*C,
we obtain P*AP = P*A*AAP. This with (9.6.16) and (9.6.17) yields

— (AAPz, APx) — 2R(Pz, (@) ' A*AQx) — |a| "2 (AQz, Q)
= 2R(Pz, (I — (@) 'A")AQx) + d% (AQx, Qx)
= 2R(Px, (@l — A*)(@)"'AB(CB)™'Cxz) + d%(AQz, Qx)
= 2R(CPz, (CB)"'Cx) + d*(AQz, Qx)
=d*(B*AB(CB) 'Cx,(CB) 'Cx)
= d*(K(a,a)(CB)"'Cz,(CB)"'Cxz)
= (C*D*DCx,x).

(Az,z) — (AJz, Jx) = (APz, Px) + 2R(Pz, AQx) + (AQx, Qx)
(

Therefore the Lyapunov equation in (9.6.15) holds.

We claim that J is stable. Set L = (A—(a)~'I)B(CB)~!. Recall that the pair
{C, A} is observable. Lemma 9.6.4 below shows that the pair {C, J} is observable.
Because D is invertible, the pair {DC, J} is also observable. Since A is a strictly
positive solution to the Lyapunov equation in (9.6.15) and {DC, J} is observable,
J is stable; see Section 14.4. The stability of A and J imply that © and ©~!
both function in H*°(&, ). In other words, O is an invertible outer function.

To complete the proof, it remains to show that C'B is invertible. In Part (i), we
have proven that K(z,00) = 2C(2I — A)"*A=1C* is an invertible outer function.
So for any a in Dy, the operator K (a,0) = aC(al — A)~'A~IC* = B*C* is
invertible. Therefore C'B is invertible. O
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Lemma 9.6.4. Let {C, A} be an observable pair, where A is an operator acting on
a finite dimensional state space X and C maps X into €. Let J be the operator
on X given by J = A — LC, where L is an operator mapping € into X. Then the
pair {C, J} is observable.

Proof. This lemma follows from the Popov-Belevitch-Hautus test; see Section 14.2.
Let us present a direct proof of this result. Let k be any positive integer. Using
J=A— LC, we obtain

C I 0 0 0 C
CA CL I 0 0 cJ
CA? | _ | CAL CL I 0 CJ* | (9.6.18)
C Ak CAF-'L CA*2L CAM3L ... I || CJk

The square operator matrix in (9.6.18) is a lower triangular Toeplitz matrix with
the identity on the main diagonal. In particular, this matrix is invertible. Because
{C, A} is observable, equation (9.6.18) implies that {C, J} is observable. O

9.7 Notes

Most of the results in this chapter are classical, and the literature in this area is
massive. So we will only mention a few results which we used to develop this chap-
ter. The optimization problems in (9.1.4) and (9.1.5) are standard problems in pre-
diction theory; see Caines [47], Kailath [138] and Helson-Lowdenslager [130, 131].
Theorem 9.1.1 is a modification of some of the results in Helson-Lowdenslager
[130, 131]. The algorithm to estimate the eigenvalues for V in the unitary pair
{V,T2} in (9.3.4) is known as the Capon [49] sinusoid estimation algorithm. This
algorithm was also discovered earlier using the theory of orthogonal polynomials;
see Geronimus [110]. Our approach to Section 9.2 and the Capon-Geronimus algo-
rithm was taken from Foias-Frazho-Sherman [88, 89] and Frazho-Sherman [101];
see also Frazho-Yagci-Sumali [104] and Georgiou [107, 108, 109] for further results
in this direction. The Capon-Geronimus algorithm is robust in a noisy environ-
ment, and plays a fundamental role in signal processing; see Stoica-Moses [194].
For a brief discussion on how these kinds of estimation problems naturally arise
in random processes see the notes in Section 8.7. The optimization problems in
Section 9.4 are standard least squares optimization problems in Hilbert space; see
Corless-Frazho [60], Gohberg-Goldberg-Kaashoek [112] and Luenberger [166] for
a further discussion of Hilbert space optimization problems. The results in Sec-
tion 9.5 are essentially a Naimark reformulation of some of the prediction theory
results in Helson-Lowdenslager [130, 131]. Finally, Theorem 9.6.2 is a standard
result for reproducing kernels. Our proof of Theorem 9.6.2 was taken from Bhosri-
Frazho-Yagci [34], where they used the kernel functions K, (z, &) to solve a special
Nevanlinna-Pick interpolation problem.
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It is noted that the method in the example in Section 9.5 does not neces-
sarily lead to an efficient computational algorithm to compute the maximal outer
spectral factor © for a positive Toeplitz matrix Tg, when the unitary part {V, T2}
is present in the Wold decomposition. To see what can happen assume that R is
a rational scalar-valued symbol determined by (9.3.1) where © is an invertible ra-
tional function in H> and {4,} are a finite set of scalars. In this case, the unitary
pair {V,T'2} is determined by (9.3.3). Assume that all the eigenvalues of V' come
in complex conjugate pairs. Theorem 9.5.1 guarantees that for any « in D, then

0= nlirr;o dopal(2)Kn(o, a) 2K, (z,0)7 !

in the H? norm. (All this means is that the square of the area in the difference
must converge to zero.) Equation (9.5.10) in Remark 9.5.2 shows that the poles
of K, (z,a)~! have to annihilate the eigenvalues of V for large n. In other words,
for large n the rational function K, (z,a)~! blows up near the eigenvalues for V.
This is a good way to determine the eigenvalues for V. Simply use the fast Fourier
transform to plot the absolute value of K,(z,a)~! on the unit circle and look
for the peaks in the spectrum. However, in applying the Kalman-Ho algorithm
to dapa(2)Kn(a, @) /2K, (z,a)~! these poles or eigenvalues for V interfere with
finding a realization for ©.

A classical optimization problem in prediction theory. The optimization problem
in (9.1.5) was motivated by prediction theory. To see how this problem arises in
prediction theory, let {y;}>°, be a mean zero wide sense stationary random process
with values in C¥; see Section 8.7 and Chapter 11. If € is a mean zero random vector
with values in C”, then the covariance of ¢ is denoted by cov(§) = EE&E* where
FE denotes the expectation. The classical prediction problem is to find the best
estimate of the future y,, given the past {y; }’1;} To convert this to an optimization
problem, let {A4;}7° be a set of matrices on C” with compact support. Then the
prediction problem leads to the optimization problem

p = inf{||cov(y, — ZAjyn_j)Hg : {A4,}5° has compact support}. (9.7.1)
j=1

Here || - ||2 denotes the Frobenius or the trace norm. Let ¢ be the vector and @ the
matrix defined by

Let Tr be the positive Toeplitz matrix defined by Tr = Eyy™*. It is noted that
the entries of Tg are given by (Tr),r = Eyry; = Eyk—;y;- Using this notation,
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we arrive at

cov(yn — Y Ajyn—j) = E(®)(F)" = PEGY *®" = DTRrd".
j=1

So the optimization problem in (9.7.1) is equivalent to the optimization problem
p=inf{||®Tr®*||;: ®=[I —A; —Ay ---] has compact support}.

Hence the optimization problem in (9.1.5) is a minor modification of the classical
optimization problem occurring in prediction theory. For some further results on
prediction theory; see Caines [47] and Helson-Lowdenslager [130, 131].

Reproducing Kernel Hilbert spaces. As expected, K,,(z, a) is a reproducing ker-
nel. A classical reference on reproducing kernel spaces is Aronszajn [16]; see also
Cucker-Smale [62]. Here we only used the notation K, (z, @) and did not exploit any
properties of reproducing kernel Hilbert spaces. For a reproducing kernel approach
to time series and random processes see Parzen [171]. Finally, to see how repro-
ducing kernels play a role in interpolation problems see Agler-McCarthy [3, 4].

Let us sketch how reproducing kernels naturally arise in our problem. To
recall the definition of a reproducing kernel Hilbert space, let H be a Hilbert
space consisting of £-valued functions defined on some subset D of C. For each «
in D, consider the linear map C,, from H into £ defined by

Coh=h(a)  (heMH). (9.7.2)

We say that H is a reproducing kernel Hilbert space if the linear map C,, is bounded
for every a in D, that is, ||Cq|| < 0o for each o in D (but not necessarily uniformly
bounded). In other words, H is a reproducing kernel Hilbert space if C, defines
an operator mapping H into & for every a in D. If H is finite dimensional, then
‘H is always a reproducing kernel Hilbert space.

Assume H is a reproducing kernel Hilbert space. We say that K(z,«) is a
reproducing kernel for H if K(z,«) is an operator-valued function such that the
following three conditions hold:

(i) For every o and z in D, the function K(z,«) is in L(E,E).
(ii) For each y in £ and « in D, the function K (-, a)y is in H.
(iii) The operator-valued function K has the reproducing property

(h(a),y)e = (h, K(-,a)y)n (heH,ye & aecD). (9.7.3)

If H is a reproducing kernel Hilbert space, then H admits a unique repro-
ducing kernel. In fact, the reproducing kernel K is given by

K(B,a) = C5C%  (a,B € D). (9.7.4)
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To see this simply observe that for h in H, we have
(h(a),y)e = (Cah,y)e = (h, Coy)n.

Hence K(z,a)y = (Cly)(z) defines a reproducing K kernel for H. This readily
implies that
K8, )y = CoK( a)y = CsCoy.

In other words, K (8, o) = CgC%. Because K (o, a) = C,C}, it follow that K (o, a)
is always a positive operator on £. Finally, K (a, «) is strictly positive if and only
if C,, is onto. B

To show that the reproducing kernel is unique, let K be another reproducing
kernel for H. Then for h in H, we have

(h, K (-, a)y)w = (h(a), y)e = (h, K(-, a)y)n.

Since this holds for all & in H, we must have K(z,a)y = K(z,a)y for all z, « in
D and y in €. Therefore the reproducing kernel K is uniquely determined by H.

Let ®; for j =1,2,...,v be a sequence of isometries mapping a Hilbert space
&; into a reproducing kernel Hilbert space ‘H such that H = &7 ®;&;. The integer
v can be finite or infinite. We claim that the reproducing kernel K for H is also
determined by

K(B,a) =) ;(5)2;(«)". (9.7.5)
j=1

Because @; is an isometry, ;@7 is the orthogonal projection onto ®;&; the range
of ®;. Since H = @7 ®;&;, we see that I = Y7 ®;®%. Using C,®; = ®;(a), we
obtain

K(B,a) = CgIC =Y Cp®;®5C,
j=1
=D B(B)(Ca®))" =) ®;(8)P;(a)".
j=1 j=1
Therefore (9.7.5) holds.
Let ‘H be a reproducing kernel Hilbert space. Moreover, let us assume that

the evaluation operator C, is onto £ for all a in D. Consider the optimization
problem

p(f) = inf{||h]|*: h € H and Coh = f}. (9.7.6)
By employing Lemma 9.2.4, we see that the optimal solution h is given by

h=Ci(CaC)™ f and  p(f) = ((CaC) 7 1, ) (9.7.7)
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By consulting (9.7.4), the optimal solution in terms of the reproducing kernel K
for H is determined by

h(z) = K(z,0)K (o, )" f and  p(f) = (K(a, )" f, f). (9.7.8)

This readily implies that the solution to the optimization problem in (9.7.6) is
given by h = Gf where G(z) = K(z,a)K(o, ). Finally, it is noted that a
similar G plays a fundamental role in Theorem 9.5.1.

Now let us show how the reproducing kernel arises in our problem. As before,
let {U on KC,T'} be a controllable isometric representation for a positive Toeplitz

matrix T, and
W=I[ Ur U -]

its controllability matrix. Throughout this section we assume that the maximal
outer spectral factor © for Tg is in H*(E,€). Let H, = FFE™ be the subspace
determined by taking the Fourier transform of £". (Here £" is viewed as the
subspace of ¢34 (€) contained in the first n components of 3 (£).) Notice that H,
is the space consisting of all £-valued polynomials in z~! of degree at most n — 1.
Consider the norm on H,, determined by |||+, = |Wz|x, where h = FFz and
x is in ™, that is,

IRl = |Wz|x where o = [z0 @1 -+ xn-1]" and h(z) = > 2y

It is noted that
1Bl13, = IWz||> = [W(z @ 0)|* = (Trnz,x) (x€&),

where Tg, is the n x n block Toeplitz matrix contained in the upper left-hand
corner of Tg; see (9.2.1). Because O is square, ||h||7, = 0 if and only if A is zero;
see Remark 9.2.1. So

(h,g)n, = Trnw,§)  (h=Ffzand g=FFE)

where z and £ are in £” defines an inner product on H,. Finally, since H,, is a
finite dimensional function space, H,, is also a reproducing kernel Hilbert space.
We claim that the reproducing kernel K, for H,, is given by
Kn(B,0) = CngTr 1 Coh (o, 3 € D). (9.7.9)

Rn>~"n,«

As expected, C,, o is the operator mapping £" onto £ defined in (9.5.1). It is em-
phasized that in (9.7.9), the adjoint C}; , = Cff,a where {r denotes the transpose.
To obtain this formula for K,,(z, ), let Cy, be the operator mapping H,, onto
& given by Coh = h(a) where h = Ffx is in H,. Notice that C,, and C,,  are
two different operators. In fact, Coh = Cp 0% = Cy o(FF)"th. We claim that
Ch=FiTy\Cx

Rn>~n,a"
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To see this, observe that for h = .7—'2'90 and f in &£, we have

(h7 C;f)'Hn = (Cozh7 f)é' = (Cn,axy f)é'
= (Tron, T L CF  fen

Rn~"n,a

= (h,FETR L Cr o ),

R,n~"n,a

Hence C = FFTy ! Cr . Using this, we obtain

R,n~n,o"

K, (B,a) = CsCl = CoF g TR Cr = Cy sTr L C

Rn~"n,a Rn~"n,a*
Therefore (9.7.9) holds.

Using (Trnz,x) = ||h]|3, where h = Ffx, we sce that the optimization
problem in (9.2.9) is equivalent to the optimization problem

on(a, f) = inf{||h||x, : h € H, and h(a) = f} (9.7.10)

where f is in €. For each integer n the optimal solution to this optimization
problem is unique and given by

Tn(2) = Kn(z,0)Kn(o, @) and palas f) = (Ku(aya) " f, ). (97.11)
Here K, is the reproducing kernel for H,,. In this setting, the L(&,&)-valued
function G in (9.5.1) is given by

Gro(2) = Kn(z,0)Kp(o, )™ and  po(a, f) = |Gof]|% (9.7.12)

To obtain another expression for K, let {®;}7° be a sequence of isometries
vectors such that the range of & equals Hyi © Hy_1 for all integers k > 1. Here
@, maps & onto Hy © Hi—1 and Hy = {0}. Notice that

Hp = Sf—1(Hk © Hi—1) = S—1 Pi&i-

By consulting (9.7.5), we see that

n

Kn(B0) =Y ®p(B) k()" (9.7.13)

k=1

In particular, these polynomials {®} can be used in the limit in (9.2.7). Finally, it
is noted that ®y, is the k' orthogonal polynomial with values in £(€, £) obtained in
classical orthogonal polynomial theory; see Geronimus [107]. In this case, equation
(9.2.7) reduces to the classical summation formulas from orthogonal polynomial
theory.
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Riccati Methods



Chapter 10

Riccati Equations and
Factorization

In this chapter we will show how one can use Riccati equations to solve spectral
factorization problems.

10.1 Algebraic Riccati Equations

In this section, we will derive an algebraic Riccati equation corresponding to the
case when the rational Toeplitz matrix Tr admits a square outer spectral factor.
This derivation is based in part on Lemma 6.2.3 restated here for convenience as
follows.

Lemma 10.1.1. Let {A on X, B,C, D} be a stable realization for a rational function
© in H*(E,Y). Let P be the observability Gramian for {C, A}, that is, let P be
the unique solution to the Lyapunov equation

P =A*"PA+ C*C. (10.1.1)

Let T be the self-adjoint Toeplitz matriz generated by a L(E,E) symbol R =
> e "R,,. Then Tp = TETo if and only if

Ry = B*PB+ D*D,
R, = (B*PA+D*C)A™'B  (n>1). (10.1.2)

Let {A, B,C, D} be a stable, controllable, finite dimensional realization for
a rational outer function © in H*(&,E). Let Tk be the positive Toeplitz matrix
determined by Tr = TgTe. Because A is stable, the function R is in L>(€,E)
and Tg is a well-defined operator on ¢%(€); see Proposition 2.5.1. Let F be the
positive real function corresponding to Tk, that is, F(z) = Ro/2 + Y 1" 2 "R,
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where {R,,}§° forms the first column of Tg. According to Lemma 10.1.1, we can

always construct a realization for F of the form {A, B,C, Ry/2}. To obtain C
from {A, B,C, D}, let P be the observability Gramian for the pair {C, A}. By
consulting equation (10.1.2), we have

Ry=D*D+B*PB and R,=CA" 'B  (n>1),
C = B*PA+ D*C.

Since {A, B} is controllable, it follows that C is the only operator such that
{A,B,C,Ry/2} is a realization for F. Because © is in H>®(E,€) and outer,
D = ©(c0) must be invertible. Thus C' = D‘*(a—B*PA), and D*D = Ry—B*PB
is strictly positive. Substituting this into P = A*PA 4+ C*C yields the algebraic
Riccati equation

P=A*PA+ (C — B'PA)*(Ry — B*PB)~'(C — B*PA). (10.1.3)
Moreover, since © is an outer function, the corresponding feedback operator
J=A—-BD'C=A—-B(Ry— B*PB)"'(C — B*PA) (10.1.4)

has all its eigenvalues in the closed unit disc D; see Lemma 4.4.2. Finally, © is an
invertible outer function if and only if J is stable, or equivalently, Tr defines a
strictly positive operator on £3 (£); see Lemma 4.4.2.

Definition 10.1.2. We say that P is a positive solution to the algebraic Riccati equa-
tion in (10.1.3), if P is a positive operator on X satisfying (10.1.3) and Ry — B*PB
is strictly positive. Moreover, P is a stabilizing solution (respectively marginally
stabilizing solution) to (10.1.3), if P is a positive solution to (10.1.3) and the
feedback operator

J=A—B(Ry— B*PB)"'(C — B*PA) (10.1.5)

is stable (respectively J has all its eigenvalues in D).

In a moment, we will see that the marginal stabilizing solution is unique. In
particular, the stabilizing solution is also unique. Finally, it is noted that one can
use Matlab to compute a stabilizing solution for the algebraic Riccati equation in
(10.1.3).

Assume that P is a self-adjoint operator solving the algebraic Riccati equa-
tion in (10.1.3) where Ry — B*PB is strictly positive. Then P is also a positive
solution to this algebraic Riccati equation. To see this observe that P > A*PA
where A is stable. According to Lemma 10.1.3 below, P is positive.

Lemma 10.1.3. Let P be a self-adjoint operator on X satisfying P > A*PA where
A is a stable operator on X. Then P is a positive operator.
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Proof. Multiplying P > A*PA by A* on the left and A on the right, we obtain
P> A*PA > A*2PA?. By continuing in this fashion, P > A**PA" for all integers
n > 0. Because A is stable, A*"PA™ converges to zero. Therefore P > 0. O

Recall that © is a spectral factor for a function R, or its corresponding
Toeplitz matrix T, if © is a function in H2(£,Y) such that R = ©*O, or equiva-
lently, T = T(gT@. If © is a rational spectral factor for R, then © is in H>*(£,Y),
the function R = ©*© is also a rational function and Tr = T§Te. The following
result allows us to determine whether or not a rational Toeplitz matrix T admits
a two-sided outer spectral factor.

Theorem 10.1.4. Let F = Ro/2+ ) |" 27 "Ry, be the L(E, E)-valued function corre-
sponding to a rational Toeplitz matriz Tr with symbol R = >"> e~ "“"™R,, where

R_, = R} and Ry > 0. Assume that {A,B,a, Ro/2} is a stable, controllable,

finite dimensional realization of F'. Then the following are equivalent.

(i) The Toeplitz matriz Tr is positive and admits an outer spectral factor ©, in
H>(&,€).

(ii) There exists a positive solution P to the algebraic Riccati equation in (10.1.3).
In this case, a spectral factor © for Tg is given by

O(2) =D+ C(zI — A)'B,
D = (Ry — B*PB)'/?, (10.1.6)
C =D (C — B*PA).

(iii) There exists a unique marginally stabilizing solution P, to the algebraic Ric-
cati equation in (10.1.3). In this case, the outer spectral ©, for Tg is given

by
Oo(2) = Do + Co(2I — A)7'B,
D, = (Ry — B*P,B)/?, (10.1.7)
C,=D;'(C — B*P,A).

If © is determined by (10.1.6), then © = ©,0, where O, is an inner function in
H>(E,E). Finally, Tr defines a strictly positive operator on €% (€) if and only if
there exists a stabilizing solution to the algebraic Riccati equation in (10.1.3). In
this case, ©, is the invertible outer spectral factor for Tg.

Proof. Assume T is positive and admits a two-sided outer spectral factor © = O,,.
In this case, F' is a positive real rational function. Moreover, we can always choose
a stable controllable realization for © of the form {A, B, C, D}, that is,

O(2) =D+ C(zI — A)~'B;
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see Theorem 6.1.1. Because © is a two-sided outer function, D = ©(oc0) is invert-
ible. Furthermore, all the eigenvalues of A — BD~!C are contained in the D; see
Lemma 4.4.2. According to Lemma 10.1.1, we see that Ry = B*PB+ D*D where
P is the observability Gramian for the pair {C, A}. Hence D*D = Ry — B*PB is
strictly positive. Because {A, B, 6,30/2} is a realization of F', equation (10.1.2)
yields

CA" 'B=R, = (B*PA+D*C)A"'B  (n>1). (10.1.8)

Since the pair {A, B} is controllable, we obtain C = B*PA+ D*C. Hence C =
D~*(C — B*PA). Substituting this with D*D = Ry — B*PB into the Lyapunov
equation P = A*PA + C*C yields the algebraic Riccati equation in (10.1.3).
Finally, observe that

A—BD™'C =A—- B(Ry— B*PB)"'(C — B*PA).

Since all the eigenvalues of A — BD~!C are contained in DD, we see that P is the
marginally stabilizing solution to (10.1.3). Hence Part (i) implies that there exists
a marginally stabilizing solution to (10.1.3). In particular, there exists a positive
solution P to the algebraic Riccati equation in (10.1.3).

To complete the proof of Part (i) implies Part (ii), assume that P is a positive
solution to the algebraic Riccati equation in (10.1.3). Set

D= (Ry— B*PB)"/> and C=D'(C — B*PA).

Clearly, Ry = B*PB + D*D. Using the fact {4, B, 6, Ro/2} is a realization of F
we have

(B*PA+ D*C)A" 'B=CA" 'B=R, (n>1).

By substituting C' into the algebraic Riccati equation in (10.1.3), we see that P
is a unique solution to the Lyapunov equation P = A*PA + C*C. Lemma 10.1.1
implies that © = D + C(zI — A)~!B is a spectral factor for Tr. Therefore Part
(ii) holds.

We have previously shown that if Part (i) holds, then there exists a marginally
stabilizing solution P to (10.1.3). So Part (i) also implies all of Part (iii), except
for the fact that the marginally stabilizing solution is unique.

Assume that Part (ii) holds. In particular, P is a positive solution to (10.1.3).
We have just seen in the previous paragraph that because P is a positive solution,
the function © = D + C(2I — A)~!B is a spectral factor for Tx. Notice that ©
is a function in H*(&,€). Hence © admits an inner-outer factorization of the
form © = ©,0, where ©; is an inner function in H*(V,£) and ©, is an outer
function in H*>°(&,V). Since D = ©;(c0)0,(00) is invertible and ©,(c0) is onto V,
it follows that both ©;(c0) and ©,(00) are invertible. So without loss of generality,
we can assume that the intermediate space V = £, and ©; and ©, are functions in
H®(&,£). Using the fact that Te, is an isometry, Tr = T Te,. In other words,
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©, is a two-sided outer spectral factor for Txr. Thus Part (ii) implies Part (i).
Therefore Parts (i) and (ii) are equivalent. Clearly, Part (iii) implies Part (ii).

To complete the proof, it remains to show that the marginally stabilizing
solution to the algebraic Riccati equation in (10.1.3) is unique. Assume that Py
and P, are two marginally stabilizing solutions to (10.1.3). For j = 1,2, set

Dj=(Ro - B*P;B)"/?, C;=D;*(C - B*P;jA), and
@J(Z) = Dj + CJ(ZI — A)_lB.

Since P; and P, are both marginally stabilizing solutions, ©; and Oy are two
outer spectral factors of Tr. So there exists a unitary operator ® on £ such that
©, = $O,. In other words, D; = ®Dy and C1 A" 'B = $CL A" !B, for all n > 1.
Because {A, B} is controllable, we must have C; = ®C5. By substituting C; into
(10.1.3), we see that P; is the observability Gramian for {Cy, A}. Thus

P = A*PLA+ C{Cy = A"PLA + C33*BCy = A*PLA + C3Co.

In other words, P, = A* Py A+C5C5. Hence P is also the observability Gramian for
{C3, A}. However, we know that the observability Gramian for {Cs, A} is unique
and is given by P,. Therefore P, = P, and the marginally stabilizing solution to
algebraic Riccati equation (10.1.3) is unique. 0

Assume that {4, B,C, Ry/2} is a stable minimal realization for a positive
real function F in Theorem 10.1.4. Then the realization {A, B, C,, D,} in (10.1.7)
for its corresponding outer spectral factor ©, is also minimal. This follows from
the fact that F' and ©, have the same McMillan degree; see Theorem 6.1.1.

Remark 10.1.5. Let {A,B,CAZ', Ry/2} be a stable, controllable finite dimensional
realization for a £(&,&)-valued positive real function F'. Moreover, assume that
the corresponding algebraic Riccati equation (10.1.3) admits a positive solution,
or equivalently, the corresponding Toeplitz operator has a square outer spectral
factor. Let P be any positive solution to the algebraic Riccati equation (10.1.3),

and set R
D = (Ry— B*PB)Y/? and C = D7C — B*PA).

It follows that P,C, and D satisfy all three conditions in the Positive Real Lemma
6.2.1. In other words, let =4 rg be the set of all positive solutions to the algebraic
Riccati equation (10.1.3), and = be the set of all positive operators satisfying all
three conditions in the Positive Real Lemma 6.2.1. Then Zarr C =Z. In general,
Eare # E. For example, consider the case when T = I on ¢% and {0,1,0,1/2}
is a realization for F. Then P = 0 is the only positive solution to (10.1.3), and
it satisfies all three conditions in Lemma 6.2.1. However, P = 1, C = 1, and
D = 0 also satisfies all three conditions in Lemma 6.2.1, and P = 1 is not a
positive solution to (10.1.3). Finally, observe that if P, is the marginally stabilizing
solution to (10.1.3), then the corresponding spectral factor © is outer. According
to Remark 6.2.2, we have P, < P for all P in Z. Since Z4rg C Z, it follows that
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P, < P for all P in Z4rp. In other words, the marginally stabilizing solution is
the unique minimal solution to the algebraic Riccati equation (10.1.3).

Remark 10.1.6. If the algebraic Riccati equation in (10.1.3) admits a marginally
stabilizing solution, then this solution is unique, and one does not need to assume
that the pair {4, B} is controllable.

To see this, assume that P is a marginally stabilizing solution. Then © in
(10.1.6) defines an outer spectral factor for T where ©(oc0) is strictly positive.
Moreover, the inverse of © is given by

k) '=D"'-D'C(zI-J)"'BD ™,
J=A—-BD 'C=A-B(Ry— B*PB)"'(C — B*PA);
see Remark 14.2.1. In particular, ©(z)™* = >  27"¥, where {¥,}{° is the
sequence of operators defined by

Uo=D"' and V,=-D'B* " lCc*D"!  (n>1).

Consider the Toeplitz matrix Ty and the observability operator W, defined by

Ty U, Ty - C
0 Ty Uy --- CA

Te=10 0 Wy - and W, = A2

It is emphasized that Ty may be an unbounded operator. (If J is stable, then Ty
is a well-defined operator and Ty = T _,.) However, W, is a well-defined operator
mapping X into zi(y). Now observe that

C
CA
T\I/Wo - C;AQ 5

C=D"'C- > DIB* " C* D I1C A" A.
n=0

Because A is stable and the eigenvalues for J are contained in the closed unit disc,
the multiplication Ty W, is well defined.

We claim that C' = C'. To see this, notice that the algebraic Riccati equation
in (10.1.3) can be rewritten as

P = A*PA+ (C — B*PA)*(Ry — B*PB)~(C — B*PA)
_ (A* —(C — B*PA)*(Ry — B*PB)—lB*) PA+C*D™\C
— J*PA+C*D7'C.
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In other words, P = Zgo JC* D10 A", Using this in the definition of CN'7 we see
that _ R

C=D"'C-D'B*PA=C.
Therefore C = C.

The algebraic Riccati equation in (10.1.3) is equivalent to the Lyapunov
equation P = A*PA+ C*C, and thus, P =) ;° A*"C*CA". For z in X, we have

| Ty W,z||* = Z |CA™z||? = (Px,x).

Each marginally stabilizing solution P uniquely determines an outer spectral factor
O for Tr. Because the outer spectral factor is unique up to a unitary constant on
the left and ©(o00) is strictly positive, each marginally stabilizing solution yields the
same O, and the same W. So P is uniquely determined by (Px,z) = || TgW,z||?. In
other words, the marginally stabilizing solution to the algebraic Riccati equation
(10.1.3) is unique.

10.2 The Case when T} is Strictly Positive

To gain some further insight into the algebraic Riccati equation, we will study the
case when T}, is strictly positive. In particular, we will present an explicit formula
for the stabilizing solution. To this end, recall that if £ is a subspace of IC, then Il¢
is the operator from X onto £ given by Ilg = P¢ where Pe on K is the orthogonal
projection onto &.

Proposition 10.2.1. Let Ty be a positive Toeplitz matriz generated by a L(E,E)-
valued sequence {R,}5°. Then Tg is a strictly positive operator on (2 (&) if and
only if Tr = T3Te where O is an invertible outer function in H*(E 8) In this
case, the outer spectral factor © for Tg is given by

O(z) = AY2 4 AV I (2] — S*)~1S* TRITE,
Me=[1 0 0 0 - ]:65(6)—¢&. (10.2.1)
Here S is the unilateral shift on Zi(é‘), while Tlg is the operator which picks out

the first component of éi(é‘). Finally, A is the strictly positive operator on £
determined by

A= (TeTR ' TE) (10.2.2)

Proof. Theorem 7.1.1 shows that T is a strictly positive operator on £3 (£) if and
only if T = T§Te where © is an invertible outer function in H* (&, €).

Now assume that Ty is a strictly positive Toeplitz operator on 63_ (€). Let
{U on K,T} be any controllable isometric representation for T, and W its corre-
sponding controllability matrix, that is,

W=[" ur vr ...



254 Chapter 10. Riccati Equations and Factorization

Recall that Tr = W*W. Because Tg is invertible and {U, T} is controllable, it
follows that W defines an invertible operator from ¢2 (£) onto K; see the proof of
Theorem 7.1.1. Moreover, T = W*W and UW = W S. (Because U is similar to S,
the isometries U and S are unitarily equivalent; see Theorem 1.3.3. In particular,
U is a unilateral shift.)

To obtain the formula for the outer spectral factor © for Tx in (10.2.1), recall

O(2) = 2Ily(2I —U*)"'T (2 €Dy) (10.2.3)

where Y = ker U*; see equation (5.2.2) in Theorem 5.2.1. By taking the adjoint of
U=WSW~!, we obtain U* = W*S*W*. Since II;€ = ker S*, we see that

kerU* = {y € K: W*y € IIzE}.

In other words, Y = ker U* = W *II:E. Let E be the operator from & into ¢2 ()
given by £ = W~*II%. The operator E is one to one and the range of E equals
Y. Hence the orthogonal projection Py onto the subspace ) can be computed by

Py =E(E*E) ' E* = W Il W "W II5) e W1
=W (e TR ' TE) e Wt = W T AT WL
For z in ¢%(Y), we have
[Mya|* = (| Pya|® = |AY2 W 2|,

This implies that there exists a unitary operator ® mapping ) onto £ such that
®Ily = AY2IeW'. Since we do not distinguish between two outer spectral
factors which are equal up to a constant unitary operator on the left, the outer
spectral factor © for T is given by

O(z) = 2@y (21 — U*)'T
= 2AV2eW (2] — WS W*)~IT
= 2NV W W = (2] — %) ' W*WILL
= 2AVPI TR (2] — S*) "' TRIT:
= AY2 L AV TR (20 — §*) LS TRITE.
This yields the formula for © in (10.2.1). O

Remark 10.2.2. Assume that T is a strictly positive operator on 3 (€) and © is
its outer spectral factor. Then one can use the formula for © in (10.2.1) to show
that the inverse of © is determined by

O(2) ! = 2llg (e — §*) TR MIEAY? = (FF TR 'TE) (2)AY2. (10.2.4)

This is precisely the formula for ©~! presented in Theorem 7.1.1.



10.2. The Case when Ty is Strictly Positive 255

Theorem 10.2.3. Let Tr be a rational strictly positive Toeplitz operator on Ei(é‘).

Let {A, B,C, Ry/2} be a stable controllable realization for the positive real function
F corresponding to Tr, that is, {R,}3 forms the first column of Tg and F =
Ro/2+ 37" 27 "R,. Then the outer spectral factor © for T is given by

O(2) =D+ C(zI — A)™'B,
D = (Ry — B*PB)'/?,
C =D YC — B*PA), (10.2.5)
P =W:Ty'W,.
Here W, is the observability operator determined by
C
CA
Wo=| @2 | X — (). (10.2.6)

This P is the unique stabilizing solution to the algebraic Riccati equation (10.1.3).

Proof. Recall that R,, = C A" 1B for all integers n > 1. Hence Tk admits a matrix
representation of the form

[ Ry B*Wr £
Tr = [ W.B  Tr ] on [ 2(8) } . (10.2.7)

Using P = W;Tg 1W,, the Schur compliment A for Tk with respect to Ry is
determined by

A =Ry—B*W;T;'W,B =Ry — B*PB.
Because T, is strictly positive, A is also strictly positive. By employing the matrix
inversion formula in Lemma 7.2.1, we obtain

A1 ~ATIBWITR!

- &
R ~TR'W,BA™Y Tp' + T'W,BAT ! B* Wi T ! (&)

Notice that A~! = HgT}ng}. Moreover, S*W, = W,A, where S is the
unilateral shift on ¢2 (£). So for any z in D4, we have (21 — S*)W, = W, (21 — A).
By taking appropriate inverses, we arrive at

(2 — S*) YW, = Wy(2I — A)~1.

The matrix decomposition for Tx in (10.2.7) yields S*TrIIf = W,B. Observe that
W, admits a matrix decomposition of the form

~

W, — { W(ZA } X = { ﬁfg) } (10.2.8)
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By employing this in the previous 2 x 2 matrix decomposition of T’y 1 we have
e Tr'W, = A~Y(C — B*PA).

The state space representation for © in (10.2.1) with A2 = (Ry — B*PB)"/2,
yields
O(z) = AY2 4 AV TRt (21 — S*) 7L S*TRITE
= AY2 L AV TR (21 — S*) "' W, B
=AY L AV TR Wy (2I — A)7'B
= AY2 4 ATV2(C — B*PA)(zI — A)"'B.
Therefore the outer spectral factor © for Tg is given by (10.2.5).

To complete the proof it remains to show that P = W T, W, is a stabilizing
solution to the algebraic Riccati equation (10.1.3). To this end, observe that

P=W;Tz'W,
=[]
y A1 ~ATIBWITR! C
~T7'W,BA™Y TR' + TR'W,BAT'B*W; Ty ! W,A

ATIC - AT'B*PA
~Ty'WoBA™IC + Ty 'W,A+ Ty 'W,BA™'B*PA
=C*A"'C - C*A"'B*PA— A*PBA™'C + A*PA+ A*PBA"'B*PA
= A*PA+ C*A™Y(C — B*PA) — A*PBA~(C — B*PA)
= A*PA+ (C* — A*PB)A™Y(C — B*PA)
= A*PA+ (C — B*PA)*(Ry — B*PB)~*(C — B*PA).

= Ay |

Therefore P = W;Tg W, is a positive solution to the algebraic Riccati equation
in (10.1.3).

By construction {A, B,C, D} is a stable controllable realization for the in-
vertible outer function ©. According to Lemma 4.4.2; the feedback operator

J=A—BD™'C=A-B(Ry— B*PB)"'(C — B*PA) (10.2.9)

is stable. So P is a stabilizing solution to the Riccati equation (10.1.3). |

10.3 The Riccati Difference Equation

Let {A on X, B, C ,Ro/2} be a controllable, stable, finite dimensional realization
for a L(&,E)-valued function F', where Ry is strictly positive, and set R = F'+ F™*
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on the unit circle. By Theorem 10.1.4, the Toeplitz matrix Tr = Tr + T} admits a
square outer factor if and only if there exists a positive solution P to the algebraic
Riccati equation

P =A*PA+ (C — B*PA)*(Ry — B*PB)"*(C — B*PA). (10.3.1)

Recall that P is a positive solution to (10.3.1) if P is a positive operator solv-
ing (10.3.1) and Ry — B*PB is strictly positive. Consider the Riccati difference
equation

P,y = A*P,A+ (C — B*P,A)*(Ry — B*P,B)"'(C — B*P,A) (P, =0).

(10.3.2)
For P41 to be well defined Ry — B*P; B must be invertible for all 0 < j < n. In
fact, in our applications we will require Ry — B*P; B to be strictly positive for all
j. So if Ry — B*P, B is singular, then we simply say that P,y; is undefined. We
say that P is a positive steady state solution to the Riccati difference equation in
(10.3.2) if P, converges to a positive operator Py, and the operator Ry — B* Py B
is strictly positive. (Of course, we assume that Ry — B* P, B are invertible for all
n > 0.) If there exists a positive steady state solution Ps, to the Riccati difference
equation (10.3.2), then P, is a positive solution to the algebraic Riccati equation
in (10.3.1). So the Toeplitz matrix T is positive and admits an outer spectral
factor; see Theorem 10.1.4. In this case, P, is the marginally stabilizing solution
to the algebraic Riccati equation (10.3.1).

Theorem 10.3.1. Assume that {A,B,a, Ry /2} is a stable, controllable, finite di-
mensional realization of a L(E,E)-valued function F where Ry > 0. Let Tp =
Tr+Ty be the Toeplitz matrixz corresponding to R = F+F*. Let P, be the solution
to the Riccati difference equation in (10.3.2). Then the following are equivalent.

(i) The Toeplitz matriz Tr is positive and admits a square outer spectral factor

O.

(ii) The algebraic Riccati equation (10.3.1) admits a positive marginally stabiliz-
ing solution.

(iii) There exists a positive scalar § > 0 such that
Ry—B*P,B>4I>0 (for all m > 0). (10.3.3)
(iv) The solution set {P,}&° to the Riccati difference equation in (10.3.2) is in-
creasing, uniformly bounded and

Ry — B*P.B >0 where Py = lim P,. (10.3.4)

If (1), (ii), (ili) or (iv) hold, then the outer spectral factor © for Tg is given by
O(2) =D+ C(zI — A)™'B,
D = (Ry — B*P,B)'/?, (10.3.5)
C =D Y(C — B*P,A).
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Finally, P is the marginally stabilizing solution for the Riccati equation (10.3.1).

Proof. Theorem 10.1.4 shows that Parts (i) and (ii) are equivalent. Let W, be
the operator from X into £" = @€ defined by

~ ~ ~ ~ tr
Won=|C CA CA .. Car' | . (10.3.6)

Here X is the state space for A. As before, let T, be the n x n Toeplitz matrix
contained in the upper left-hand corner of Tg, that is, R = Ziooo e "™"R, and

Ro Ry - *

n—1
R, Ry - R,
Trn = ) ) ) on ™. (10.3.7)
Rn—l Rn—2 e RO

Recall that R; = Fj for j > 1 is the j-th Taylor coefficient of 277 for F. Using
R; = CAT7! B, it follows that Tg, ,+1 admits a matrix partition of the form

[ Ry BWZ, £
Troni= | ' p oyt } on [gn } (10.3.8)

For the moment assume that T ,, is strictly positive and set P, = W;7HT§7LWO77,.
Then the Schur complement A, 1 for Tg 41 is given by

Apy1=Rg—B*P,B where P, =W} Ty Won; (10.3.9)

see Lemma 7.2.1. So according to Corollary 7.4.3, the Toeplitz operator Tr admits
a square outer spectral factor © if and only if

Ani1=Ry— B*P,B > 61 (for all n > 0 and some ¢ > 0). (10.3.10)

In this case, { Rg — B*P,, B} forms a decreasing sequence of positive operators such
that

O(0)"O () = nll)rgo (Ro — B*P,B) (10.3.11)
where © is the outer spectral factor for Tr. Moreover, Tr ,, is strictly positive for
all n.

If Part (i) holds, then the Schur complements A,, satisfy (10.3.10). On the
other hand, if Part (iii) holds, then Tg , is strictly positive for all n; see Lemma
7.3.1. So if either Part (i) or (iii) hold, then Ty is strictly positive for all n > 1.
To show that Parts (i) and (iii) are equivalent, it remains to show that P, =
Wo*’nnglWO,n is the solution to the Riccati difference equation (10.3.2) for all
n > 0. Clearly, this holds for n = 1. Now let us use induction and assume that
P, = Wg‘,nTi}lWO,n is the n-th solution to the Riccati difference equation (10.3.2).
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By employing the matrix inversion Lemma 7.2.1 on the partition for Tk 41 in
(10.3.8), we obtain

Po1 =Wy 1T i Wounst
=& Ay, |
A1 —ATIBW, TR c
% { ~Tp W BA™Y T 4 T W, . BAT B W, Ty, } [ WA ]
= A*P,A+ (C — B*P,A)*(Ry — B*P,B)"*(C — B*P,A)

where A = A, 11 = Ry — B*P, B. This is precisely the Riccati difference equation
n (10.3.2). Therefore Parts (i) and (iii) are equivalent.

Now assume that Part (iii) holds. We claim that {P,} forms an increasing
sequence of operators. To see this, observe that T’z ,41 admits a decomposition of

the form .
| Trpn X~ n
TrRut1 = { X R ] on [5] (10.3.12)
where X = [Rn R, 1 - Rl]. Because Tg  is invertible, T 41 admits a
Schur factorization of the form
_ I 0 || Trn 0 I ThlXx~
TRnt1 = |: XT}%% I } |: 0 Ry —XnglX* } [ 0 T . (10.3.13)

Since TR n41 is strictly positive, the Schur complement A = Ry — XT'p, }1X *is also
strictly positive. In particular, the inverse of T 5,11 is given by

- I —TpiXx* [ TR, 0 I 0
Tpmir = [0 i H 0" A xrph 1 (10.3.14)

So using Wy, 1 = [Won, 5A”]” along with z in X', we have

(Pn+11',1') ( Rn+1 on+1x Won—i—lx)
= (Txns( Wonz ® CA"z), W,z & CA™x) (10.3.15)
= (Tt Won, Wonz) + A2 (=X TR W, 1 + CA™)z|?
> (Pyx, x).

Therefore P, < P,41, and {P,} is increasing.

Now let us show that the sequence {P,} is uniformly bounded. Recall that
{Ro— B*P,, B} forms a decreasing sequence which converge to the strictly positive
operator ©(c0)*©(c0). Hence {B*P, B} forms an increasing sequence of positive
operators which converge to a bounded operator M. By applying B* to the left
and B on the right of the Riccati difference equation in (10.3.2), we see that

B*P,41B = B*A*P,AB + B*(C — B*P,A)* (R, — B*P,B)"'(C — B*P,A)B
> B*A*P, AB.
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Hence B*A*P,AB < B*P,;1B. So B*A*P,AB < M for all n. Multiplying
(10.3.2) by B*A* on the left and AB on the right, we obtain B*A*P,1AB >
B*A*2P, A?B. Since B*A*P,,1AB < B*P,,, 2B, we see that B*A*2P, A’B < M.
By continuing in this fashion B*A**P,A*B < M for all k and n. This readily
implies that the diagonal entries of the positive operator

Qu=[B AB - A"'B|'P,[B AB --- A"'B]  (10.3.16)

are all bounded by M. Here v is the dimension of the state space X'. Since @, is
positive and its diagonal entries are bounded by M, it follows that

|Qn] < trace @, < v X trace M < oc.

Hence |Qn|| < v < oo for all n. Because the pair {A, B} is controllable, the
operator [B,AB,---,A*"'B] in (10.3.16) is onto X. Thus P, < al for some
finite . In fact, P, = 2*Q,Q where 2 is the Moore-Penrose or right inverse of
[ B AB --- AY"'B]. Hence P, is uniformly bounded. Since the sequence
{P,} is increasing and uniformly bounded, P, converges to a positive operator
P,. Equation (10.3.11) yields (10.3.4). Therefore Part (iv) holds.

If Part (iv) holds, then P, is a positive solution to the algebraic Riccati
equation in (10.3.1). According to Theorem 10.1.4, the Toeplitz operator T ad-
mits a square outer spectral factor. In other words, Part (i) hold. Therefore Parts
(i) through (iv) are equivalent.

If any one of (i) through (iv) hold, then Py is a positive solution to the
algebraic Riccati equation in (10.3.1). Theorem 10.1.4 shows that © in (10.3.5) is
a spectral factor for Tx. Corollary 7.4.3 with (10.3.11) guarantees that this © is
the outer spectral factor for Ty. O

By consulting the finite section inversion Lemma 7.6.1, we obtain the follow-
ing result.

Remark 10.3.2. If Ty defines a strictly positive operator on (2 (£), then P, =
W;7RT§7LWO,H converges to Py, = W;Tngo.

10.4 A Riccati Approach to Inner-Outer Factorizations

In this section, we will use the Riccati equation to compute the inner-outer fac-
torization for rational functions which admit a square outer factor. Let G be a
rational function in H°°(£,Y). Let us remind the reader that we always assume
that £ and ) are both finite dimensional. For the moment assume that G admits
an inner-outer factorization of the form G = G;G, where G; is inner and G, is a
square outer function. Since G,(00) is invertible, without loss of generality, we can
assume that G, is a rational function in H*°(€,£) and G; is an inner function in
H(&,Y). Because G;(e™) is an isometry, dim £ < dim Y. So if we are looking for
a square outer factor, we must assume that dim & < dim ). Since G is a rational



10.4. A Riccati Approach to Inner-Outer Factorizations 261

function in H>°(€,)), the function G(e™) is well defined for all 0 < w < 27.
Furthermore,

G(ezcu)*G(euu) _ Go(ezw)*Go(ezw) (0 <w< 27‘()

The outer factor G, is square if and only if G, (e") is invertible everywhere except
possibility at a finite number of points on the unit circle. In other words, G admits
a square outer factor if and only if det[G(e")*G(e")] is nonzero everywhere except
at a finite number of points.

Let {A on X, B, C, D} be a stable, controllable, finite dimensional realization
for G in H>*(£,Y) where dim € < dim ). Assume that G admits a square outer
factor. Here we shall first present a special algebraic Riccati equation and its
corresponding state space formula for computing G; and G,. Then we will derive
this algebraic Riccati equation. To compute a state space realization for G; and
G,, let X be the marginally stabilizing, positive solution to the algebraic Riccati
equation

X = A*XA—(D*C+B*XA)*(D*D+B*XB)"'(D*C+B*XA)+C*C. (10.4.1)

As expected, X is a positive solution to (10.4.1) if X is a positive operator satisfying
(10.4.1) where D*D + B*X B is strictly positive. Moreover, X is a marginally
stabilizing, positive solution if X is a positive solution to (10.4.1) and the feedback
operator

J=A—-B(D*D+B*XB)"'(D*C + B*X A) (10.4.2)

has all its eigenvalues in the closed unit disc . An operator X is a positive
stabilizing solution if X is a positive solution and J is stable. Finally, it is noted
that the algebraic Riccati equation in (10.4.1) can be rewritten as

X =(A—BA)*X(A - BA) + (C — DA)*(C — DA),
A= (D*D+ B*XB) " (D*C + B*X A). (10.4.3)

The marginally stabilizing solution X can also be obtained by taking the
limit of a certain Riccati difference equation. To be precise, consider the Riccati
difference equation

Xp41 = (A~ BA,)*X,,(A— BA,) + (C — DA,)*(C — DA,,),
A, = (D*D+ B*X,B)"*(D*C + B*X,A),
Xo=@Q where Q=A*QA+C*C. (10.4.4)

The set of all {X,,}§° are decreasing, that is, X,+1 < X,,. Notice that the initial
condition Xy = @, the observability Gramian for the pair {C, A}. (If we choose
Xo = 0 for the initial condition, then D*D + B*0B = D*D may not be invertible.
Moreover, if D is invertible, then X,, = 0 for all n when X, = 0.) Finally, it is
emphasized that the following are equivalent:
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(i) The rational function G in H>°(£,Y) admits an outer factor G, in H*(&, ).

(ii) The algebraic Riccati equation (10.4.1) has a positive marginally stabilizing
solution.

(iii) There exists a ¢ > 0 such that

D*D+ B*X,B>6I (n>0). (10.4.5)

In this case, the marginally stabilizing positive solution to (10.4.1) or (10.4.3) is
given by
X = lim X,. (10.4.6)
Now assume that (i), (ii) or (iii) holds. To compute the inner-outer factor-
ization for G, recall that {A, B,C, D} is a stable, controllable, finite dimensional
realization for G. Let X be the marginally stabilizing positive solution for the al-
gebraic Riccati equation in (10.4.1). Let C,, D,, A;, B;, C; and D, be the operators
defined by

D, = (D*D + B*XB)"/?,

C,=D;Y(D*C+ B*XA),

A;=A-BD;'C, and B;=BD,!, (10.4.7)
,=C—-DD;'C, and D;=DD,".

Then ¥, = {A;, B;,C;, D;} and ¥, = {A, B,C,, D,} are controllable realizations
for the inner factor G; and square outer factor G, for G, respectively. Notice that
the realizations ¥; and X, may not be observable. For example, if G = G, is
outer, then G; = D; is a unitary constant, C; = 0, and thus, ¥; is not observable.
However, one can extract the minimal realizations from 3; and ¥, by standard
state space techniques.

Let us show that the state space realizations for G; and G, are indeed given
by (10.4.7). According to Lemma 6.2.3, the function G is a spectral factor for the
positive Toeplitz operator Ty with symbol G*G = R = Ziooo e "R, generated
by the sequence

Ry = B*QB + D*D,
R, = (B*QA+ D*C)A™'B  (n>1). (10.4.8)

In this case, @ is the observability Gramian for {C, A}. Moreover, if we set
C=D*C+B*QA and Ry = D*D+ B*QB, (10.4.9)

then CA""1B = R, for all integers n > 1 and Ry is specified in terms of D, B and
Q. By consulting Theorem 10.1.4, we see that Tr admits a square outer spectral
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factor if and only if there exists a marginally stabilizing solution P to the following
algebraic Riccati equation:

P=A*PA+ (C — B'PA)*(Ry — B*"PB)"'(C — B*PA) (10.4.10)
= A*PA
+(D*C + B*(Q — P)A)*(DD* + B*(Q — P)B)"(D*C + B*(Q — P)A).
By subtracting this equation from Q@ = A*QA + C*C, and setting X = @ — P, we

arrive at the algebraic Riccati equation in (10.4.1). If P is a marginally stabilizing
solution to the previous algebraic Riccati equation, then the feedback operator

J=A—B(Ry— B*PB)"'(C — B*PA)
=A-B(D*D+ B*XB)"(D*C + B*X A) (10.4.11)

has all its eigenvalues in the closed unit disc I. In other words, X = Q — P is a
marginally stabilizing solution for the algebraic Riccati equation in (10.4.1). Let
C, and D, be the operators defined in (10.4.7). In this case, Theorem 10.1.4 shows
that ¥, = {4, B,C,, D, } is a state space realization for the outer spectral factor
for Tr. Since R = G*@, it follows that X, is a state space realization for the outer
spectral factor for G.

Because {A, B,C,, D,} is a realization of G,, the inverse of G,(2) is given
by

Go(2)"' = D;' = D;'C, (:I — (A= BD;'C,))” BD;".
Using this with {A;, B;, C;, D;} defined in (10.4.7), we arrive at

Gi(2) = G(2)Go(2)7!

=(D+C(:I-A)"'B)

x (D' = D;'Cy(2I — (A— BD;'C,))"*BD;!
=DD;'—~DD;'Cy(2I — (A— BD;'C,))*BD;*!

+C(z1 — AT — BD;'C,(2I — (A— BD;'C,))"Y|BD;!
=DD;'—~DD;'Cy(2I — A;)"*BD,*

+C(2I — A)7Y(2I — (A= BD;'C,) — BD;'C,](2I — A;))"*BD;!
=DD;' —DD;'C,(2I — A)"'BD;' + C(2I — A4;) ' BD;*
=DD;'+(C - DD;'C,) (2 — A;))"'BD,*
=D; +Ci(2I — A;) "' B;.

Therefore {A;, B;, C;, D;} is state space realization for the inner part G; of G.

To obtain the Riccati difference equation in (10.4.4), observe that the Ric-
cati difference equation in (10.3.2) corresponding to our data {A, B,C, Ry/2} in
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(10.4.9) is given by

Puy1 = A*P,A (10.4.12)
+(D*C + B*(Q — P,)A)*(D*D + B*(Q — P,)B)"Y(D*C + B*(Q — P,)A).

Recall that {P,}§° is an increasing sequence of positive operators which converge
to P, the marginally stabilizing solution to (10.4.10), where Py = 0. By setting
X, = Q— P, and employing Q = A*QA+ C*C, we arrive at the Riccati difference
equation

Xpi1 = A*X, A+ C*C (10.4.13)
— (D*C + B*X,,A)*(D*D + B*X,,B) " (D*C + B*X, A).

Theorem 10.3.1 guarantees that Parts (i) to (iii) are equivalent. So we see that
{X,} is a decreasing sequence of operators which converge to the marginally sta-
bilizing solution for the algebraic Riccati equation in (10.4.1).

To obtain the form of the Riccati difference equation in (10.4.4), observe that

Xp41 = A*X,A— (C*D + A" X, B)A,, + C*C

= A*X,(A — BA,) — C*DA,, + C*C

= (A= BA,)* X, (A — BA,) + AZB*X, (A — BA,) — C*DA,, + C*C

= (A~ BAp)* X (A — BA,) — A%(B*X,B + D*D)A, + A D*DA,
+A*B*X,A— C*DA, + C*C

= (A— BAn)*Xn(A — BA,) — A%(D*C + B*X,A) + A D*DA,,
+AB*X,A — C*DA, + C*C

= (A— BA,)*X,(A— BA,) + C*C + AZD*DA, — A;D*C — C*DA,

= (A= BA,)*X,(A - BA,) + (C — DA,)*(C — DA,). (10.4.14)

This yields the Riccati difference equation in (10.4.4). The form of the Riccati
difference equation in (10.4.4) guarantees that X, is positive for all n > 0. By
dropping the subscript n and n + 1 in (10.4.13) and mimicking the calculation in
(10.4.14), we obtain the form of the algebraic Riccati equation in (10.4.3).

To complete this section, let us observe that there is only one marginally
stabilizing positive solution to the algebraic Riccati equation in (10.4.1). To see
this, assume that X is a marginally stabilizing positive solution (10.4.1). Then
P =@ — X is a self-adjoint solution to the algebraic Riccati equation in (10.4.10).
Since Ry — B*PB = D*D + B* X B is strictly positive, by consulting (10.4.10), we
obtain P > A*PA. According to Lemma 10.1.3, the operator P is positive. So P
is a positive solution to the algebraic Riccati equation in (10.4.10). Because the
feedback operator J in (10.4.11) is marginally stable, P is the unique marginally
stabilizing positive solution to (10.4.10). Since the marginally stabilizing solution
is unique, X = ) — P is also uniquely determined.
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10.5 The Outer Factor for +*] — G*G

Assume that G is a rational function in H*(€,)) satisfying ||G||ec < 7. Let R be
the function in L>=°(&, &) defined by R(e*) = %I — G(e*)*G(e*) for all 0 < w <
2. Then R and R™! are both positive invertible functions in L>(&,&). So the
Toeplitz matrix T defines a strictly positive operator on 63_ (€); see Proposition
2.5.1. In particular, R admits an invertible rational outer spectral factor ©. To
compute this outer spectral factor, let {A, B, C, D} be a stable, controllable, finite
dimensional realization for G. Consider the algebraic Riccati equation

Y = A*YA+C*C (10.5.1)
+(D*C + B*Y A)*(y*I — D*D — B*YB)"(D*C + B*Y A).

We say that Y is a positive solution to this Riccati equation if Y is a positive
operator satisfying (10.5.1) and v2I—D* D— B*Y B is strictly positive. Moreover, Y
is a stabilizing solution if Y is a positive solution to (10.5.1) and the corresponding
feedback operator

J=A+ B(y*I-D*D - B*YB) " YD*C + B*Y A) (10.5.2)

is stable. Finally, it is noted that if a stabilizing solution exists, then it is unique.
If Y is any self-adjoint solution to the algebraic Riccati equation in (10.5.1)
such that v2I — D*D — B*Y B is strictly positive, then Y is a positive solution. To
see this simply observe that Y > A*Y A where A is stable. Lemma 10.1.3 shows
that Y is positive.
The Riccati difference equation corresponding to (10.5.1) is determined by

Y41 = AV, A+ C*C
+(D*C + B*Y,A)*(y*I — D*D — B*Y,,B)"(D*C + B*Y, A)
Yo=0Q where Q=A"QA+ C*C. (10.5.3)

The initial condition Yy = @ is the observability Gramian for the pair {C, A}.
In this setting, the set {Y,,}5° forms an increasing sequence of positive operators.
Moreover, Y,, converges to a positive operator Y if and only if there exists a § > 0
such that

¥ —-D*D - B*Y,B>6I  (n>0). (10.5.4)

In this case, Y is a positive solution to the algebraic Riccati equation in (10.5.1).
Moreover, the following are equivalent:

(i) The algebraic Riccati equation in (10.5.1) admits a positive stabilizing solu-
tion.

(ii) There exists a ¢ > 0 such that (10.5.4) holds and the feedback operator J is
stable when Y = lim,,_, o Y,,.
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In this case, Y is the unique stabilizing solution to the algebraic Riccati equation
in (10.5.1).

Proposition 10.5.1. Let {A, B,C, D} be a stable, controllable realization for a ra-
tional function G in H*(E,Y). Then ||Glleoc < 7 if and only if there exists a
stabilizing solution Y to the algebraic Riccati equation in (10.5.1). In this case,
the stabilizing solution is unique. Moreover, the invertible outer spectral factor ©

for v*I — G*G is given by

O(z) = Dy + C,(2I — A)7'B,
D, = (v*I — D*D — B*Y B)'/2,
C,=—-D;Y(D*C + B*Y A). (10.5.5)

Finally, |G||oo equals the infimum over the set of all v > 0 such that the algebraic
Riccati equation in (10.5.1) admits a stabilizing solution.

Proof. Set R = 421 — G*G. Since R is in L>(&,€), the Toeplitz matrix Tg is
a well-defined self-adjoint operator on ¢% (£). Moreover, ||G|lo < 7 if and only
if Tg is strictly positive, or equivalently, Tr admits an invertible outer spectral
factor. Notice that Tr = v2I — Tg-¢. By consulting Lemma 6.2.3, we see that the
components of the Toeplitz matrix (Tr);r = Rj_k are determined by

Ro =~ — D*D — B*QB,
R,=CA" 'B (for n > 1),
C = —(D*C + B*QA). (10.5.6)

As before, @ is the observability Gramian for the pair {C, A}.

Now we can use Theorem 10.1.4, to determine whether or not Tr admits a
square outer spectral factor. Using the expressions for Ry and C in (10.5.6), the
algebraic Riccati equation for P in (10.1.3) becomes

P=A"PA+ (C— B*PA)*(Ry — B'PB)"'(C — B*PA) (10.5.7)
= A*PA
4+ (D*C + B*(Q + P)A)*(y*I — D*D — B*(Q + P)B) " '(D*C + B*(Q + P)A).

The Toeplitz operator Tk admits a square outer spectral factor if and only if
the algebraic Riccati equation (10.5.7) admits a positive solution. Moreover, Tr
admits an invertible outer spectral factor if and only if (10.5.7) admits a stabilizing
solution. In other words, |G|lcc < 7 if and only if (10.5.7) admits a stabilizing
solution. In particular, if ||Gllec < 7, then (10.5.7) admits a stabilizing solution.
On the other hand, if (10.5.7) admits a positive solution, then T = v2I — T5Ta
is positive, and thus, ||G||s < 7. Therefore |G| equals the infimum over the set
of all v such that the Riccati equation in (10.5.7) admits a stabilizing solution.

If we add the observability Gramian @ = A*QA + C*C to (10.5.7) and
set Y = Q + P, we arrive at the algebraic Riccati equation for Y in (10.5.1).
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We claim that P is a positive solution to (10.5.7) if and only if Y = Q + P is
a positive solution to (10.5.1). Obviously, if P is a positive solution to (10.5.7),
then Y = @ + P is a positive solution to (10.5.1). On the other hand, if Y is a
positive solution to (10.5.1), then P = Y — @ is a self-adjoint operator solving
the algebraic Riccati equation (10.5.7) and Ry — B*PB = +*I — D*D — B*Y B is
strictly positive. Therefore P is a positive solution to (10.5.7), which proves our
claim. So |G|« equals the infimum over the set of all v > 0 such that the algebraic
Riccati equation for Y in (10.5.1) admits a stabilizing solution. This yields the last
part of the proposition.

Recall that P is a stabilizing solution to (10.5.7) if P is a positive solution
o0 (10.5.7) and the feedback operator

J=A—B(Ry— B*PB)"'(C — B*PA)
= A+ B(y*I - D*D — B*YB) }(D*C + B*Y A)

is stable. By consulting (10.5.2), we see that this is the same feedback operator
for the algebraic Riccati equation (10.5.1). Thus Y is a stabilizing solution for
(10.5.1) if and only if P =Y — @ is a stabilizing solution for (10.5.7). Because the
stabilizing solution P for (10.5.7) is unique, there is a unique stabilizing solution
Y for (10.5.1).

To complete the proof, assume that ||G|lc < v and Y is the stabilizing
solution to the algebraic Riccati equation (10.5.1). Then P =Y — @ is the stabi-
lizing solution to the algebraic Riccati equation (10.5.7). According to Theorem
10.1.4, the outer spectral factor © for 4?1 — G*G is glven by (10.1.7) where Ry
and C are now specified by (10.5.6). Using this Ry and C in (10.1.7) along with
P=P,=Y — @, we arrive at the state space realization for © in (10.5.5). |

Now let us verify our comments concerning the limit of Riccati difference
equations in (10.5.3). The Riccati difference equation corresponding to the alge-
braic Riccati equation in (10.5.7) is given by

Poi1 = A"P, A
+(D*C + B*(Q + P,)A)* (¥’ — D*D — B*(Q + P,)B) " '(D*C + B*(Q + P.)A).

The initial condition is Py = 0. In this setting the bounds in (10.3.3) and (10.5.4)
are equivalent. According to Theorem 10.3.1, the {P,} forms an increasing se-
quence of positive operators. Moreover, P, converge to an operator P if and only
if P is the marginally stabilizing solution of the algebraic Riccati equation in
(10.5.7). Observe that the difference equation in (10.5.3) is obtained by setting
Y, = Q + P, subject to the initial condition Yy = Q. Therefore {Y,,}§° forms
an increasing sequence of positive operators. Finally, Y,, converges to a positive
operator Y and J is stable if and only if Y is a stabilizing solution to the algebraic
Riccati equation in (10.5.1).

The previous proposition shows that |G|/ is the infimum over the set of all
~ such that the algebraic Riccati equation (10.5.1) admits a stabilizing solution. So
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one can compute |G|« by iterating on v to find the smallest v such that (10.5.1)
admits a stabilizing solution. Finally, it is noted that in the scalar case, one can
also use fast Fourier transform techniques to efficiently compute the L° norm of
any rational function in H°.

Remark 10.5.2. Recall that any rational contractive analytic function admits a
contractive realization; see Section 7.8. Let us compute a contractive realization
for any rational contractive analytic function G such that |G|l < 1. To this end,
let {A, B, C, D} be any minimal realization for a rational function G in H>*(&,)),
and assume that |G|lcc < 1. Let Y be the stabilizing solution to the algebraic
Riccati equation

Y = A*Y A+(D*C+B*Y A)*(I-D*D—B*Y B)"'(D*C+B*Y A)+C*C. (10.5.8)

Rt I P B

Y ={yY2Aay-12 y'/2B cy~'/? D}

Then

Finally,

is a minimal, contractive realization for G.

To verify this, let C, and D,, be the operators defined by equation (10.5.5)
where v = 1. Proposition 10.5.1 shows that {4, B,C,, D,} is a controllable real-
ization for the outer spectral factor © for R = I — G*G. Using

C,=—(I—D*D - B*YB)"Y2(D*C + B*Y A)
in (10.5.8), we obtain
Y = A'YA+ CC, + C*C.

Hence Y is the observability Gramian for the pair {[C' C,] " ,A}. Remark 7.8.2
shows that (10.5.9) holds, and ¥ is a contractive realization for G.

10.6 Darlington Synthesis

Let G be a rational function in H*(£,Y) and assume that ||G|lec < 1. The
Darlington synthesis problem is to find a two-sided inner function ¥(z) in the
Hardy space H*(E® Y,V @ &) of the form

_| G(x) Gia(z)
B Ggl(z) GQQ(Z)

In this case, VU is called a Darlington extension of G.

To solve the Darlington synthesis problem, let {4 on X', B,C, D} be any
minimal realization for a rational function G. Let © be the outer spectral fac-
tor for I — G*G. Recall that © admits a controllable realization of the form

¥(z) (10.6.1)
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{4, B,C,, D,}; see Proposition 10.5.1. Let Y be the observability Gramian for the
pair {[C C’o]tr , A} If ||Glloo < 1, then one can use v = 1 in Proposition 10.5.1
to compute {A, B, C,, D,}. Moreover, in this case Y is the stabilizing solution to
the algebraic Riccati equation in (10.5.1). Using the singular value decomposition
(or “null” in Matlab), we can compute an isometry I' mapping ) into X @ Y & €
of the form

Iy X

=12 : Y- 1Y such that TI')Y = ker
I';s &

AYY C* C
B'Y D* D (10.6.2)
Now let B; mapping ) into X, and D12 on ), and Doy mapping )Y into £ be the
operators defined by

By Iy
Dig| = |Do| (TXYT) + T340y + T50s) /2, (10.6.3)
Doa I3

Then a state space realization for a solution to the Darlington synthesis problem
is given by

-85 &G ]=[n nile[a oot s
(10.6.4)

In other words, ¥ is a Darlington extension of G. Finally, it is noted that ¥ and
G have the same McMillan degree.

To prove that ¥ in (10.6.4) is a Darlington extension of G, let us first recall
equation (7.8.9) in the proof of Theorem 7.8.1, that is,

v e Y 0 0 A B
[g* g* gg] 0 Iy 0 C D :[’g IO] (10.6.5)
0 0 0 Ig C, D, €

Since Y is strictly positive, rank(Y & I¢) = dim X' 4 dim €. Using this and the fact
that the rank of M*M equals the rank of M, equation (10.6.5) implies that

Yyl24 Y'V/2B A B
dim X + dim & = rank C D =rank | C D
C, D, Co D,

According to the rank nullity theorem, we obtain

. . AYY C* Cx
dim Y = dim ker B'Y D* D:
So there exists an isometry I' from Y into X ®Y®E whose range equals the kernel of
the previous 2 x 3 block matrix, and this isometry admits a matrix representation
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of the form (10.6.2). By construction, BfY By + DjsD12 + D35 D2s = I. Moreover,
(10.6.2) and (10.6.3) yield

A+ Cr O Y 0 0 A B B Y 0 0
B* D* D 0 Iy 0 C D Dypl|=|0 I 0
Bf Di, Di 0 0 Ir C, D, Da 0 0 Iy

Recall that A is stable and Y is the observability Gramian for {[C C’o]tr ,A}.
By applying Theorem 4.2.1 to the systems matrix

A [B B
C D Do |,
CVo Do D22
we see that the transfer function ¥ in (10.6.4) is a two-sided inner function in
H*E @Y, Y@E). Since {A, B,C, D} is a minimal realization for G, it follows

that G is contained in the upper left-hand corner of ¥. In other words, ¥ in
(10.6.4) is a Darlington extension of G.

Ezample. Consider the contractive analytic function ¢ in Section 7.8.1 given by

~ —0.716522 + 0.1796z — 0.0706
9= 3 -0.28242% — 0.0580z + 0.0003’
~0.66712° — 0.247122 — 0.16272 + 0.0004497
N 23 —0.282422 — 0.058z + 0.0003

0 (10.6.6)

Recall that ||g||c = .92, and 6 is the outer spectral factor for 1 — |g|?. Moreover,
a minimal realization {A, B, C;, D;} for the inner function [g 9] s given by

0.0983 03295 —0.0116 0.8548]"
A= |-04965 01097 —02787|, B=0.0515

00178  0.2840  0.0744 0.0196

—0.8344 —0.0757 0.0294 0
Ci=|_oo0ss2 03187 0.0154] and  D: = [0.6671] (106.7)

In this case, D =0 and D, = 0.6671, while
C= [—0.8344 —0.0757 0.0294] and C, = [—0.0882 0.3187 0.0154] .

Hence {A, B,C,0} is a realization for g, and {A, B,C,, D,} is a realization for 6.
Finally, the observability Gramian Y for the pair {C;, A} is given by

0.7590 0 0
Yy=| 0 0194 0 |. (10.6.8)
0 0  0.0163
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In this case, ' is an isometry mapping C into C° = C* & C @ C; see (10.6.2). By
using the “null” command in Matlab to compute I' with (10.6.3), we arrived at

—0.0663
Bl = |—0.1433 s D12 =0.0004 and D22 = 0.0706.
—7.7815

By computing the transfer function for the last two components of ¥, we obtained

0.000444723 — 0.16272% — 0.2471z + 0.667
23 —0.282422 — 0.0580z + 0.0003 ’
0.070582% — 0.179622 + 0.71652 — 1.128 x 1075
23 —0.282422 — 0.0580z + 0.0003

gi2 =

922 = (10.6.9)

In other words,

® = [g ﬁj = [ 50 g;z ] + [ g ] (:1—A)"'[ B Bi] (10.6.10)

is a Darlington extension of g.

To complete this section let us observe that one can use the finite section
method in Section 7.7 to compute the outer spectral factor 6 for 1 —|g|?. Then the
Kalman-Ho algorithm can be used to find a minimal realization {A, B, C;, D;} for
g 6] " Then using {A, B,C;, D;} one can follow the procedure in (10.6.2) and
(10.6.3) to compute a state space realization for the Darlington extension of g in
(10.6.10).

10.7 Riccati Equations

In this section, we will present some classical results concerning certain algebraic
Riccati equations arising in control theory. These results are used in the stability
analysis of the steady state Kalman filter; see Chapter 11. Consider the algebraic
Riccati equation determined by

P =A*PA+ Ry — (B*PA+ Ry1)" (B*PB + Ray) ' (B*PA+ Ryy). (10.7.1)

Here A is an operator on a finite dimensional space X and B maps the finite
dimensional space £ into X. Throughout we assume that

R= [R“ R”} on [ﬁ (10.7.2)

Ro1 Rao
is positive and Ras is strictly positive. Another form of the algebraic Riccati equa-
tion in (10.7.1) is given by

P=(A-BKp)"P(A—BKp)+ [I —K}] {Ri RZ] [—KP] ’

Kp = (B*PB+ Ry) ' (B*PA+ Ry)). (10.7.3)
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To verify that the algebraic Riccati equations in (10.7.3) and (10.7.1) are equivalent
observe that

Ry Raa| |—Kp
= A*PA—2R(A*PBKp) + Kp B*PBKp + Ry — 2R(R12Kp) + Kb Ros Kp
= A*PA+ Ry — 2R((B*PA+ Ry1)*Kp) + Kp(B*PB + Ry2)Kp
= A*PA+ Ry — 2R(Kp(B*PB + Ry2)Kp) + Kp(B*PB + Ry)Kp
= A*PA+ Ry, — K5(B*PB + Ryy)Kp
= A*PA+ Ry, — (B*PA+ Ry1)" (B*PB + Ryy)” " (B*PA+ Ry).

P=(A-BKp)"P(A—BEp) + [I —K3] {Rn RuH I ]

Thus the algebraic Riccati equations in (10.7.3) and (10.7.1) are identical. The
following result shows that the solution to the algebraic Riccati equation in (10.7.3)
can be obtained by passing to the limit in a corresponding Riccati difference
equation. The proof of this result will be given in Section 10.7.2.

Theorem 10.7.1. Consider the pair {A on X, B} where B maps & into X. Let Qy
be the solution for the Riccati difference equation

Qny1 = A*QnA+ Rn
(10.7.4)

— (B*QuA+ Ro1)" (B*QuB + Raz) ' (B*QuA + Ray)

subject to the initial condition Qo = 0. Moreover, assume that R in (10.7.2) is
positive and Rao is strictly positive. Finally, let A = Ry1 — R12R2_21R21 be the
Schur complement for R with respect to R11. Then the following holds.

(i) The solution {Qn}5° forms an increasing sequence of positive operators. To
be precise, Qpn < Qpny1 for all integers n > 0.

(i) If the pair {A, B} is controllable, then @, converges to a positive operator P
as n tends to infinity, that is,
P = lim Q,. (10.7.5)

In this case, P is a positive solution for the algebraic Riccati equation in
(10.7.1) or equivalently, (10.7.3).

(iii) If {A,A — BRy; Roy} is observable and {A, B} is controllable and P is
any positive solution to the algebraic Riccati equation in (10.7.1), then P
18 strictly positive. In this case, A — BKp is stable where Kp is the feedback
operator defined in (10.7.3).

(iv) If {A, A — BRyy Ro1} is observable and {A, B} is controllable, then there is
only one positive solution P to the algebraic Riccati equation in (10.7.1). In
this case, P is strictly positive. This solution is given by P = lim, o Qp.
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Consider the positive operator R determined by

n-[00 5] 1] 07

Substituting this R into (10.7.1), we obtain the classical algebraic Riccati equation
P =A*PA+C*C — A*PB(B*PB + D*D) "' B*PA. (10.7.7)

Here {A on X,B,C, D} is a state space system where B maps & into X, the
operator C' maps X into ) and D is a one to one operator mapping £ into ).
Another form for the algebraic Riccati equation in (10.7.7) is determined by
P =(A— BKp)*P(A— BKp)+ C*C + K;D*DKp,
Kp = (B*PB+ D*D)"' B*PA. (10.7.8)
By applying Theorem 10.7.1 with R in (10.7.6), we arrive at the following result.

Corollary 10.7.2. Consider the finite dimensional system {A on X, B,C, D} where
D*D is invertible. Let Q,, be the solution for the Riccati difference equation

Qni1 = A*QuA+C*C — A*Q,B(B*Q.B+ D*D) ' B*Q,A  (10.7.9)
subject to the initial condition Qo = 0. Then the following holds.

(i) The solution {Q,}5° forms an increasing sequence of positive operators. To
be precise, Qn < Qpny1 for all integers n > 0.

(i) If the pair {A, B} is controllable, then @, converges to a positive operator P
as n tends to infinity, that is,

P = lim Q,. (10.7.10)

n—oo

In this case, P is a positive solution for the algebraic Riccati equation in
(10.7.7) or equivalently, (10.7.8).

(iii) If {A, B,C, D} is controllable and observable and P is any positive solution
to the algebraic Riccati equation in (10.7.7), then P is strictly positive. In
this case, A — BKp is stable where Kp = (B*PB + D*D)"'B*PA.

(iv) If {A, B,C, D} is controllable and observable, then there is only one positive
solution P to the algebraic Riccati equation in (10.7.7). In this case, P is
strictly positive. Finally, this solution is given by P = lim, oo Qp .-

Remark 10.7.3. For the moment, let @,, be the solution to the Riccati difference
equation in (10.7.4). Another form of this Riccati difference equation is given by

A . _ e 1 | B Rae I
Qni1 = (A—BKq,)"@Qn(A—BKq,) +[I —Kg,| [321 322] [_KQJ’

Kq, = (B*QuB + Ry) ™' (B*QuA + Ry). (10.7.11)
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Moreover, an equivalent form for the Riccati difference equation in (10.7.9) is
determined by

Qn+1 = (A= BKq, ) Qu(A— BKq,) +C*C + K, D*DKq,,
Kq, = (B*Q.B+ D*D)™' B*Q,A. (10.7.12)

In applications it may be better to use the Riccati difference equation in (10.7.11),
respectively (10.7.12), rather than the Riccati difference equation in (10.7.4), re-
spectively (10.7.9). The solution @,, subject to the initial condition Q¢ = 0 must
be positive. Observe that the Riccati difference equation in (10.7.11) or (10.7.12)
is the sum of positive terms, while the Riccati difference equation in (10.7.4) or
(10.7.9) is the sum of two positive terms and a negative term. In some applications
this negative term may numerically lead to a solution @, which is not positive.
To avoid this problem one may want to use the Riccati difference equation in
(10.7.11) or (10.7.12). One can also numerically guarantee that @Q,, is positive by
forming the spectral decomposition of @,, and setting all the negative eigenvalues
for @), equal to zero. For even better methods to numerically guarantee that @,
is positive, see Kailath-Sayed-Hassibi [143].

10.7.1 The minimum principle

Now let us return to Theorem 10.7.1. If the pair { A, B} is not controllable, then the
solution @, to the Riccati difference equation (10.7.4) may diverge. For example,
consider the system A = 2, B = 0 and R = I on C?. Then Q,y; = 4Q, +1
subject to the initial condition Qo = 0. In this case, the solution @,, = Z;S 4k =
(4™ —1)/3 for n > 1. Clearly, @Q,, approaches infinity as n tends to infinity.

To prove Theorem 10.7.1, we use the following result known as the minimum
principle.

Lemma 10.7.4 (Minimum principle.). Consider the pair {A on X, B}. Assume
that R in (10.7.2) is positive and Ray is strictly positive. Let Q. be the solution
to the Riccati difference equation (10.7.11) subject to the initial condition Qq. Let
V,, be the solution to the Riccati difference equation

Vi1 = (A= B®,)*V, (A — B®,)

«1 |11 Rz I
- {Rm RQJ [—%] (10.7.13)

where ®,, is any operator mapping X into £, and Vy is the initial condition. If
Qo < Vy, then Q, <V, for all integers n > 0.

Our proof of this minimum principle is based on the following result.

Lemma 10.7.5. Consider the pair {A, B}. Assume that R in (10.7.2) is positive
and Ros is strictly positive. Let V' be any positive operator on X and ® an operator
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mapping X into £. Then we have

(A— BKy)'V(A—BKy)+ [I —K}] {Ru RmH I }

Ro1 Roa| |—Ky
<(A-B®)'V(A-B®)+[I —9*] {g; géﬂ [_Iq) (10.7.14)

where the operator
Ky = (B*VB+ Ryy) " (B*VA+ Ry)).
Finally, we have equality in (10.7.14) if and only if ® = Ky .

Proof. Let V/2 be the positive square root of V and R'/? be the positive square
root of R. Let Qg be the operator defined by the right-hand side of (10.7.14), that
is,

x Ryy Raof| | 1
Q¢ = (A—B®)"V(A—- B I -9 . 10.7.15
o= ( ) VA( )+ [ ] {Rﬂ RQQ] [_@] ( )
For x in X, we have
(Qaz,z) = [V'/2(A - BO)z||* + || RY? (x & —Pa) ||

V2 Az V2B ?
=\l g2 H R e S [o] Pzl . (10.7.16)
0 I

Now let T" be the operator from & into X & X & £ and g the vector in ¥ e X¥ & €
defined by

V2B Vi/ZA
T=| piy [o] and g = | L1 H . (10.7.17)
I 0

Clearly, g=g, is a linear function in z. By consulting (10.7.16), we have (Q¢x, z) =
llg — T®z||*. Hence

(Qoz,2) = ||g — TO®x|? > inf{||g — Tul|® : u € E}. (10.7.18)

Notice that T*T = B*V B + Ras. Since Ros is strictly positive, T*T is invert-
ible. By consulting standard least squares optimization theory, the solution to the
optimization problem in (10.7.18) is unique and given by

U= (T*T) 'T*g, = (B*VB + Raoy) ' (B*VA + Ry)z = Kyu.
So the optimal solution @ = Ky z. By employing & = Ky x in (10.7.18), we obtain

(Qo,2) = g — TO|2 > inf{ g — Tull? : u € £}
= |lg - TKvz|? = (2, z, ). (10.7.19)
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Therefore Q¢ > Qk, . Notice that Q¢ = Qg if and only if ||g, — T®z| =
llgz — TKyx| for all z in X. Because u = Kyx is the unique solution to the
optimization problem in (10.7.18), we see that Q¢ = Q,, if and only if Pz = Ky x
for all x, or equivalently, ® = Ky . O

Proof of the minimum principle Lemma 10.7.4. Recall that

Ko, = (B*QnB + Ras) " (B*QuA + Ray),
Ky, = (B*V,B + Ry) " (B*V, A+ Ra).

According to the hypothesis Qo < Vj. Now let us apply induction and assume that
Qn < V,. By using Lemma 10.7.5 twice with Kqg, and Ky, , we have

N . 1[Ri1 Ria] I
Qn-i-l = (A_BKQn) QH(A_ BKQn) + [I _KQn] |:R21 RQQ [ K n:|
I
Ky,
I
—Ky

i
|

< (A— BKyv,)"Qu(A~ BEy,) + [I —Ky, ] {Rm Rao

Rii Ri2] |
Ry1  Ra

<(A-BKv,)'Vo(A = BKy,) + [I —K7, ] [

< (A= B®)" V(A= B®y) + [I -] [gi Ej [—{I’n]

— Vn+1-

Therefore Qn4+1 < Vig1. O

10.7.2 Proof of Theorem 10.7.1

Proof of Part (i). By assumption the initial condition Qo = 0. (If Q¢ is nonzero,
then the corresponding solution sequence {Q,} is not necessarily increasing.) We
claim that @,+1 > V,, where V,, is the solution to the Riccati difference equation
n (10.7.13), subject to the initial condition Vp = 0, and ®p_1 = Kq, for k > 1
where Ko, = (B*QrB + Rgg)_l (B*QrA + Ra1). To prove this we use induction.
Since Ri2 = R3;, we obtain

Q1= (R11 — Ri2R3' Ra1) > 0=1j.

Because R is positive, its Schur complement (), is positive. Hence @1 > V4.
Now let us proceed by induction and assume that @y > Vj_; for some integer
k > 2. By choosing ®1_1 = K¢, in (10.7.13), we have

Vi = (A— BKg, )" Vi-1(A — BKg,)

Ry Ryl [ I
I —K; . 10.7.20
+ o) [Rm Rm} {_ KQJ ( )
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Subtracting (10.7.20) from (10.7.11) yields
Qr+1 = Vi = (A= BKq,)" (Qr — Vi-1)(A — BKq,) > 0.

Thus Q+1 > Vi. By induction it follows that @Q,4+1 > V,, for all integers n > 0.
Using the minimum principle, @, < V,, < Qpn41. Therefore {Q,,}§° is an increasing
sequence of positive operators. (|

Proof of Part (ii). Now assume that the pair { A, B} is controllable. Then we claim
that the sequence {Q,}5° is uniformly bounded, that is, there exists a finite con-
stant v such that @, < ~[I for all integers n > 0. Because the pair {A, B} is
controllable, there exists a feedback operator L from X into £ such that A — BL
is stable, that is, all the eigenvalues of A — BL are contained in the open unit
disc; see [60, 140, 189]. By setting ®,, = L for all n in (10.7.13), we arrive at the
following Riccati difference equation

Vot1=(A—-BL)"V, (A= BL)+ [I —L*| {Ri R;z] [—L} '

By recursively solving for V,, with V5 = 0, we see that

- Ru Ri)[1
Vo=Y (A-BL)Y [ —L*] | ) 3P A-BLY.
Sa-suy (-] g i) |-
Since the term between (A — BL)* and (A — BL)7 is positive, this readily implies
that

Ry R12:| [ 1

_ *J _T* _ J—
WS;(A BL)" [I L][Rm R _L} (A= BLY = V.

Here we set V., equal to the infinite sum. Because A — BL is stable, V is a
bounded positive operator. In particular, V,, < V,, where V., is the solution to
the Lyapunov equation

Ve = (A~ BL)'Vao(A— BL) + [I L] [gi g;j [_IL] .

By employing the minimum principle, @,, <V,, < V. Hence {Q,,}&° is uniformly
bounded. Because {Q,}&° is a uniformly bounded, increasing sequence of posi-
tive operators, (), converges to a positive operator P as n tends to infinity; see
Halmos [126]. So by passing to limits in the Riccati difference equation (10.7.11),
we arrive at a positive solution P to the algebraic Riccati equation in (10.7.1), or
equivalently, (10.7.3). |

Proof of Part (iii). Assume that {A, A — BR5; Ro1} is observable and {4, B} is
controllable. Moreover, assume that P is any positive solution to the algebraic
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Riccati equation in (10.7.1). Then we claim that P is strictly positive and A— BKp
is stable. (Notice that we did not assume that P is given by the limit in (10.7.5).
The conclusions in Part (iii) follow from the hypothesis that P is a positive solution
to the algebraic Riccati equation and the corresponding pairs are controllable and
observable.) Recall that P is a solution to the algebraic Riccati equation

. 1 [Ru R I
P=(A—BKp)"P(A— BKp)+ [I —K3)] {Ri Rli] [—Kp] :

Kp = (B*PB+ Ry) ' (B*PA+ Ry1). (10.7.21)

Let A2 on X be the positive square root of the Schur complement A =
R —R12R2_21 Ry for R. Motivated by the Schur decomposition in (7.2.5) in Section
7.2, let Q be the lower triangular operator defined by

0 Al/2 0 X
a [32_21/2321 R%Q] o {5]

Because {A, A — BR5,' Ro1}, is observable, the pair {AY/2, A — BRy; Ry } is ob-
servable. A direct calculation shows that R = Q*(), and thus,

I KR {_ ip} — I -k e {_ ;{P] .

By consulting (10.7.21), we see that P satisfies the Lyapunov equation

P=(A—BEKp)"P(A- BEp)+ [I —K3]QQ { . } . (10.7.22)
—Kp
We claim that the pair
1
3= {Q [ ] ,A— BKP} (10.7.23)
—Kp

is observable. According to the Popov-Belevitch-Hautus observability test, a pair
{T', A on X'} is observable if and only if

A— A

rank [ r

] =dimX (for all A € C);



10.7. Riccati Equations 279

see Section 14.2. Because the pair {A'/2, A — BR,,' Ro } is observable, we have

A—BKp— A A—BEKp -\
rank Q [ I } = rank Al/?
~-Kp Ryy/? Ry — Ry Kp
[A— BKp — Al
= rank Al/?
| Ry Ror — Kp
[A— BKp — B(Ryy Roy — Kp) — I
= rank A2
L Ry Ry — Kp
[A — BRy,' Ry — A\
= rank A2 =dim X
Ryy Roy — Kp

for all A in C. The second equality follows by multiplying the last row by R2_21/ % on
the left, and the third equality by multiplying the last row by B and subtracting
this from the first row. Clearly, these elementary operations do not change the
rank. Hence the pair 3 in (10.7.23) is observable.

We claim that P is strictly positive. To see this first let us show that the
kernel of P is an invariant subspace for A — BR5;' Ray. If Px = 0 for some z in X,
then the Lyapunov equation in (10.7.22) implies that

0 = (Pz,z) = |PY?(A - BKp)z|? +||Q [ * } 12,
—KPZE
Thus PY2(A — BKp)x and A2z and R),*(R3,) Ray — Kp)x are all zero. This
implies that (R5, Ro1 — Kp)x is also zero and

PY2(A - BRy' Ry )x = PY?(A — BRyy Roy + B(Ryy' Roy — Kp))z = 0.

In particular, P(A — BRy, Ra1)z = 0. So the kernel of P is an invariant subspace
for A — BRy; Roy. Let o be any eigenvector for A — BR5; Ry in the kernel of
P, that is, assume that (A — BRy, Ro1)z = Az for some nonzero vector x in the
kernel of P. Since Px = 0, our previous analysis shows that A'/2z = 0. Hence for
all integers k > 0, we obtain

AY2(A — BRyy Rop)Fe = AY2\Fz = A\FAY22 = 0.

Because {AY/2 A — BRy;' Ry} is observable, x must be zero. This contradicts
the fact that an eigenvector is nonzero. In other words, the kernel of P is zero.
Therefore P is strictly positive.
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The above analysis shows that the pair ¥ in (10.7.23) is an observable, and P
is a strictly positive, solution to the Lyapunov equation in (10.7.22). By consulting
Section 14.4, we see that A — BKp is stable. |

Proof of Part (iv). To this end, assume that P and V are two arbitrary positive
solutions to the algebraic Riccati equation in (10.7.21). By implementing Lemma
10.7.5, we have

" .1 | R R I
P — —(A— BKp)'P(A— BKp)— [I —K3] [ o R;z] [_ KP]

. q[Ru1 R I
> ~(A-BEy)'P(A- BKy) - [I -Ky] {R; R;ﬂ [_ Kv} -

Adding this —P to

. . [R1 R I
V=(A-BKy)'V(A-BKy)+[I -K}] [R; R;] [—Kv] ,

we obtain

V — P> (A- BKy) (V — P)(A— BKy). (10.7.24)

Since V' is a positive solution to the algebraic Riccati equation (10.7.21), the
operator A — BKy is stable; see Part (iii). By consulting Lemma 10.1.3, we see
that V' — P > 0. In other words, V > P. Since V and P are two arbitrary positive
solutions to the algebraic Riccati equation in (10.7.21), we can interchange the
roles of V' and P, which yield P > V. Therefore P =V. |

Let {A, B,C, D} be a stable system where D*D is invertible. Recall that the
algebraic Riccati equation in (10.4.1) to compute the inner-outer factorization is
of the form

P = A*PA+C*C—(B*PA+D*C)*(B*PB+D*D) "} (B*PA+D*C). (10.7.25)
The corresponding algebraic Riccati difference equation is given by

Qui1 = A*QuA+C*C — (B*Q,A+ D*C)*(B*Q,.B + D*D) ' (B*Q,A + D*C).
(10.7.26)

Now set
R— [C’*C Cc*D
D*C D*D
By choosing R1; = C*C, Ro; = D*C and Ros = D*D, we see that the algebraic
Riccati equation in (10.7.25) is a special case of the algebraic Riccati equation in
(10.7.1). If D is invertible and the initial condition Qg = 0 for the Riccati difference
equation (10.7.26), then @,, = 0 for all integers n > 0. The Schur complement for

R is given by

]_[c D|"[C D]J. (10.7.27)

A = Ry — RisRyy Roy = C*C — C*D(D*D)~'D*C.
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So if D is invertible, then the Schur complement A = 0. In this case, we cannot
implement Theorem 10.7.1 to find a nontrivial solution to the algebraic Riccati
equation in (10.7.25).

To get around this problem, we assumed that A is stable and the initial
condition Qg is the observability Gramian for the pair {C, A}, that is, Qo =
A*QoA+ C*C. In this case, {Q,} forms a decreasing set of positive operators; see
also (10.4.13) and the paragraph immediately following this equation. Hence @,
converges to a positive solution P to the algebraic Riccati equation (10.7.25).

10.8 Notes

The Riccati equation in control theory started with the Kalman filter [144] and
Kalman’s solution to the linear quadratic regular problem [145]. The Riccati equa-~
tion is now a standard tool in solving optimal control, filtering and H° control
problems; see Anderson-Moore [10, 11], Caines [47], Corless-Frazho [60], Davis
[66], Green-Limebeer [123], Ionescu-Oara-Weiss [135], Kailath-Sayed-Hassibi [143],
Kwakernaak-Sivan [152], Lancaster-Rodman [153] and Zhou-Doyle-Glover [204]
for further results on Riccati equations and a history of the subject area. Ionescu-
Oara-Weiss [135] also presents Riccati techniques for computing the inner-outer
factorization when the outer part is not square. Our method for obtaining the
Riccati difference equation in Section 10.3 is classical, and due to Faurre [78]. In
fact, our approach to the discrete time Riccati equation was highly motivated by
the stochastic realization problem; see Caines [47], Faurre [77, 78], Foias-Frazho
[81], Lindquist-Picci [158, 159, 160, 161, 162] and Ruckebusch [185, 186] for fur-
ther results in this direction. Proposition 10.2.1 uses the Naimark representation
to give an explicit state space formula for the invertible outer spectral factor. It is
also noted that the Naimark dilation also plays a fundamental role in Foias-Frazho
[81] and Ruckebusch’s [185, 186] solution to the stochastic realization problem.

The results in Section 10.1 to 10.6 were taken from Foias-Frazho-Gohberg-
Kaashoek [84]. Remark 10.1.6 was taken from Frazho-Kaashoek-Ran [100]. Com-
puting the inner-outer factorization and contractive realizations using state space
methods is now standard; see Bart-Gohberg-Kaashoek-Ran [28], Tonescu-Oara-
Weiss [135], Lancaster-Rodman [153] and Zhou-Doyle-Glover [204] for further re-
sults in this direction. Our approach to solving the Darlington synthesis problem
is well known. Darlington synthesis [64] started with a problem in network theory.
For some further results on Darlington synthesis and its relation to network the-
ory, see Belevitch [29], Carlin[52], and Hazony [128]. For some theoretical results
on Darlington synthesis, see Arov [17, 18], Dewilde [70], Douglas-Helton [72], and
Feintuch [79].

The results in Section 10.7 were taken from Section 3.5 in Caines [47]. It is
noted that passing to limits on the Riccati difference equation is not the most effi-
cient method of solving an algebraic Riccati equation. A more numerically efficient
way to compute the solution to the algebraic Riccati equation is to use pencils and
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invariant subspaces; see Bart-Gohberg-Kaashoek-Ran [28] and Lancaster-Rodman
[153]. Developing this theory would take us too far from the main emphasis of this
book. Finally, it is noted that computers are becoming very fast, and for many
problems one can simply pass to limits on the Riccati difference equation to com-
pute the stabilizing solution to the algebraic Riccati equation.



Chapter 11

Kalman and Wiener Filtering

In this chapter we will present a brief introduction to Kalman and Wiener filtering.
The main emphasis is to develop a connection between filtering theory and the
Riccati equation.

Let us briefly review the notion of random variable. Consider a probability
space (2, A, P) where () is the universal set, A is a o-algebra, and P is the proba-
bility measure. Recall that a random variable = is a measurable function mapping
A into C . The mean of x is given by

Ea::/de
Q

where E denotes the expectation. The variance of x is determined by
ot = Bla = ol = [ o = pul*dP.
Q

Moreover, o, is the standard deviation for x. Let f and g be two measurable
functions of random variables  and y respectively. If  and y are independent,
then it follows from probability theory that Ef(z)g(y) = Ef(z)Eg(y).

We say that a sequence {y(n)}>, is a stochastic process or random process
if each y(n) is a random variable. Let L?(£2, A, P) be the Hilbert space of all
square integrable random variables with respect to probability measure dP. The
inner product is given by (z,y) = Ezy for all z and y in L*(Q, A, P). Throughout
we assume that all random variables are in L?(£2, A, P). Moreover, let {u(n)} and
{v(n)} be random processes where each u(n) and v(n) is an element in L?($, A, P).
We say that the random processes u(n) and v(n) are orthogonal, if for all integers
i and j, the random variable (i) is orthogonal to v(j), or equivalently, the inner
product (u(i),v(j)) = Eu(i)v(j) = 0. In this case, let y(n) be a random process
given by y(n) = u(n) + v(n). Then we have

(@), y(4)) = (u(@), u(d)) + (v(i), v(5))-
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Finally, if u(n) and v(n) are independent random processes and u(n) or v(n) has
zero mean for all n, then u(n) and v(n) are orthogonal. To verify this, simply
observe that

(u(@),v(4)) = Bu(i)v(j) = Bu(i)Ev(j) = 0

for all ¢ and j. Therefore u(n) and v(n) are orthogonal.

11.1 Random Vectors

Recall that E denotes the expectation. In particular, Eg is the mean of the random
variable g. Let IC be the Hilbert space generated by the set of all random variables
g such that E|g|? is finite. Throughout we always assume that all of our random
variables are in . The inner product on K is determined by the expectation, that
is, (f,g9) = Efg where f and g are in K. We say that f is a random vector with

values in C* if f is a vector of the form f=[f1 fo - fk]tr where {f;}} are
all random variables. (Recall that ¢r denotes the transpose.) In this case, E f is the
vector in CF defined by Ef = [Ef1 Efy - Efk]tr. The correlation matriz

R is the matrix on C* defined by Ry = Eff*. To be precise,

Efify Efifs - Efifi

Efsfi Efafe - Efafy

Ry=Eff" = (11.1.1)

Efifi Efifs - Efife

Notice that the j-k entry of Ry is given by (Ry)jx = Ef;f}. Finally, it is noted
that Ry is the Gram matrix determined by {f;}}. The following result shows that
Ry is positive.

Theorem 11.1.1. Let f = [f1 f2 --- fk]tr be a random vector with values in
C*. Then Ry is a positive matriz on C*. Moreover, Ry is strictly positive (Ry > 0)
if and only if the random variables { f;}% are linearly independent.

Proof. Let o = [a1 az --- ozk]tr be any vector in C*. Then

2

k
(Rya,a) = (Eff*o,0) = E(ff*a,0) = B|f*ol> = E|>_ f;a; >0. (11.1.2)
j=1

Hence (R, @) > 0 for all @ in C*. Therefore R is positive.
Equation (11.1.2) shows that

2

k
(Rya,0) = E|Y fa
=1
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Recall that if g is a random variable, then E|g|> = 0 if and only if ¢ = 0. So
(Rya,a) = 0 if and only if Zlf fja; = 0. By definition the positive matrix Ry is
strictly positive if & = 0 is the only solution to (R, «) = 0. On the other hand,
{f;}¥ are linearly independent if the only solution to Zlf fiB; = 01is B, = 0 for
all integers 1 < v < k. Therefore Ry is strictly positive if and only if {f;}¥ are
linearly independent. O

11.2 Least Squares Estimation of a Random Vector

Recall that K is the Hilbert space generated by the set of all random variables g
such that ||g||> = E|g|* is finite. Let f = [fi f2 --- fk]tr be a random vector
with values in C*, that is, {f;}} are all random variables in K. Let H be a subspace
in I and Py be the orthogonal projection onto H. Then the orthogonal projection
of f onto H is the random vector Py f with values in C* defined by

Py fi
Py fo

Puf = (11.2.1)

Py fi,

It is noted that Py Af = APy f where A is a constant matrix of the appropriate
size. In this section we will present the classical least squares method to compute
Py f when H is a finite dimensional subspace.

As before, let f = [fl fo - fk]tr be a random vector with values in
C*. Recall that Ry is the positive matrix on C* defined by Ry = Ef f*. More-
over, Ry is strictly positive if and only if the random variables {f;}% are linearly
independent in IC. Let g = [gl ga - gm] " be a random vector with values
in C™. Obviously, R, is a positive matrix on C™. We say that H is the subspace
generated by g if H equals the linear span of {g;}7". Let us use the notation \/ ¢
to denote the linear span of {g;}7". Clearly, H is a subspace of K. The correlation
matriz Ry, is the matrix from C™ into C* defined by Ry, = Efg*. The j-v entry
of Ryg is E'f;g,. By taking the adjoint, it follows that R} = Rgy. Notice that
the subspace \/ f generated by f is orthogonal to H if and only if Ef;g, = 0 for
all j=1,2,...,kand v =1,2,...,m. In other words, \/ f is orthogonal to \/ g if
and only if Ry, = 0. Motivated by this we say that the random vectors f and g
are orthogonal if Efg* = 0. It is emphasized that Efg* is in general a constant
matrix and not an inner product. The following classical result provides a formula
for computing Py f.

Theorem 11.2.1. Let f be a random vector in C*, and g a random vector in C™. Let
Py be the orthogonal projection onto the subspace H generated by g, set f = Py f
and the error f = f — f. Then the following holds.
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i) If M is any matriz from C™ into CF, then
(i) y

~ ~

R; = E(f - D(f - ) < BE(f - Mg)(f — Mg)" (11.2.2)

(ii) The equality Ry = E(f — Mg)(f — Mg)* holds if and only if Mg = f. or
equivalently, Ry, = MRy. In this case, the estimation error is determined
by

-~ -~

Ef-Hf-N"=R;—MR,M"=R;—R;;M". (11.2.3)
(iii) IfRy is invertible, or equivalently, the set {g;}* is linearly independent, then

Puf=RygR,'g. (11.2.4)

(iv) If Ry is invertible, then the covariance for the error fV: f- f is given by

Ry=EB(f = P)(f = )" =Ry = Eff* =Ry ~RyR 'Ry (11.25)

Proof. Let M be any matrix mapping C™ into C*. Since_the components of f
and Mg are both in H, it follows that the components of f — Mg are also in H.
According to the projection theorem, each component of f — f is orthogonal to
‘H. In other words, f — f is orthogonal to f — Mg. Hence

B(f = Mg)(f = M) = B (f = [+ F = Mg) (s = F+ T~ Mg)’
=E(f = H(f - "+ E(f - H(f - Mg)*
+E(f - Mg)(f — )" + E(f — Mg)(f — Mg)*
=E(f = )(f = P+ E(f = Mg)(f — Mg)*
=R+ B(J - Mg)(f - Mg)" > Ry

The third equality follows from the fact that f — fis orthogonal to H, that is,
f — f is orthogonal to any vector whose components are in H. This readily yields
the inequality in (11.2.2).

To verify Part (i7) notice that the previous calculation also shows that

E(f — Mg)(f — Mg)" = R+ E(f — Mg)(f — Mg)".

So we have E(f — Mg)(f — Mg)* = R if and only if E(f— Mg)(f— Mg)* is

zero, or equivalently, f: Mg. By the projection theorem, f: Mg if and only if
each component of f — Mg is orthogonal to H, or equivalently, E(f — Mg)g* = 0.
Therefore E(f — Mg)(f — Mg)* = R if and only if Ryy = MR,.
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Now let us establish the error formulas in (11 2.3). By the projection theorem
f is orthogonal to f - f Since f = f + f7 we obtain

Ry =Eff* =E(f+ )(f+ )" =Eff" + Eff* = Eff* + Ry,
Hence Ry = Eff* + Rf. Using f: Mg and Ryy = MR, we have
R;=R; - Eff' =R; - MEgg"M" =Ry — MR,M" = Ry — RpyM

Therefore (11.2.3) holds.

Clearly, Part (ii7) follows by inverting R, in Part (i7). Let us directly prove
Part (i7i) from the projection theorem. Since H equals the span of {g;}7*, equa-
tion (11.2.1) shows that f = Py f = Ag where A is a matrix from C™ into C*.
According to the projection theorem, f — Ag is orthogonal to g, that is, the sub-
space generated by the span of all the components of f — Ag is orthogonal to the
subspace generated by the span of all the components of g. In other words, the
matrix E(f — Ag)g* = 0. Hence Ry, = AEgg* = AR,. This readily implies that
A=RypR; !, Therefore f Ag =Ry R, g is given by (11.2.4).

To complete the proof it remains to establish the error formulas in (11.2.5).
By employing M = ngRgl and Ry¢ = R}, in (11.2.3), we obtain

R;=R; - MR,M* =R; - R; R 'RyR'Rys = Rf — R; R 'Ry;.

This yields (11.2.5). O

If fin C* and g in C™ are random vectors, then f\/ g is the subspace of K
generated by the span of all the components of both f and g. If H; and Hs are
two subspaces of random variables, then H; \/ Hs is the subspace formed by the
closed linear span of H; and Hs. If M is a subspace of IC, then Pys denotes the
orthogonal projection onto M. Recall that the notation F @& G means that F and
G are two orthogonal subspaces and F&G = F\/ G. In this case, Prgg = Pr+Pg.
The following result will be used in our derivation of the Kalman filter.

Lemma 11.2.2. Let f be a random vector with values in C*. Let M be a subspace
of random wvariables, and Y be the subspace generated by the random wvector y in
C™. Set H=MV\ Y. Then H =M & E where £ is the subspace generated by the
vector ¢ =y — Ppy. Moreover, if R, is invertible, then

Prf =Puf+Re R . (11.2.6)

This decomposition is orthogonal, that is, P f is orthogonal to R'M,R;lgo = Pcf.
Finally, the error covariance for f — Py f is given by

B(f = Puf)(f = Pruf)" = E(f = Pmf)(f = Pmf)" = RpoR'RG,. (11.2.7)
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Proof. By the projection theorem, the vector ¢ = y — Pyy is orthogonal to M.
So the subspace £ generated by ¢ is orthogonal to M. Since the components of ¢
are contained in M \/ Y, we have M @& C H. Using y = Ppy + ¢, it follows that
Y is contained in M @ £. Therefore {M, Y} and {M,E} span the same space.
In particular, H = M @ &. This readily implies that the orthogonal projection
Py = Ppq+ Ps. Because ¢ generates the subspace &£, Part (iii) of Theorem 11.2.1
shows that if R,, is invertible, then Pgf = Ry, R "¢. Thus

Pyf =Pumf+ Pef = Puf+RpR; 0.

Hence (11.2.6) holds. Since Pgf = Ry ,R;'¢ and M is orthogonal to &, the
random vector Py f is orthogonal to R'M,R;lgo.
To verify that (11.2.7) holds, let us first establish the following:
Ef(Pef)" = E(Pef)(Pef)” = RyoRS R,
E(Pef)f* =RysR,'R7,. (11.2.8)
To show this, according to the projection theorem f — Pgf is orthogonal to Pe f.
Using this with Pgf = R, R, "¢, we obtain
Ef(Pef)" =E(f — Pef + Pef)(Pef)" = E(Pef)(Pef)
=Rs,R,"E0p*R; 'R}, = Rf R 'R},
So the first equation in (11.2.8) holds. The second part of (11.2.8) follows by taking
the adjoint. Recall that M is orthogonal to £. This with (11.2.8) implies that

E(f = Puf)(f = Puf) = E((f — Pmf) = Pef)((f — Pmf) — Pef)”
=E(f = Puf)(f = Puf) — Ef(Pef)”
—E(Pef)f*+ E(Pef)(Pef)”
= E(f = Puf)(f = Puf) — RyoR,'R],.

This yields (11.2.7). O

11.3 Time Varying State Space Systems

In this section we will introduce discrete time varying systems which play a fun-
damental role in Kalman filtering. Consider the time varying state space system

z(n+1) = A(n)xz(n) + B(n)u(n) and y=C(n)z(n)+ D(n)v(n). (11.3.1)

For every integer n > 0, the operator A(n) is on X and B(n) is an operator
mapping U into X while C(n) is an operator from X into Y and D(n) is an
operator mapping V into Y. The state x(n) is in X, the input u(n) is in U, the
input v(n) is in V and the output y(n) is in Y for all integers n. The initial
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condition z(0) = zg. Throughout ¥(n,v) is the state transition matriz for A(n)
defined by

U(n,v) =An)A(n—1)---A(v + 1) ifn>v
=1 ifn=uv. (11.3.2)
For example, ¥(4,1) = A(4)A(3)A(2) and ¥(3,—1) = A(3)A(2)A(1)A(0), while
¥(3,3) = I. Finally, it is noted that U'(n + 1,v) = A(n+ 1)¥(n,v).
To obtain a solution to the time varying state space system in (11.3.1), ob-

serve that the state 2(1) = A(0)xo + B(0)u(0). By recursively solving for the state
x(n) in (11.3.1), we obtain

2(2) = A(1)x(1) + B(1)u(1)

A(1)(A(0)xo + B(0)u(0)) + B(1)u(l)
U(1,—1)zo + ¥(1,0)B(0)u(0) + ¥(1,1)B(1)u(l);

(3)

A(2)w( )+ B(2)u(2)
A(2)A(1)A(0)zo + A(2)A(1)B(0)u(0) + A(2)B(1)u(1) + B(2)u(2)
= \11(2,—1)x0—|—\1'(2,0) (0)u(0) + ¥(2,1)B(1)u(1) + (2, 2)B(2)u(2).

By recursively solving for the state z(n), it follows that the solution to the time
varying state space system in (11.3.1) is given by

z(n) =V¥(n—1,-1)zo + Z_: U(n—1,7)B(j)u(f), (11.3.3)
=0
y(n) = C(n)¥(n —1,—1)zo + Z_: C(n)¥(n—1,5)B(j)u(j) + D(n)v(n).
7=0

Finally, it is noted that time varying systems play a basic role in linear systems.

11.4 The Kalman Filter

In this section we will present the discrete time Kalman filter. Recall that w(n) is
a discrete time random process with values in C™ if w(n) is a random vector in
C™ for all integers n. We say that w(n) is a mean zero process if Ew(n) = 0 for
all n. Finally, w(n) is a white noise process if w(n) is a mean zero random process

and
Ew(j)w(k) =0,_xl. (11.4.1)

Here §; is the Kronecker delta. By definition, o =1 and 6; = 0 if j # 0.
Consider the time varying state space system given by

xz(n+ 1) = Az(n) + Bu(n) and y(n) = Cx(n) + Dv(n). (11.4.2)
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Here A is an operator on X and B maps U into X while C' maps X into ) and
D maps V into Y where X, U, Y and V are all C*¥ spaces of the appropriate
size. It is emphasized that {A, B,C, D} can be time varying matrices, that is,
A= A(n), B= B(n), C =C(n) and D = D(n) for all integers n. However, the
index n is suppressed in our development. The initial condition z( is a random
vector with values in X. The disturbance u(n) and v(n) are independent white
noise random process. Moreover, we assume that the initial condition xg, u(n) and
v(m) are all independent random vectors for all integers n and m. In particular,
this implies that xg, u(n) and v(m) are orthogonal for all integers n and m. We
also assume that the initial condition zy for the Kalman filter and the initial
covariance Qo = Fz(0)z(0)* for the discrete time Riccati equation are known.
Finally, it is noted that u(n) is called the disturbance or state noise, while v(n) is
the measurement noise.

The Kalman filtering problem is to compute the best estimate Z(k) of the
state 2(k) given the past output {y(j)}£~*. The Kalman filter is an optimal state
estimator. To be explicit, let M,, be the subspace generated by the random vectors
{y(7)}5, that is, My, = \/7_, y(4). Let Paq, be the orthogonal projection onto M,
for all integers n > 0. Then the best estimate Z(k) of the state x(k) is given by
the orthogonal projection Z(k) = Pu,_, (k). Finally, we assume that y(—1) =0,
or equivalently, M_; = {0}. (If 2o, u(n) and v(n) are all jointly Gaussian, then
P, _,2(k) equals the conditional expectation E(z(k)|y(0),y(1),...,y(k —1)).)
The following result known as the Kalman filter yields a recursive algorithm to
compute the optimal state estimate Z(k).

Theorem 11.4.1. Consider the state space system
z(n+1) = Az(n) + Bu(n) and y(n) =Cz(n)+ Dv(n) (11.4.3)

where u(n) andv(n) are independent white noise random processes, which are inde-

pendent of the initial condition x(0). Then the optimal estimate T(k) = Ppq,_, (k)
of the state (k) given the past {y(j)}E~1 is recursively computed by

Z(n+1) = AZ(n) + A (y(n) — CZ(n)), (11.4.4)

A, = AQ,C* (CQ,C*+ DD*)™". (11.4.5)

The state covariance error Qi = E(x(k) —Z(k))(x(k) — Z(k))* is recursively com-
puted by solving the Riccati difference equation

Qni1 = AQuA* + BB* — AQ,C* (CQ.C* + DD*)" 1 CQ,A*,  (11.4.6)

subject to the initial condition Qo = Ex(0)x(0)*.

Remark 11.4.2. Tt is emphasized that when implementing the Kalman filter we
always assume that the inverse of CQ,,C* + DD* exists for all integers n > 0. If
DD* is invertible, then the positivity of @,, implies that CQ,,C* + DD* is strictly
positive, and thus, invertible for all n.
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Proof of the Kalman filtering Theorem 11.4.1. Let us give a proof of the Kalman
filter by implementing Lemma 11.2.2 with H = M,, = M,,_1 \V Y. In our setting Y
is the span of y(n), the subspace M = M,,_1 and ¢ = p(n) = y(n) — Pm,,_,y(n).
Recall that the solution to the difference equation in (11.4.3) is given by

£(n) = B(n — 1, —1)2(0) + 3 Ul — 1, /) BG)u()) (11.47)
Jj=0
y(n) = C)W(n — 1,~1)2(0) + 3 Cn)¥(n — 1, /) B(j)u(j) + D(n)o(n).
)

Here ¥ (n,v) = A(n)A(n—1)--- A(v+1) and ¥(k, k) = I. This readily shows that
My = \/ y(k) € \/{z(0),u(0),u(1), ..., u(n—1),0(0),v(1),...,v(n)}. (11.4.8)
k=0

Because u(k) and v(k) are independent white noise processes and orthogonal to
x(0), the random vector v(n) is orthogonal to M,,_1. In particular, Pay, ,v(n) =
0. Recall that the optimal state estimate is given by Z(n) = P, _,x(n). Using
this along with the fact that C' and D are not random, we have

p(n) =y(n) = Pnm,_,y(n)
=y(n) = Prm,_, (Cz(n) + Du(n))
=y(n) — CPp,_,x(n)
=y(n) — CZ(n)
Hence ¢(n) = y(n) — Cz(n). By definition the state estimation error T(n) =

x(n) — Z(n). Since y(n) = Cxz(n) + Dv(n), we have p(n) = CZ(n) + Dv(n). This
yields the following two useful formulas,

o(n) =y(n) — Cz(n) = Cz(n) + Dv(n). (11.4.9)

By consulting (11.4.7) and (11.4.8), we see that v(n) is orthogonal to both z(n)
and M,,_1. Hence v(n) is orthogonal to Z(n) = z(n) — Z(n). This and ¢(n) =
Cz(n) + Dv(n) implies that

Ep(n)p(n)* = E(CZ(n) + Dv(n)) (CZ(n) + Dv(n))*
= CEz(n)z(n)*C* + DD*.

By definition Q,, = EZ(n)Z(n)* is the error covariance. Therefore
Ry(n) = Ep(n)p(n)" = CQ.C" + DD". (11.4.10)

Equation (11.4.8) shows that u(n) is orthogonal to M,,_1. In other words,
Pp,_,u(n) = 0. By employing (11.2.6) in Lemma 11.2.2 with ¢ = ¢(n) and
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y =y(n) and M, = M,,_1\/ y(n), we obtain

/I\(TL + 1) = PMnx(n + 1) = PMnfll‘(TL + 1) + RI(n_;,_l)Lp(n)R;(ln)(p(n)
= AZ(n) + RI(,,HW(H)R;(ln)@(n). (11.4.11)

We need an expression for Ry (41)p(n)- Since Z(n) is contained in M,,_;, the
random vector ¢(n) = y(n) — CZ(n) is contained in M,,. Hence ¢(n) is orthogonal
to u(n); see (11.4.8). Moreover, v(n) is orthogonal to z(n); see (11.4.7). Using
©(n) = CZ(n) + Dv(n), we have

Ba(n + 1)p(n)* = B(Az(n) + Bu(n))p(n)® = ABx(n)p(n)*
= AEx(n) (CZ(n) + Dv(n))" = AEx(n)z(n)*C*
= AE(Z(n) + z(n))z(n)*C* = AEZ(n)z(n)*C*
— AQ.C*.

The second from the last equality follows from the fact that Z(n) is orthogonal to
Z(n). The previous calculation yields the result

R.(nt1)pn) = BEx(n+ 1)p(n)* = AQ,C™. (11.4.12)

Substituting Ry (n41)p(n) = AQnC* and the expression for R,(,) in (11.4.10) into
(11.4.11) yields

F(n + 1) = AZ(n) + AQ.C*(CQ%LC* + DD*) "' ip(n). (11.4.13)

Finally, using ¢(n) = y(n) — CZ(n) gives the state space formula for Z(n) in
(11.4.4).

Now let us use equation (11.2.7) in Lemma 11.2.2 to derive the discrete
time Riccati equation in (11.4.6). Recall that u(n) is orthogonal to M,_;. Using
Pp,_,u(n) = 0 along with the optimal state estimate Z(n) = P, _,x(n), we
obtain

z(n+1) — Ppm,,_,z(n+ 1) = Az(n) + Bu(n) — Ppm,,_, (Az(n) + Bu(n))
= Az(n) + Bu(n) — AZ(n) = AZ(n) + Bu(n).

This readily implies that
z(n+1) — Ppm,_,z(n+ 1) = AZ(n) + Bu(n). (11.4.14)

By virtue of (11.4.7) we see that u(n) is orthogonal to x(n). Since the optimal
estimate Z(n) = Puq,,_,x(n) is a vector in M,,_1, the random vector u(n) is also
orthogonal to Z(n); see (11.4.8). Hence u(n) is orthogonal to the error Z(n) =
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z(n) — Z(n). Using this fact in (11.4.14) along with EZ(n)Z(n)* = @Q,, we arrive
at

E(z(n+1) = Prp,_,z(n+1)) (z(n+1) — Pym,_,z(n+ 1))* = AQ,A* + BB*.

Recall that Fz(n + 1)¢(n)* = AQ,C*; see (11.4.12). Finally, by employing equa-
tion (11.2.7) in Lemma 11.2.2 with the expression for R, in (11.4.10), we have

Qnt1=E(z(n+1) — Pp,z(n+1)) (z(n+1) — Py, a(n +1))"
=E(z(n+1)— Pm,_,z(n+1)) (z(n+1) — Pm,_,2z(n+ 1))*

— Ez(n+ 1)¢(n)*R;(ln)(Ex(n + Dp(n)*)*

= AQ, A" + BB* — AQ,,C* (CQ,C* + DD*)"* CQ, A*.

This is the Riccati difference equation in (11.4.6). To obtain the initial condition,
recall that M_; = 0, that is, y(—1) = 0. Hence Z(0) = x(0) — Pa_,z(0) = z(0).
Thus Qo = Ez(0)Z(0)* = Ez(0)z(0)*. O

Remark 11.4.3. As in Theorem 11.4.1, consider the state space system determined
by

z(n+1) = Az(n) + Bu(n) and y(n) = Cz(n) + Dv(n) (11.4.15)
where u(n) and v(n) are independent white noise random processes, which are
independent of the initial condition z(0). The process ¢(n) = y(n) — CZ(n) is
called the innovations process for the Kalman filter. The innovations process is
orthogonal, that is, Fo(n)p(k)* = 0 for all integers n # k. To see this, without
loss of generality assume that k < n. In this case, (k) = y(k) — Pm,_,y(k) is in
My, € M,,_1. According to the projection theorem, p(n) = y(n) — Pam,,_,y(n) is
orthogonal to M,,_1. Hence (n) is orthogonal to ¢(k), which proves our claim.
So the innovations process {p(n)}5° can be viewed as a white noise process with
variance C'Q,C* + DD*. Moreover, the Kalman filter admits an orthogonal de-
composition of the form

Z(n+1) = AZ(n) + Ayp(n)

where the optimal state estimate Z(n) € M,,_; and the innovations ¢(n) € M;-_;
are orthogonal. Finally, it is noted that the Kalman filter in (11.4.4) can be used
to recursively compute the innovations ¢(n) for the process y(n). For further
results on the innovations approach to Kalman filtering and stochastic processes
see Kailath-Sayed-Hassibi [143].

Let us complete this section with the following result.

Proposition 11.4.4. Let @, be the solution for the Riccati difference equation in
(11.4.6) associated with {A, B,C,D}. Then @, is also a solution to the Riccati
difference equation

Qn+1 = (A=A, 0)Qn(A— A, C) + BB* + A, DD™A7,,
An = AQ,C* (CQ.C* + DD*)™". (11.4.16)
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In particular, if the initial condition Qq is positive, then this also shows that @,
is positive for all integers n > 0.

Proof. By consulting the form of the Riccati difference equation in (11.4.6), we
obtain
Qn+1 = AQ A" — AQ,C* (CQ,.C* + DD*)_1 CcQ,A* + BB*

= AQ,A* — A\,CQ,A* + BB*

=(A-A,C)Q,A* + BB*

=(A-ANC)Q(A-AC) +(A—-AC)Q,C*A}, + BB*

= (A - A C)Qn(A—AC) + AQ,C*A],

— A (CQLC* + DD*)AS + A, DD*A}, + BB*

=(A-AC)Qn(A—-AC)" + A, DD*A} + BB*.

This yields (11.4.16). O

11.5 The Steady State Kalman Filter

In this section we will present the steady state Kalman filter. Throughout we
assume that the system in (11.4.2) is time invariant, that is,

z(n+1) = Az(n) + Bu(n) and y(n) = Cz(n)+ Dv(n) (11.5.1)

where A is an operator on X and B maps U into X while C maps X into Y
and D maps V into Y. In other words, the operators {A, B,C, D} are all fixed
and do not depend upon n. We also assume that the operator D is onto ), or
equivalently, DD* is invertible. As before, let @),, be the solution to the Riccati
difference equation in (11.4.6) associated with {4, B, C, D}, that is,

Qni1 = AQuA* + BB* — AQ,C* (CQ,C* + DD*)" ' CQ,A*. (11.5.2)

According to Proposition 11.4.4, this Riccati difference equation can also be rewrit-
ten as

Qi1 = (A= A,C)Qn (A= A,O)* + BB* + A, DD*A*,
An = AQ,C* (CQ.C* + DD*)™". (11.5.3)

Moreover, assume that the initial condition Q) is positive. The form for the Riccati
difference equation in (11.5.3) shows that @, is positive for all integers n > 0.
Since DD* is invertible and @, is positive, (CQ,,C* + DD*) is strictly positive. In
particular, (CQ,C* + DD*) is invertible. Hence this Riccati difference equation
is well defined for all n. The following result shows that if the initial condition
Qo = 0, then the solution @, is increasing. Moreover, by replacing A by A*, B by
C* and setting Ri; = BB*, Ros = DD* and Re; = 0 in Theorem 10.7.1 with the
fact that {A, B} is controllable if and only if {A, BB*} is controllable, we obtain
the following result.
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Theorem 11.5.1. Consider the time invariant system { A, B, C, D} where D is onto.
Let Q,, be the solution for the Riccati difference equation in (11.5.2) where the
initial condition Qo = 0. Then the following holds.

(i) The solution {Qn}5° forms an increasing sequence of positive operators. To
be precise, Qpn < Qpny1 for all integers n > 0.

(i) If the pair {C, A} is observable, then Q, converges to a positive operator P
as n tends to infinity, that is,

P= lim Q,. (11.5.4)

n—oo

In this case, P is a positive solution for the algebraic Riccati equation

P = APA* + BB* — APC* (CPC* 4+ DD*)"' CPA*. (11.5.5)

(iii) If {A, B,C, D} is controllable and observable, and P is any positive solution
to the algebraic Riccati equation in (11.5.5), then P is strictly positive. In
this case, A — KpC' is stable where Kp = APC* (CPC* + DD*)™".

(iv) If {A, B,C, D} is controllable and observable, then there is only one positive
solution P to the algebraic Riccati equation in (11.5.5). In this case, P is
strictly positive. Finally, this solution is given by P = lim, oo Qp -

The steady state Kalman filter. Assume that {A, B,C, D} is a controllable and
observable system. Let P be the positive solution to the algebraic Riccati equation
in (11.5.5) determined by (11.5.4). Notice that A,, converges to Kp and n tends to
infinity. By passing to limits in the Kalman filter (11.4.4) and (11.4.5), we arrive
at the steady state Kalman filter defined by

((n+1) = (A—KpC)(n) + Kpy(n), (11.5.6)
Kp = APC* (CPC* 4+ DD*)™".

Theorem 11.5.1 guarantees that A— K pC' is stable. The steady state Kalman filter
provides an approximation ((n) for the optimal state estimate Z(n) for large n or
once the system reaches steady state. The Kalman filter converges to the steady
state Kalman filter. In other words, the steady state Kalman filter is an optimal
state estimator in the limit.

11.6 Wide Sense Stationary Processes

In this section we introduce the notion of a wide sense stationary random process
and its autocorrelation function. Recall that y(n) is a random process if y(n) is
a random vector in some )) = CF space. A random process y(n) with values in
Y is called wide sense stationary if Ey(n) = ¢ is constant for all integers n, and
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Ey(n)y(m)* = 7(n—m) is a function of the time difference n—m for all integers n
and m. If y(n) is wide sense stationary, then the autocorrelation function R,(n)
for y(n) is defined by Ey(n)y(0)* = Ry(n). Notice that R,(n) is an operator on
Y and

Ey(n)y(m)* = Ry(n —m)

for all n and m. Finally, it is noted that Ey(n)y(m)* = 7(n —m) for all integers n
and m if and only if Ey(n + k)y(k)* = 7(n) is a function of just n for all integers
n and k. So y(n) is wide sense stationary if and only if Ey(n) = ¢ is constant for
all n and Ey(n + k)y(k)* = 7(n) is a function of n for all n and k. In this case,
Ry(n) = Ey(n+k)y(k)".

If y(n) is a wide sense stationary random process with values in ), then
R,(n) = Ry(—n)* for all integers n. To see this observe that

Ry(n) = Ey(n + k)y(k)" = (Ey(k)y(n + k)*)"
=Ry(k—n—k)" =Ry(—n)".
Hence Ry(n) = Ry(—n)* for all n. In particular, if y(n) is a scalar-valued wide
sense stationary random process, then Ry(n) = Ry(—n).

Let y(n) be a wide sense stationary random process with values in ). Let g
be the random vector defined by

g=[yn) yn+1) - ylh+v-1) }tr.

Clearly, g is a random vector. Hence Tr,, = Fgg" is a positive matrix. Using
Ey(n)y(m)* = R,(n —m), it follows that Tg, , is a Toeplitz matrix of the form

R,(0) Ry(-1) o Ry(1—v) Yy
Tr,. = Ry:(l) Ry:(O) . Ry(2:_ ) on y . (11.6.1)
RU(V - 1) RU(V - 2) T Ry'(o) y

Notice that the j-k entry of T, , is given by {Tr, . }jx = Ry(j — k). The matrix
Tg,, in (11.6.1) is referred to as the Toeplitz matrix generated by {R,(k)}5 "
Therefore if y(n) is wide sense stationary, its autocorrelation function uniquely

determines a positive Toeplitz T, defined by

Ry(0) Ry(=1) Ry(-2)
Ry(1) Ry(0) Ry(-1) ---
Tr,= | R,(2) R,(1) R,(0) --- |- (11.6.2)

Finally, it is noted that Tk, admits a unique controllable isometric representation
{U on K,T'}, that is, R,(—n) = I'*U"T for all integers n > 0 where U is an
isometry.
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We say that two random processes x(n) and y(n) are independent if the ran-
dom vectors z(n) and y(m) are independent for all integers n and m. The random
processes z(n) and y(n) are orthogonal if the random vectors z(n) and y(m) are
orthogonal for all n and m. Finally, it is noted that if x(n) and y(n) are two
mean zero independent processes, then z(n) and y(n) are also orthogonal random
processes. To see this observe that in this case Ex(n)y(m)* = Ex(n)Ey(m)* = 0.
Here we used the fact that if two random variables f and g are independent, then
Efg= EfFEg. The following result is useful.

Proposition 11.6.1. Assume that y(n) = > t_, yr(n) where yi(n) are mutually
orthogonal mean zero wide sense stationary random processes. Then y(n) is also
a mean zero wide sense stationary random process. Moreover, the autocorrelation
function for y(n) is given by

o
Ry(n) =Y _ Ry, (n). (11.6.3)
k=1

Proof. Since the mean of yx(n) is zero, and y(n) = > t_, yk(n), it follows that
Ey(n) = 0. If k # r, then yi(n) is orthogonal to y,.(m) for all integers n and m.

Using this orthogonality, we obtain, for all integers n and v,

Il
Mz:
Mz:

Ey(n+v)y(v)* Eyr(n +v)y,(v)*
k=1r=1
= Eyr(n+v)yr(v)* =Y _ Ry, (n).
k=1 k=1

Therefore Ey(n+v)y(v)* is just a function of n for all n and v. So y(n) is wide sense
stationary and its autocorrelation function Ry(n) is determined by (11.6.3). O

11.6.1 A sinusoid process

For an example of a wide sense stationary process, let {(n) be the random process
given by ((n) = acos(wn + ) where the amplitude a and the frequency w are
scalars while the phase 6 is a uniform random variable over [0, 27]. Recall that the
probability density function fy for 6 is given by
1
fo(¢)= - if0<¢<2r

=0 otherwise. (11.6.4)

We claim that {(n) is a mean zero wide sense stationary random process. Moreover,
its autocorrelation function

R:(n) = % la]? cos(wn).
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To show that the mean of {(n) is zero simply notice that

oo

E¢(n) = Eacos(wn +0) = / acos(wn + @) fo(P)dd
1 27

=5 ; acos(wn + ¢)de = 0.

Hence FE¢(n) = 0 for all integers n. Recall for any a and 3, we have

cos(a) cos(f8) = % cos(a — B) + % cos(a + f3).

If n and k are two integers, then this identity yields
E¢(n 4+ E)C(k)* = | a|*E cos(w(n + k) + 0) cos(wk + 0)
= % la]*E cos(wn) + % la]?E cos(w(n + 2k) + 260)
= % la|? cos(wn).

Clearly, EC(n+ k)C(k)* is a function of only n for all integers n and k. Thus ¢((n)
is wide sense stationary and R¢(n) = 3 |a|? cos(wn).

Consider the random process given by

y(n) = Zak cos(wrn + 6). (11.6.5)
k=1

Here we assume that the amplitudes {ax}{ and the frequencies {wy } are distinct
scalars while the phases {6 }| are all independent uniform random variables over
[0,27]. Then y(n) is a mean zero wide sense stationary random process whose
autocorrelation function is determined by

I,
Ry(n) = 5 Z | ak|” cos(win). (11.6.6)
k=1
To verify this simply observe that

y(n) = yk(n)

k=1

where yi(n) = ay, cos(wgn + 1) are mean zero wide sense stationary independent
random processes for all 1 < k < p. In particular, yi(n) for k = 1,2,...,u are
mean zero mutually orthogonal wide sense stationary random processes. To see this
notice that for k # j, we have Ey(n)y;(m) = Eyi(n)Ey;(m) = 0. Here we used
the fact that if f(x) and g(z) are functions of two independent random variables
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x and z, then Ef(x)g(z) = Ef(x)Eg(z). Moreover, our previous analysis with
¢(n) = yx(n) shows that R,, (n) = | ag|? cos(wxn)/2. By consulting Proposition
11.6.1, it follows that y(n) is a mean zero wide sense stationary process and its
autocorrelation function is given by (11.6.6).

Let {V on C?* T} be the controllable unitary representation determined by

et 0 cee 0 0 a1
0 e~ ... 0 0 ) a1
V= : and T = 3
0 0 etvr 0 ay,
0 0 e 0 e™n ay,
Notice that V is a diagonal matrix with {e*! e™™1 ... e"“r e "nr} appear-

ing on the main diagonal. Using Euler’s identity for the cosine, it follows that
{V on C?, T} is the controllable unitary representation for {R,(n)}, that is,
Ry(—n) = TU"T for all integers n. Finally, all controllable isometric represen-
tations for {R,(n)} are unitarily equivalent to {V,T'}; see Theorem 5.1.1.

11.7 The Spectral Density

In this section we will introduce the spectral density. Let y(n) be a wide sense
stationary random process with values in V. Then the spectral density S, for y(n)
is the Fourier transform of its autocorrelation function, that is,

Sy(e™) = F{Ry(F)}* = > e “FRy(k),
k=—oc0
Ry (k) = ;W/OQW RS () o, (11.7.1)

(Because we did not want to confuse the spectral density with the unilateral shift,
we have used a bold face S, to represent the spectral density.) Throughout this
chapter, we assume that the spectral density is a well-defined integrable function.
In fact, in all of our applications the spectral density is a rational function. Since
{R,(n)}§° defines a positive Toeplitz matrix T, , its spectral density S, is almost
everywhere a positive operator on ) with respect to the Lebesgue measure; see
Bochner’s Theorem 5.6.1. Finally, it is noted that trace(R,(0)) is referred to as
the energy in the process y. So the energy in the process y is given by

trace Ey(n)y(n)* = trace(Ry(0)) = 27r/0 i trace(S, (e"))dw.

Let y(n) be any random process with values in ) such that the mean is a
constant. Then ¢ is the infinite vector defined by

g=[ w(=2) y(=1) y0) y1) y@ -7 (11.7.2)
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Using this notation, it follows that the j-k entry of the matrix Eyy™ is given by
(Eyy*)x = Ey(j)y(k)*. In particular, the process y(n) is wide sense stationary
if and only if (E4y*), x is a function of j — k, or equivalently, Eyy* is a Laurent
matrix. In this case, Eyy* = Lg, where Lg, is the Laurent matrix determined by
the spectral density S,. In particular, the j-k entry of Ls, is given by (Ls,)jx =
Ry(j — k).

If w(n) is a white noise process with values in W, then its spectral density
Sw(e™) = I. Recall that the autocorrelation function for a white noise process is
R, (n) = 0,1 where ¢; is the Kronecker delta. Hence S,,(e’) = F{d,I} = I.

Theorem 11.7.1. Let u(n) be a zero mean wide sense stationary process with values
inU, and assume that its spectral density S, is a function in L= U,U). Let y(n)
be the random process with values in Y determined by

y(n)= > Guoju(k)= Y Gru(n—k) (11.7.3)

k=—00 k=—0o0

where G = Y. e “kGy, is a function in L*(U,Y). Then y(n) is a mean zero
wide sense stationary random process whose spectral density is given by

Sy(e™) = G(e")S,(e")G(e™)™. (11.7.4)
In particular, if uw(n) is white noise, then Sy(e) = G(e™)G(e™)*.

Proof. Notice that the random process y is given by ¢ = Lgu where Lg is the
Laurent matrix determined by G. Thus Ey = LgFE@ = 0. Hence the mean of y(n)
is zero for all integers n. By employing 4 = L, we obtain

E§y* = B(Lqi)(La@)* = LgEu@*LY, = LoLs,La- = Las, o+

So Eyy* = Lgs, g+ is the Laurent matrix determined by the symbol GS,G*. In
particular, Ey(j)y(k)* = (Lgs,c*)k is a function of j — k. Therefore y(n) is a
wide sense stationary random process. Finally, since Ls, = Eyy* = Lgs, g+, we
see that S, = GS,G*. O

11.8 Jointly Wide Sense Stationary Processes

Let z(n) be a random process with values in X and y(n) be a random process
with values in ) where X and ) are finite dimensional Euclidean spaces. Then
we say that x(n) and y(n) are jointly wide sense stationary if the following three
conditions hold:

(i) The process x(n) is wide sense stationary.
(ii) The process y(n) is wide sense stationary.

(i) Ex(n)y(m)* = Ryy(n —m) is a function of n —m for all integers n and m.
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In this case, Ryy(n) is called the joint autocorrelation function for x and y. Notice
that Ex(n)y(m)* = Ryy(n —m) for all n and m if and only if Ex(n + k)y(k)* =
R.y(n) is just a function of n for all integers n and k. The processes x and y are
jointly wide sense stationary if and only if the processes y and x are jointly wide
sense stationary. In this case, Ryy(n) = Ry, (—n)*. To see this simply observe that

Ryy(n) = Ex(n+ k)y(k)" = (By(k)z(n + k)")"
=Ry(k—n—k)" = Ry,(—n)".

Therefore we have Ry,(n) = Ry;(—n)*. Finally, it is noted that Rg,(n) is an
operator from Y into X and Ry, (n) is an operator from X into ) for all integers
n.

Now assume that x(n) and y(n) are jointly wide sense stationary. Then the
joint spectral density Sy for x and y is the Fourier transform of their joint auto-
correlation function R, that is,

Suy(e") = F{Rzy(k Z e_kary

k=—0o0

For our purposes throughout this chapter, we assume that the joint spectral density
Szy is integrable. In this case, Sy, (e*) is almost everywhere an operator from )
into X. Finally, S, (") = S,.(e")* almost everywhere. To verify this, notice
that Ry (n) = Ryz(—n)* yields

Z Rmy * uulc i Rym(_k)ezwk

k=—o0 k=—00
D Rya(k)e ™k =8y (e™).
k=—o

In other words, S}, = Sy;.
Let £(n) be the random process with values in X @& ) determined by

n) = . 11.8.1
A simple calculation shows that for all integers n and k, we have

| Ex(n+k)x(k)* Ex(n+k)yk)*
Eg(n + k)S(k)" = { Ey(n + k)a(k)* Ey(n+k)z(k)* ]

Notice that £(n) is wide sense stationary if and only if z(n) and y(n) are jointly

wide sense stationary. In this case, the autocorrelation function R, for the process
&(n) is the operator matrix given by

Re(n) = [ 5;(&)) %y(rg ] (11.8.2)

<
—~
~—
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Moreover, the spectral density S¢ for the process £(n) is determined by

_ Sz Say
Se = [ S } . (11.8.3)

Because the spectral density is a positive operator, S¢(e*) is almost everywhere
a positive operator on X @ Y. In particular, S¢(e’) is almost everywhere a self-
adjoint operator. This also shows that S, (e')* = Sy (e™).

Let x and y be two wide sense stationary processes. The j-k entry of the
matrix EZy* is given by (EZy*),r = Ex(j)y(k)*. In particular, the process z(n)
and y(n) are jointly wide sense stationary if and only if (EZ%*), is a function
of j — k, or equivalently, EZy" is a Laurent matrix. In this case, EZy" = Ls,,
where Lg,, is the Laurent matrix determined by the joint spectral density Sg,,. In
particular, the j-k entry of Ls,, is given by (Ls,, )jr = Ray(j — k). The following
is a generalization of Theorem 11.7.1.

Theorem 11.8.1. Let u(n) and v(n) be jointly wide sense stationary zero mean
processes with values in U and V, respectively such that S,, S, and S, are in the
appropriate L space. Let x(n) be the random process with values in X and y(n)
be the random process with values in Y determined by

z(n)= Y Hn_go(k) and y(n)= > G ju(k). (11.8.4)
k=—oc0 k=—oc0

Here H = Y. e “"H, is a function in L*(V,X) while G = Y. e "G,
is a function in L*(U,Y). Then z(n) and y(n) are mean zero jointly wide sense
stationary random processes whose joint spectral density is given by

Sey(e™) = H(e™)S,u(e™)G(e™)". (11.8.5)

In particular, if u(n) = v(n) is white noise, then x(n) and y(n) are mean zero
jointly wide sense stationary and Sy, (e’) = H(e™)G(e™)*.

Proof. Observe that ¥ = Lyv and § = Lgu. Hence
EZ§* = E(Ly?)(Lq@)* = LyEv@*LY, = LyLs,, Lo = Lus,, ¢

So EXy* = Lpys,, ¢~ is the Laurent matrix determined by the symbol HS,,G*.
Therefore 2:(n) and y(n) are jointly wide sense stationary random process. Finally,
since Ls,, = Ezy* = Lys,, ¢+, we obtain Sy = HS,,G*. O

11.9 Wiener Filtering

In this section we will state and solve a classical Wiener filtering problem. To
establish some general notation in systems theory, let L be a linear map sending
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an input sequence u(n) with values in U/ into an output sequence y(n) with values
in Y. Then L is time invariant if when the input u(n) is shifted by k, then the
output is also shifted by time k, that is, if y = Lu, then y(n + k) = (Lv)(n)
where v(n) = u(n + k). In our terminology L is time invariant if L defines a
Laurent matrix. The map L is causal if the output y(n) depends only on the input
{u(§)}" o up to time n. So L is causal if and only if L defines a lower triangular
matrix. In particular, a linear time invariant causal map corresponds to a lower
triangular Laurent matrix. There are several notions of stability. For our purposes,
we say that a linear time invariant map L is stable if Lgud, i is in £2(Y) for all u
in U where 9; is the Kronecker delta. In other words, a linear time invariant map
L is stable if and only if L = Lg where L is the Laurent matrix determined by
a function G in L?(U,Y). Finally, L is a stable linear time invariant causal map if
and only if L = Lg where G is a function in H?(U,)).

Let us establish some notation. Let ) and X be finite dimensional Hilbert
spaces. Then the inner product on L?(Y, X) is given by

27

1 2 1 2
(F,G) = —/ trace(FG™)dw = —/ trace(G* F)dw.
0 27 Jo

If F is a function in L?(Y, X), then the causal part of F is defined by F. = P, F
where P, is the orthogonal projection from L?(),X) onto H?(Y,X), that is,
F. = Y7 Fre ™" where F = 3% Fye~"*. Moreover, the anti-causal part of
F is given by F, = (I — P4)F which is the orthogonal projection of F' onto
L?(Y,X) © H?(Y, X). In other words, F, = F — F.. Finally, it is noted that

IFI? = |Fell? + | Fal®  (F € L2V, X)). (11.9.1)

Let S, be the spectral density for a wide sense stationary random process
y(n). Then we say that S, admits a co-outer spectral factor © it S,, = OO* where
O is a co-outer function. In this case, © is called a co-outer spectral factor for S,,.
(Recall that © is co-outer if ©(z) = ©(%)* is outer.) Notice that © is a co-outer
spectral factor for S, if and only if O is an outer spectral factor for S,(e™"). So
the co-outer spectral factor is unique up to a unitary constant operator on the
right.

Let 2(n) and y(n) be two jointly wide sense stationary processes with values
in X = C* and Y = C™, respectively. The idea behind Wiener filtering is to
find the best linear stable time invariant causal estimate of z(n) given the past
{y(4)}"» of y. In other words, one would like to find a function (or a filter in
engineering terminology) H in H?(), X) such that the process determined by Lg%
is the best estimate of x(n) given the past {y(j)}" ... Now let H(z) be any transfer
function in H?(), X), and consider the error process £(n) defined by &= 7 — Ly,
that is,

e(n) =a(n) — 3 Haojy()) (11.9.2)

j=—o0
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where H(z) = > 7" 277Hj. Notice that £(n) is a wide sense stationary process
depending upon our choice of H. In fact, the spectral density for ¢ is given by

S.=8,—-S,,H"—HS,, + HS,H". (11.9.3)
To see this simply observe that
Eee™ = E(Z — Luy)(Z — Luy)”
= EZt* — EZy*LY, — LyEji* + Ly Egy* LY,
=Ls, —Ls,, Ly~ — LyLs,, + LyLs, Ly-.
Thus E€z™* is the Laurent matrix whose symbol is given by S, in (11.9.3). In other

words, ¢ is wide sense stationary.
The energy in the process e(n) is defined by

2m
trace Fe(n)e(n)™ = trace R.(0) = i/ trace(S.(e"))dw.
0

2

So the Wiener filtering problem is to find a function H in H?(Y, X) to minimize
the energy of the error process, or equivalently, minimize the area under the trace
in the spectral density S.. To be precise, the Wiener filtering problem is to find a
causal function H which solves the optimization problem

1 2m
= inf{ﬂ/ trace(S.(e"))dw : H € H*(Y, X) where (n) is in (11.9.2)}.
0

(11.9.4)

Here p is the error in the Wiener filter.
Now assume that the spectral density S, for y(n) admits a spectral factor-
ization of the form S, = ©O* where © is an invertible co-outer function, that

is, © and O~ are both in H>(Y,Y). Then the unique solution H to the Wiener
filtering problem is given by
H(z) = ([Sey© "] )(2)0(2) . (11.9.5)

Moreover, the error is determined by

2

1 traceS:(€*)dw = trace R, (0) — || [SmyG)_*]c % (11.9.6)

=5 ;
To verify this, we see by (11.9.3) that the spectral density for the error process
is given by
S.=S,—-HS,;, —S,,H "+ HS,H"
=S, - HS,;, —S;yH"+ HOO*H*
=S, —-S,,0707'S,, +S,,067707'S,,
— HS,;, —S;,H"+ HOO"H"
=S, — 8,007 'S, + (S;,©0~" — HO) (S,,07* — HO)".
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The last equality follows from the fact that S;, = S, .. By combining the previous
expression for S, with (11.9.1), we obtain

1 27
trace RE(O) = —/ trace(ss(elw))dw
0

2w
2

= % o
= trace Ry (0) — [[Szy© *[* + || [S2y© "], + [S2y©~*], — HO|]?

= trace Ry (0) — Sy ©® " ||* + [ [S2y® "], II* + || [S2y© ], — HOJ?
= trace Ry (0) — || [Say® *] II° + 1| [S2y© ], — HO|*.

trace(S;(e"))dw — ||Szy© *||* + |8, 0 — HO|?

The fourth equality follows from the fact that HO is causal, and the last equality
from the causal and anti-causal decomposition of S;,©~*. This readily yields the
result

trace Re(0) = trace Ry (0) — || [S2y© ] _[I> + || [S2y© ], — HO|*.  (11.9.7)

Hence the causal filter H in H 2(y, X) which minimizes the energy trace R.(0)
in the error process £(n) is the function H = H which makes the last term
[Szy©7*].— HO in (11.9.7) equal to zero. So the optimal Wiener filter H is given
by
H(z) = ([Swy@_*]c)(z)@(z)_l‘

Notice that H is in H*(Y,X) because [S;,©0~*]_is in H*(Y,X) and O~ is in
H>(Y,Y). So their product is in H?(), X). Finally, it is noted that our solution
H is unique because this H is the only function in H?(), X) which makes the
last term [S;,©7*] — HO in (11.9.7) equal to zero. Finally, by setting H = H in
(11.9.7), we see that the error in estimation

u = trace R;(0) — || [Szy@_*]c 2.

This completes our derivation of the Wiener filter.

11.10 Steady State Kalman and Wiener Filtering

In this section we will show that the steady state Kalman filter is precisely the
Wiener filter for the corresponding system.

11.10.1 State space systems with z(—oc0) = 0

Let us review some elementary facts concerning discrete time invariant systems
starting in the infinite past. Consider the state space system given by

z(n+1) = Ax(n) + Bu(n) and y= Cz(n)+ Dv(n). (11.10.1)
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Here {A on X, B,C, D} are all constant operators acting between the appropriate
spaces and the state space X’ is finite dimensional. The solution to (11.10.1) subject
to the initial condition xz(m) = x,, is given by

n—1
w(n) = A" May + Y A Bu(k)  (2(m) = z), (11.10.2)
k=m
y(n) = CA" "z, + Dv(n) + ”i CA" =1 Bu(k). (11.10.3)
k=m

Recall that a finite dimensional operator A on X is stable if all the eigenvalues
of A are contained in the open unit disc {z : |z| < 1}. Now assume that A is stable
and x,, = f is a fixed vector in X. Then A" ™ f converges to zero as m tends to
minus infinity. Hence as m tends to minus infinity, the initial condition z,, does
not play a role in the solution to the state space system (11.10.1); see (11.10.2)
and (11.10.3). So without loss of generality, if the initial condition starts at minus
infinity, then we can assume that z(—oc) = 0. Moreover, if z(—oc0) = 0, then the
solution to the state space system in (11.10.1) is given by

xz(n) = ’i AR Bu(k),
k=—o00
n—1
y(n) = Dv(n)+ Y CA" " 'Bu(k). (11.10.4)
k=—o00

In other words, if Q = (21 — A)™'B and G = C (21 — A)~! B, then the state z and
output y corresponding to z(—oo) = 0, is given by

Z=Lqou and y=Lpv+ Lau. (11.10.5)

Because A is stable, Lo mapping ¢2(U) into £2(X) and Lg mapping ¢2(U4) into
(2(Y) are well-defined operators. Finally, Lp is the Laurent operator from ¢2(U)
into ¢2() formed by placing D on the diagonal and zeros elsewhere.

Assume that {A, B,C, D} is a stable, controllable and observable system.
Moreover, assume that u(n) and v(n) are independent white noise processes. Then
the solution to the state space system in (11.10.1) with z(—o0) = 0 is given by
(11.10.4) or (11.10.5). In this case, 2:(n) and y(n) are jointly wide sense stationary
processes. In fact,

S.(z) = (2 — A)"'BB* (21 — A)™*,
Sy(2) = C(2I — A)"'BB*(21 — A)™*C* + DD*  (|2| = 1),
S.uy(2) = (2 — A)T'BB* (21 — A)™*C*. (11.10.6)

To see this, Theorem 11.7.1 shows that x(n) is a wide sense stationary process
and the spectral density S, = QQ*. Because u(n) and v(n) are both mean zero
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processes and §f = Lp¥ + L, the mean of y(n) is also zero. Using the fact that
u and v are orthogonal white noise processes (Ev@* = 0), we obtain

Eyy* = E(Lp¥ + Lgu)(Lpv + Leu)*
= LpEov* L}, + LgEaia* L,
— LDLE + LGLE = LDD*+GG*~

Hence Eyy™* = Ls, equals the Laurent matrix determined by the symbol DD* +
GG*. So y is wide sense stationary, and S, = DD* + GG*. To verify that z and
y are jointly wide sense stationary, it remains to show that Exy™ is a Laurent
matrix. To this end, observe that

E#j* = ELqii(Lp¥ + Lgi)* = ELqiii* LY = LoLg- = Log--

Therefore EZ3* = Ls,, equals the Laurent matrix determined by the symbol QG*.
In other words, = and y are jointly wide sense stationary, and S;, = QG™.

Assume that DD* is invertible. We claim that S, admits an invertible co-
outer spectral factorization, that is, S, = ©©* where O is an invertible co-outer
function in H*°(),)). (A function is an invertible outer function if and only if
it is an invertible co-outer function.) To compute O, let P be the unique positive
solution to the algebraic Riccati equation determined by the steady state Kalman
filter, that is,

P = APA* + BB* — APC* (CPC* + DD*)"' CPA". (11.10.7)
Then the invertible co-outer spectral factor © for S, is given by
S, = 00* where O(z) =C(zl — A)“'APC*N~'Y2 4 N2 (11.10.8)
Here N = CPC* + DD* and N'/2 is the positive square root of N.
To prove (11.10.8), observe that {A, APC*N~1/2 C,N'/?} is a realization

for ©. The inverse of © is determined by

O(z)"t=N"Y2 _N"V20(2I — J)"*APC* N1,
J = A— APC* (CPC* + DD*)"" C; (11.10.9)

see Remark 14.2.1. According to Theorem 11.5.1, the feedback operator J is stable.
Therefore © is an invertible co-outer function in H*(Y,Y). To verify that S, =
00*, set ® = (21 — A)~L. Notice that

(2 — A =27+ 27 AT - AT (11.10.10)
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Clearly, ®A = A®. Using the algebraic Riccati in (11.10.7) and |z| = 1, we have
S, = GG* + DD*
= C®BB*®*C* + DD*
=C® (P - APA* + APC*N~'CPA*) ®*C* + DD*
=C (7' T+ 271AD) P (27 + 271 A®) ¢
— CDPAPA*®*C* + CPAPC*N~*CPA*®*C* + DD*
= CPC* + CADPC* + CP®* A*C*
+ C®PAPC*N~'CPA*®*C* + DD*
= CPAPC* + CPA*®*C* + COPAPC* N 'CPA*®*C* + N
= (coaPCTN=V2 4 NY2) (CRAPCTNTYE 4 N1/2>* .

In other words, S, = ©0* where © = C®APC*N~/2 + N¥/2 is the invertible
co-outer spectral factorization for S,,.

It is noted that one can use the results in Theorem 10.1.4 in Chapter 10 to
compute the co-outer spectral factor © for S,. To see this observe that for |z| = 1,
we have

o0

> 2"Ry(n) = 8y(3) (11.10.11)

n=—oo

= DD* +C(zI — A)"'BB*(2I — A*)™'C
=DD*+> Y 2/z*CA/BB*A™FC™.
7=0 k=0

Let @ be the observability Gramian for the controllable pair {A, B}, that is, let
@ be the unique solution to the Lyapunov equation

Q = AQA* + BB*. (11.10.12)
Recall that Q = >"° A7 BB*A*. By matching like coefficients of z¥ in (11.10.11),

we obtain

R,(0) = DD* + Y CA'BB*A*C* = DD* + CQC",

Jj=0

Ry(~1)=> CA'BB*AYA*C* = CQA*C*,

Jj=0

Ry(-n) =Y CAIBB*AYA™"C* = CQA™C".

Jj=0
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In other words,
R,(0) =DD* +CQC* and Ry(—n)= CQA*A™ 1C* (n>1).

By consulting Theorem 10.1.4 with C = CQA* and replacing A by A* and B by
C*, we see that the outer spectral factor O, for S, (%) is given by
Oo(2) = D, + Co(2I — A*)"1C*,
D, = (R,(0) — CP,C*)/? = (DD* 4+ C(Q — P,)C*)'/?,
C,=D, (C — CP,A*) =D, *(CQA* — CP,A"). (11.10.13)

Here P, is the stabilizing solution to the following algebraic Riccati equation
P, = AP,A* + (CQA* — CP,A")*(R,(0) — CP,C*)"(CQA* — CP,A).

Now let P = @ — P,. Then subtracting this algebraic Riccati equation from the
Lyapunov equation @Q = AQA* + BB*, we arrive at the algebraic Riccati equation
n (11.10.7). Using this P in (11.10.13), the outer spectral factor ©, for S, (%) is
given by

O,(z) = N2 4 N7V2CPA* (21 — A*)~1C*.
Since B,(z) is an outer spectral factor for S, (z), it follows that ©(z) = ©,(z)* is
the co-outer spectral factor for S,(z). In other words, the results in Chapter 10
can also be used to compute the co-outer spectral factor for S,,.

11.10.2 The Wiener filter for {A, B,C, D}

As before, consider the stable controllable and observable state space system
{4, B,C, D} given by (11.10.1) where u(n) and v(n) are independent white noise
processes subject to the initial condition z(—o0) = 0. Moreover, we assume that
DD~ is invertible. Then our Wiener filtering problem is to find the best causal
estimate of z(n 4 1) given the past {y(j)}" ., that is, find the best function H in
H?(Y, X) such that

Z(n+1) ZH" 5y

j=—00

is the best estimate of xz(n + 1) given the past {y(j)}" .. The solution to this
Wiener filtering problem is given by the state space system starting at x(—oo) = 0,

Z(n+1) = (A - KpC)Z(n) + Kpy(n), (11.10.14)
p = APC* (CPC* + DD*)™"

The optimal transfer function from y(n) to Z(n + 1) is given by

2(2I — (A - KpC)) ' Kp.
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In other words, the Wiener filter is precisely the steady state Kalman filter.

To set up this Wiener filtering problem and prove these results, let ¢¥(n) be
the wide sense stationary process determined by t(n) = z(n + 1). By consulting
(11.10.4), we see that

P(n) = Z A" FBu(k) or equivalently v = L.qoi. (11.10.15)

k=—o0

Recall that Q = (21 — A)~!B. Notice that 1/(n) and y(n) are jointly wide sense
stationary processes. In fact,
Sy = (21 — A" 'BB*(2I — A)™*,
Syy = 2(2I — A)"'BB* (21 — A)™*C*. (11.10.16)
Theorem 11.7.1 shows that ¢(n) is a wide sense stationary process and S,, = QQ*.
Recall that y(n) is a wide sense stationary process. To verify that ¢ and y are

jointly wide sense stationary it remains to show that Eq/?gj * is a Laurent matrix.
To this end, observe that

EY§* = EL.qi(Lpt + Le@)* = EL.qii*LYy = L.oLa- = L.ag-.

Therefore Eqﬁg’ * = Ls,, equals the Laurent matrix determined by the symbol
2QG*. In other words, 1 and y are jointly wide sense stationary, and Sy, = 2QG™.

The optimal Wiener filter to estimate ¥(n) = z(n + 1) given the past
{y(4)}" o is determined by

H=[Sy,067"] 67" (11.10.17)

where O is the co-outer spectral factor for S,. To complete this section, it re-
mains to show that this Wiener filter is given by the state space representation in
(11.10.14).

Set ®(z) = (21 — A)~! and assume that |z| = 1. Using the Riccati equation
in (11.10.7) with (11.10.10) and ®A = AP, we arrive at

®BB*®* = @ (P — APA* + APC*N~'CPA*) ®*
= (27" + 27" AQ) P (27 + 271 AD)”
—~ PAPA*®* + PAPC*N'CPA*®*
=P+ PA*®* + PAP + PAPC* N 'CPA*®*.
This readily implies that
®BB*®* = P + PA*®* + ®AP + PAPC*N~'CPA*®*. (11.10.18)
We claim that

Syy = 2PC* + zPA*®*C* + 20 APC* N~ /20" (11.10.19)
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where O is the co-outer spectral factor for S, given in (11.10.8). Using (11.10.18),
we arrive at

Syy = 2PBB*®*C*
= 2PC* + zPA*®*C* 4+ 2BAPC* + 20 APC* N 'CPA*®*C*
= 2PC* + 2PA*®*C* + 20 APC* N~/ <N1/2 + N—l/ZCPA*cp*C*)
= 2PC* 4+ 2PA*®*C* + 20 APC*N~/?0*,
Therefore (11.10.19) holds. By employing (11.10.19), we arrive at

[S4,07], = [zPC*O™] + [zPA"®* "0 + |:0APC* N2

= 2dAPC*N~Y/2,

Notice that ©~* = > 2"E,. Thus zPC*©~* is anti-causal. The second term
drops out because the product of zPA*®*C* with ©~* is also anti-causal. Hence

[Syy©7*], = 2@APC*N~/2. (11.10.20)
Recall that the inverse of O is given by (11.10.9). Therefore the Wiener filter is
given by
H=[S,,067] 67" = 28APC*"N~ /20!
— 2 ®APC N1/ (N‘1/2 CNTV20(2] — J)—lAPC*N—l)
=20 APC*N~"' (I - C(2I — J)""APC*N)
=28 (I — APC*N~'C(zI — J)~') APC*N~!
=2® (21 —J — APC*N~'C) (21 — J) " APC*N~!
=2® (2 — A) (2 — J)"*APC*N !
= 2(20 — J) " 'APC*N™' = 2(21 — J) ' Kp.
Since Kp = APC*N~! and J = A — KpC, the Wiener filter is determined by
H(z)=2(2I — (A= KpC))'Kp.

Moreover, H admits a Taylor series expansion of the form
o0 o0

H(z) =Y 2" Hpy =) z*J"Kp.
k=0 k=0

The Fourier coefficients ﬁk for H are determined by H » = JEKp for all integers

o~

k > 0. So the optimal estimate Z(n + 1) = ¢ (n) of z(n+ 1) = 1(n) given the past
output {y(j)}" ., is computed by

n n

Fn+1)=0m) = Y Huwyk)= Y J""Kpy(k).

k=—o00 k=—o0
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In other words,

Z(n+1) Z J" R Kpy(k)

k=—oc0
n—1
=Kpyn)+J > I FKpy(k)
k=—o00

= Jz(n) + Kpy(n).

Therefore the state space equation for our Wiener filter is given by (11.10.14),
which is precisely the steady state Kalman filter.

11.11 Notes

Kalman filtering started with the seminal paper of Kalman [144] and the contin-
uous time version in Kalman-Bucy [148]. Our approach to Kalman filtering was
taken from Luenberger [166]. Theorem 11.5.1 was taken from Section 3.5 in Caines
[47]. For further results, historical comments, and a more detailed discussion of
Kalman filtering; see Anderson-Moore [11], Davis [66], Caines [47], Kailath [138]
and Kailath-Sayed-Hassibi [143]. The connection between the steady state Kalman
filter and Wiener filtering is classical.

In general the Kalman filter does not require that the state noise u(n) and
v(n) be independent. In this case, the state space set up for the Kalman filter is
given by

z(n+1)=Az(n) +u(n) and y(n)= Cz(n)+v(n) (11.11.1)

where u(n) and v(n) are mean zero Gaussian random process which are indepen-
dent of the initial condition 2(0). However, u(n) and v(n) may be correlated. As
before, A(n) and C(n) can be function of the time index n and we suppress this
index. Moreover, assume that

sl o o[} R o

Here §; is the Kronecker delta. It is emphasized that R;i(n) can be a function

of n. Let M,, = span{y(k)}{. As before, Z(n) = Py, _,x(n) denotes the optimal
state estimate. Finally, the error Z(n) = z(n) — Z(n), and

Qn = EZ(n)i(n)" = E (z(n) - Z(n)) (z(n) — Z(n))"

is the error covariance.
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In this setting the Kalman filter estimate for the optimal state is given by
Z(n+1) = AZ(n) + A, (y(n) — CZ(n))
= (A= AC)Z(n) + Any(n),
Ap = (AQnC* + Ri2) (CQuC* + Rap) L. (11.11.2)
The recursion for the error covariance is determined by
Qni1 = AQuA™ + Ri1 — (AQuC” + R12) (CQuC™ + Raz) ™' (AQ,C™ + Ri2)*

where the initial condition Qo = Ex(0)2z(0)*. Another form for the Riccati differ-
ence equation is given by

Quer= - w0 v+ [l B[]

The proof of this result is a minor modification of the classical Kalman filter and
left as an exercise.

To obtain the steady state Kalman filter, assume that {C, A} are time in-
variant. Moreover, assume that

R [Rn 311 on

X
R R [y} (11.11.3)

is positive and Rao is strictly positive. Now consider the algebraic Riccati equation
determined by

P = APA* 4+ Ry; — (APC* + Ry3) (CPC* + Ryy) ™' (APC* + Ry5)*. (11.11.4)

By taking the appropriate adjoint in Theorem 10.7.1, we obtain the following
result which was taken from Section 3.5 in Caines [47].

Theorem 11.11.1. Consider the pair {C, A on X} where C maps X into Y. Let
Q@ be the solution for the Riccati difference equation

Qni1 = AQrA™ + Ri1 — (AQnC™ + R12) (CQ.C* + R22)_1 (AQ,C* + Ri2)"

subject to the initial condition Qo = 0. Moreover, assume that R in (11.11.3) is
positive and Rao is strictly positive. Finally, let A = Ri; — R12R2_21R21 be the
Schur complement for R with respect to Ri1. Then the following holds.

(i) The solution {Qn}5° forms an increasing sequence of positive operators. To
be precise, Qpn < Qpny1 for all integers n > 0.

(i) If the pair {C, A} is observable, then Q, converges to a positive operator P
as n tends to infinity, that is,

P= lim Q,. (11.11.5)

n—oo

In this case, P is a positive solution for the Riccati equation (11.11.4).
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(iif) If {A — RiaR55 C, A} is controllable and {C, A} is observable and P is any
positive solution to the algebraic Riccati equation in (11.11.4), then P is
strictly positive. Moreover, A — KpC' is stable where Kp is the operator
defined by

Kp = (APC" + Ry) (CPC* + Ry) ™" (11.11.6)

(iv) If {A — RiaRy, C, A} is controllable and {C, A} is observable, then there is
only one positive solution P to the algebraic Riccati equation in (11.11.4). In
this case, P 1is strictly positive. This solution is given by P = limy, o Q-

Assume that {A— Ry R55 C, A} is controllable and {C, A} is observable. Let
P be the positive solution to the algebraic Riccati equation in (11.11.4) determined
by (11.11.5). By passing to limits in the Kalman filter (11.11.2), we arrive at the
steady state Kalman filter defined by

C(n+1)=(A— KpC)(n) + Kpy(n), (11.11.7)
Kp = (APC* + Ri2) (Cpc* + R22)_1 .

Theorem 11.11.1 guarantees that A — KpC' is stable. The steady state Kalman
filter provides an approximation {(n) for the optimal state estimate Z(n) for large
n or once the system reaches steady state. The Kalman filter converges to the
steady state Kalman filter. In other words, the steady state Kalman filter is an
optimal state estimator in the limit. Finally, it is noted that under the appropriate
assumptions, the steady state Kalman filter can be viewed as a Wiener filter.



Part IV

Interpolation Theory



Chapter 12

Tangential Nevanlinna-Pick
Interpolation

In this chapter we will use the Naimark representation theorem, along with state
space techniques to obtain a solution to a positive real tangential Nevanlinna-Pick
interpolation problem.

12.1 An Introduction to Nevanlinna-Pick Interpolation

Recall that a function F' is a £(&, E)-valued positive real function if F is a L(E, E)-
valued analytic function in Dy = {z € C : |z| > 1} and RF(z) > 0 for all z in
D4. The classical Nevanlinna-Pick interpolation problem is: Given a distinct set
of complex numbers {a;}{ in D} and a set of complex numbers {v;}}, then find
a positive real function f satisfying the conditions

flog) =7y (for j =1,2,...,v). (12.1.1)

Sz.-Nagy-Kordnyi [196] was the first to use operator techniques to solve the pos-
itive real Nevanlinna-Pick interpolation problem. The classical Nevanlinna-Pick
interpolation problem in (12.1.1) is a special case of a more general tangential
Nevanlinna-Pick interpolation problem.

To introduce our tangential Nevanlinna-Pick interpolation problem, let A be
a stable operator acting on a finite dimensional space X', and let C and C be two
operators mapping A into £. Throughout we assume that the range of C' is onto
&, or equivalently, CC* is invertible. We refer to a triple of operators {A, C,C'}
with these properties as a data set. Given a data set {A4,C,C} our tangential
Nevanlinna-Pick interpolation problem is to find a £(&,&)-valued positive real
function F' such that

> F,cA"=C. (12.1.2)
n=0
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Here F(z) =Y., 2~ "F), is the Taylor series expansion of F at infinity. Because A
is stable and F is analytic in D, the infinite sum in (12.1.2) converges. Following
some of the ideas in [84], Chapter 1, its value is denoted by (F'C)(A)yigns, that is,

(FC)(A)rignt = »_ F,CA" where F(z)=Y z7"F,. (12.1.3)
n=0 n=0

If Fis a L(E,E)-valued positive real function and (FC)(A)pighe = C, then F is
called an interpolant or a solution for the data set {A, C, CN'}

To show that this interpolation problem covers the classical Nevanlinna-Pick
problem, let {a;}{ be a finite set of distinct points in Dy and {~;}} a set of complex
numbers. Let A be the diagonal matrix on C” defined by A = diag[{1/«a;}]. Let
C and C be the row vectors of length v given by

C:[l 1 - 1] and 5:[71 Yoo 71,]. (12.1.4)

Obviously, C' is onto C. Now let f be an analytic function in the open unit disc.

Then (12.1.1) is equivalent to Y o° f,CA"™ = C, where f(z) = > " 27" fn. So the
classical Nevanlinna-Pick interpolation problem of finding a positive real function f
satisfying (12.1.1) is a special case of our tangential Nevanlinna-Pick interpolation
problem.

In this chapter the Lyapunov equation

A=A"AA+C*C+C*C (12.1.5)

plays an important role in our solution of the tangential Nevanlinna-Pick interpo-
lation problem for the data {A,C,C}. Since A is stable, equation (12.1.5) has a
unique solution A. In fact this solution is given by

A= iA*” (C*6+6*C) A", (12.1.6)
n=0

We shall prove that the Nevanlinna-Pick problem for the data {A, C, C'} is solvable
if and only if this unique solution A is positive.

To state one of our main results, we have to introduce some further nota-
tion. Assume that the unique solution A of (12.1.5) is positive. Then A admits a
factorization of the form A = M*M where M is an operator from X onto H, that
is, MX = H. It is well known that M = ®AY? where ® is a unitary operator
mapping A'/2X onto H. The Lyapunov equation in (12.1.5) implies that

| Mz|| = ||MAz| (x € ker C). (12.1.7)
Now consider the spaces

H:MX, leMAkGI‘C, HQZMkGI‘C,
Di=HSH; and Dy =HO Hs. (12.1.8)
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Then (12.1.7) implies that there exists a partial isometry T, on H of the form

Toz[gg]:[gi]e[gﬂ, (12.1.9)

where V is the unique unitary operator mapping H; onto Hs such that
VMAx = Mz (x € ker C). (12.1.10)

(To compute T5 in Matlab, let ¥ = null(C') be the unitary matrix computed from
the Matlab command null, whose columns form a basis for the kernel of C'. Then
compute To = M % U xpinv(M x A+ ¥).) We shall refer to T, as the partial isometry
determined by the unitary operator V. Finally, throughout this chapter N is the
operator given by

N=C*CC*)': - X. (12.1.11)

Recall that if @ is analytic in D4, then G(z) = G(2)*. The proof of the following
result will be given in Section 12.3.

Theorem 12.1.1. The tangential Nevanlinna-Pick interpolation problem for the
data set {A,C,C} is solvable if and only if the unique solution A of the Lyapunov
equation (12.1.5) is positive. In this case:

(i) A special solution is given by
G(z) = CN + N*(A*M* — M*T,)M AN (12.1.12)
+ N*(M*T, — A*M*) (2] —To) " (M — T_MA)N

where M maps X onto H such that A = M*M and T, is the partial isometry
determined by the unitary operator V in (12.1.10) while N = C*(CC*)~1.

(ii) The mazimal outer spectral factor © for the Toeplitz matriz

Go + Gj G1 Go
Gy Go + GS G1 s ' > B
Yo = G G Go+Gy - with G:Zz "G
. . . A n=0
is given by
O(z) =Ip,MN +p, (21 — T;) " (T:M — MA)N (12.1.13)

where 117, is the canonical embedding of Dz into H.

Definition 12.1.2. The positive real function G in (12.1.12) is called the central
interpolant for the data set {A, C,C'}.
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Recall that ¢4(€) is the linear space consisting of all unilateral sequences

u = [ uy Ul Uy - ]tr where u; € € for all j > 0. (The transpose is denoted
by tr.) Furthermore, ¢ (£) denotes the £-valued sequences in ¢4 (€) with finite
support. Obviously,

15 (E) CA(E) C Ly ().

The usual inner product on ¢% (€) extends to a sesquilinear linear form between
05.(€) and £ (&). Indeed, let

g9=19 9 9 -~~]tr and h=1[ hg hi ho ...]t’”

be sequences with entries in £. Then

(9:h) = (g5, 1y) (12.1.14)
7=0

is well defined if g or h is a sequence of finite support (because in that case the
sum is finite) or if g and h are both square summable.

Now, let F' be a positive real function with values in £(€,£). Define Tr to
be the Toeplitz operator matrix given by

F0+F0* Fl F2
Fr FRe+F R -
Tr= Fy Fr Fy+Ff - | (12.1.15)

where F(z) = Yo7 (2 7F; is the Taylor series expansion for F at infinity. We
emphasize that, for notational convenience, we placed {F;} in the first row of Tx
and {F} in the first column. Observe that Tr = Tj + T% where F(z) = F(z)*.
Recall that F is positive real if and only if F is positive real. Therefore F' is
positive real if and only if T defines a positive Toeplitz matrix. Notice that T
maps £5 (€) into £, (). So we may consider the optimization problem

Y(F,u) =inf{(Trg,9):g=[u g g2 g3 ... ]tr el (&)},  (12.1.16)

where u is a vector in £. We shall show that there exists a unique positive operator
A(F) on & such that

V(Fu) = (A(F)u,u)  (uwel).
The next theorem is one of our main results. The proof is given in Section 12.4.

Theorem 12.1.3. Let {A,C, C~'} be a data set for a tangential Nevanlinna-Pick
interpolation problem. Assume that the solution A to the Lyapunov equation in
(12.1.5) is positive. Finally, let G be the central interpolant and F be an arbitrary
interpolant for the data {A, C, 5} Then A(G) > A(F) with equality if and only
if F=G.
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Remark 12.1.4. Assume that I’ is a solution to the tangential Nevanlinna-Pick
interpolation problem with data {A,C,C}. Let W, be the observability Gramian
for the pair {C, A} defined by

C

CA
W, = |caz| : & — £(E). (12.1.17)

Then the solution A to the Lyapunov equation in (12.1.5) is given by A =
W;Y pW,. In particular, if the Nevanlinna-Pick interpolation problem is solvable,
then A is a positive operator. (Theorem 12.1.1 shows that the converse is also
true.)

To see this let, W, be the observability Gramian for {C, A} obtained by
replacing C' by C in (12.1.17). Then using Yool FnCA™ = (FC)(A)right = C,
we see that Wo = TiW,. (Because A is stable and F' is analytic in D, the
multiplication TzW, is well defined.) Hence

WY oW, = W (Tﬁ n Tg) W, = WiW, + W W
_ i A%n (c*é n 6*0) A" = A.
n=0

Therefore A is a solution to the Lyapunov equation in (12.1.5). Since T is positive,
A =WrYpW, is also positive.

12.2 The First Main Result on Interpolation

The proofs of our results are based on the following theorem which is a restatement
of Theorems 5.2.1 and 5.4.1.

Theorem 12.2.1. Let Yp be the Toeplitz matriz in (12.1.15) determined by a
L(E,E)-valued sequence of operators { Fy, }3°. Let F' be the function formally defined
by F(2) =Y 1o, 2 "F). Then the following statements are equivalent.

(i) The Toeplitz matriz TF is positive.
(ii) Tp admits controllable isometric representation {U on KC,T'}.

(iii) The function F admits a controllable state space realization of the form
F(2)=Fy+T*U(zI - U)™'T
where U is an isometry and Fy + Fy =T"T.

(iv) The function F' is positive real.
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In this case, Fy = T*T/2 + U where ¥ is an operator on & satisfying ¥ = —¥*.
Moreover, all controllable realizations {U, T, T*U, F,} of F where U is an isometry
and Fo+ Fy = I'*T" are unitarily equivalent. The maximal outer spectral factor for
Tp is determined by

O(z) = 2l (2] —U*)™'T (2 €Dy)

where L = kerU* and Iz : K — L is the orthogonal projection from K onto L.
Finally, if F admits a finite dimensional stable realization, then U is a unilateral
shift and © 1is the outer spectral factor for T, that is, T§Te = Y.

Remark 12.2.2. Assume that F' is a solution to the tangential Nevanlinna-Pick
interpolation for the data set {A,C,C}. Then F is a positive real function with
values in L(&, ) and

(FC)(A)right = ZF CA =C (12.2.1)
where F(z) = Yo7 2 7F;. Since F is positive real, there exists a controllable
isometric pair {U on K,T'} such that

Fo+F; =T"T and F(z2)=Fy+T*U(zI - U)"'T. (12.2.2)

Notice that F; = T*UJT for all integers j > 1. In terms of the isometric pair
{U,T}, the mterpolatlon condition (12.2.1) is equivalent to the requirement that

FoC + Z *UTCA’ = C. (12.2.3)
j=1

Since Tspec(A) < 1 and U is an isometry, the series in (12.2.3) converges in the
operator norm. Set K = °U ITCAJ. Then K satisfies the Lyapunov equation

K=UKA+TC and T*UKA=C — F,C. (12.2.4)
The second equality is a reformulation of (12.2.3). It follows that
K'K = (A"K*U" + C"'T")(UKA+TC)
=A'K'KA+ C'T*'UKA+ A*K*U*TC + C*T*'T'C
= A'K*KA+ C*(C — FyC) 4 (C* — C*F;)C + C*(Fy + F)C
= A*'K*KA+C*C +C*C. (12.2.5)
Thus A = K*K is a positive solution to the Lyapunov equation
A= A"AA+ C*C + C*C. (12.2.6)

So if the tangential Nevanlinna-Pick problem with data {A, C, 5} is solvable, then
there exists a positive solution to the Lyapunov equation (12.2.6); see also Remark
12.1.4. We shall also prove the converse, that is, if A is positive, then there exists
a solution.
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Isometric extensions relative to a subspace. Let H be a Hilbert space. Let V' be
a unitary operator mapping H; onto He where H; and Hy are both subspaces of
H. We say that U on K is an isometric extension of V relative to 'H if U is an
isometry on /C such that

HCK and UH,=V. (12.2.7)

An isometric extension U of V relative to H is called minimal if

K=\/U"H. (12.2.8)
k=0

Finally, two isometric extensions U; on Xy and Us on K, both relative to H, are
said to be isomorphic if there exists a unitary operator ® from Ky onto Ky such
that ®|H = Iy and Us® = OU;.

Now let U on K be an isometric extension of V relative to H. Let Dy, Do
and G be the subspaces defined by

Di=HeHi, Do=HoHy and G=KoH. (12.2.9)
Then U admits an operator matrix representation of the form
vV 0 0 Hi Ho
U= 0 U22 U23 . Dl — D2 (12210)
0 Usxs Uss g g

where the operator matrix
Uz Uz D, D,
: 12.2.11
{U32 U33}[Q]H{g} ( )
is an isometry. The partitions in (12.2.10) and (12.2.11) give us a hint on how to

construct an isometric extension of V. Indeed, choose G = ¢2 (D;). Now consider
the operator U, on Ko = H & % (D) defined by

V 0 0 Hl H?
Uo: 0 O O Dl — DQ 5
0 r S 2 (D)) 2 (D)
7=[1 00 0 ...]":Dy—Z(Dy). (12.2.12)

Here S is the unilateral shift on ¢ (D;) and 7 is the isometry embedding D; into
the first component of Ei(Dl). In other words, U, is the isometry given by

V 000 Hay Ho
0 0 00 Dy D,

U,=| 0 I 00 Dy | | D1 |, (12.2.13)
0 0 I 0
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Clearly, U, is an isometric extension of V relative to H. Moreover, the closed linear
span of {UFH}E equals Ko. So U, is a minimal isometric extension of V. We will
refer to U, as the central extension of V relative to H.

Let us return to the tangential Nevanlinna-Pick interpolation problem with
data {A,C,C}. Recall that A is a stable operator on a finite dimensional space
X, while C and C are operators mapping X into £. Moreover, we assume that C'
is onto, and hence C'C* is invertible.

Since A is stable, the Lyapunov equation in (12.2.6) has a unique solution A.
Assume that this solution is positive. Then A = M*M where M maps X onto H.
Using A = M*M, rewrite (12.2.6) in the equivalent form

|Mz|? = |MAz|? + 2R(Cz,Cz) (€ X). (12.2.14)

Set
H=MX, Hi=MAkerC and Hs = MkerC. (12.2.15)

Formula (12.2.14) shows that |Mz| = ||M Az|| for each z in ker C'. Hence there
exists a unique unitary operator V mapping H; onto Hsy such that

VMAz = Mx (x € ker C). (12.2.16)

We shall show that any minimal isometric extension of V' relative to H produces
an interpolant F' for the data {A, C,C}, that is, F' is a positive real function and
(FCY(A)pight = C. Moreover, all interpolants are parameterized by the minimal
isometric extension of V' relative to H.

Theorem 12.2.3. Let {A,C, CN'} be a data set for a tangential Nevanlinna-Pick
interpolation problem. Then this problem has a solution if and only if the unique
solution A of the Lyapunov equation (12.2.6) is positive. In this case, all solutions
are obtained in the following way: Let H, Hi and Ha be the subspaces determined
by (12.2.15), and let V be the unitary operator mapping Hi onto Ha defined by
(12.2.16). Let U on K be a minimal isometric extension of V relative to H, and
set

'=(M-UMA)N : € - K,
N=C*CC*)™: & - x. (12.2.17)
Then {U,T'} is a controllable isometric pair, the function
F(z) = (C —T*UMA)N +T*U(zI —U)~'T (12.2.18)

is an interpolant for {A,C,C}, and {U,T,T*U, F(c0)} is a controllable realiza-
tion for F'. Moreover, there is a one to one correspondence between the set of all
interpolants for {A,C,C} and the (set of classes of unitarily equivalent) minimal
isometric extensions of V' relative to the subspace H. Finally, it is noted that

Yp=W'W where W=[ UT' U?T ---]. (12.2.19)
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Proof. We split the proof into five parts. In the first three parts we assume that A
is a positive solution to (12.2.6), and that U on K is a specified minimal isometric
extension of V. In the two final parts we assume that [’ is an interpolant for the
data {A,C,C}.

Part 1. Assume that A is positive. Let V' be the unitary operator mapping
H1 onto Hz defined by (12.2.16). Let U on K be a minimal isometric extension of
V relative to H, and define I" by (12.2.17). Notice that M maps X into H C K.
Thus the product UM makes sense, and M — UM A maps X into K. Hence the
operator I' in (12.2.17) is well defined. Obviously, {U,T'} is an isometric pair. To
prove that {U,T'} is controllable, we first show that

I'c=M-UMA. (12.2.20)
According to the definition of V' we have
Mx—-UMAzx = Mz —VMAz =0 (x € ker C). (12.2.21)

Next, observe that P = C*(CC*)~1C = NC is the orthogonal projection onto the
range of C*. Hence I — P is the orthogonal projection onto ker C. Thus (12.2.21)
implies that the operator product (M — UM A)(I — P) = 0. This readily implies
that

I'C = (M - UMA)NC = (M — UMA)P
— (M —UMA)(I - (I - P))
=M —UMA.

In other words, (12.2.20) holds. From (12.2.20) we see that M is the solution to
the Lyapunov equation M = UM A + I'C. Thus for x in X', we have

Mz =Y U'TCA*z and hence M =MX C \/ UTE. (12.2.22)
k=0 k=0

Notice that \/;—,U k7€ is an invariant subspace for U. So for any integer n >
0, the subspace U"H is also contained in \/;—, UFT'E. Therefore \/ro , U*H C
Vieo UFTE. Since U is a minimal isometric extension of V relative to H, we
conclude that the pair {U,T'} is controllable.

Part 2. Let {U,T'} be as in the previous part. Now we will show that F
in (12.2.18) is an interpolant for {A,C,C}. Let H be the positive real function
defined by

1
H(z) = §r*r +T*U (2 —=U)7'T,

and set C = (HC)(A)right- Thus H is an interpolant or solution for the data
{4, C,C}. According to (12.2.5) in Remark 12.2.2 with C replacing C, this implies
that

K*K = A*(K*K)A+ C*C + C*C,
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where K =377 UITC A?. However, from the first equality in (12.2.22) we know
that Ko = Mx for each x € X, and hence K*K = A. So A is also a solution to
the Lyapunov equation

A= A*AA+C*C + C*C.

By subtracting this from the Lyapunov equation (12.2.6), we have C*A+A*C =0
where A = C' — C. Multiplying by C on the left and rearranging terms, yields
CC*A = —CA*C. Thus A = WC where ¥ = —(CC*)"1CA* is an operator on &.
Substituting this into C*A + A*C = 0, yields C*(¥ + ¥*)C' = 0. Since C' is onto
&, we have ¥ = —U*. Therefore

C=C+VC where W¥=—U* (12.2.23)

Clearly, G = U+ H is a positive real function. Moreover, G(c0) = $T*T'+ 0.
Furthermore, (12.2.23) implies that

(GC)(A)right = (HC)(A)pight + ¥C = C +¥C = C.

In other words, G is a positive real function satisfying (GC)(A)right = C. Finally,
it is noted that G admits a controllable realization of the form

G(2) = Go+T*U(2I —U)™'T'" where Go+Gf =T*T (12.2.24)

and {U,T'} is a controllable isometric pair.

Let {G; }§° be the Taylor coefficients of G at infinity, that is, G = > " 27 "G.
Since G; = I'*U’T for all integers j > 1, we can use the first equality in (12.2.22)
and (12.2.20) to show that

C= i G;CAT = GoC + i U/ TCA

J=0 J=1

= GoC +T*U ZUJ’FCAJ’ A
j=0
= GoC +T*UMA.

Thus GoC = C — T*UMA. By multiplying this identity on the right by N =
C*(CC*)™t, we see that Gy = F(00); see (12.2.18). Hence G = F, and F is an
interpolant for {4, C,C}.

In particular, if A is positive, then F'is a solution to the Nevanlinna-Pick
interpolation problem with data {4, C,C}. Combining this with Remark 12.2.2
or Remark 12.1.4, we see that the Nevanlinna-Pick interpolation problem has a
solution if and only if A is positive.
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Part 3. Assume U on K is an isometric extension of V that is isomorphic to
U on K, where U is the isometric extension of V' considered in the two previous
parts. Thus there exists a unitary operator ® from K onto K such that

U =U® and ®|H = Ix. (12.2.25)

Let T and 13( ) be defined as in (12.2.17) and (12.2.18) with U in place of U. We
claim that F = F. To prove this we first show that ®I" = T. Recall that H = MX.
Thus ®|H = I, shows that ®Mx = Mz for each x € X, and

T = (M — BUMA)N = (M — UPMA)N
= (M —-UMA)N =T.

It follows that the pairs {U,T'} and {U F} are unitarily equivalent. To verify that
F = F it suffices to show that F(c0) = F(cc). This follows from ®* = =1 and
the fact that
UM =T*®*UM =T*U®*M = T*UM.
Part 4. Let F be an interpolant for the data {A, C, 6’} In this part, we prove
that F' can be represented as in (12.2.18). Choose a controllable isometric pair
{U,T} such that (12.2.2) holds. As we have seen in (12.2.5) of Remark 12.2.2, this

implies that the Lyapunov equation in (12.2.6) has a positive solution, namely
A = K*K where K = Y72 U/TCA’. The two identities in (12.2.4) yield

I'C=K-UKA and F,C=C-T*UKA. (12.2.26)
By multiplying these equalities on the right by N = C*(CC*)~!, we obtain
I'=(K—-UKAN and F,=(C-T*UKAN

It follows that F'is of the form (12.2.18) provided that we replace M by K in both
(12.2.18) and (12.2.17).
Now set

Hig =KX, Hix=KAkerC and Hox = KkerC.

The first identity in (12.2.26) also implies that UK Az = K« for each z € ker C.
Thus there exists a unique unitary operator Vx mapping Hi,x onto Ha x such
that

Vk KAx = Kx (x € ker C). (12.2.27)

In particular, U is an isometric extension of Vi relative to Hg. Using I'C' =
K — UK A and the fact that C is onto, we see that '€ is contained in Hx \/ UHk.
Thus U"TE belongs to \/p-, U¥H for all n. Since the pair {U,T'} is controllable,
this shows that U is a minimal isometric extension of V.
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Recall that A = K*K. So there exists a unitary operator ® from H = M X
onto Hy such that ®M = K. In particular,

‘bH1 = Hl,K; (I)HQ = HQK and OV = VK(I)|H1.

Hence without loss of generality we may assume that K = M and Vg = V. In that
case U is a minimal isometric extension of V', and F' has the desired representation.

Part 5. Let U on K and U on K be minimal isometric extensions of V' relative
to M. Define I' and F(z) as in (12.2.17) and (12.2.18), respectively. Let I and F(z)
be defined in the same way with U in place of U. Assume that F' = F. In this
part we show that U and U are unitary equivalents as extensions of V_relative
to H. From the results proved in Part one we know that {U,T'} and {U,I'} are
controllable isometric pairs, and the realizations for F' and F provided by (12.2.18)
are controllable realizations. Since F = F, it follows that {U,T'} and {U,T} are
unitarily equivalent, that is, there exists a unitary operator ® from K onto KC such
that ®I' =T and ®U = U®. Recall that

Mx:ZUkFCAkx and Mx:ZﬁkaAkx (x € X).
k=0 k=0

It follows that @Mz = Mx for each # € X. But then ® acts as the identity
operator on H = MX. Since ®U = U®P, we conclude that U and U are unitarily
equivalent isometric extensions of V relative to H. O

12.3 Proof of Theorem 12.1.1

This section is devoted to a proof of Theorem 12.1.1. First we use the central
isometric extension in (12.2.13) to present a special solution to the tangential
Nevanlinna-Pick interpolation problem for the data {A,C, 5} Throughout we
assume that the solution A to the Lyapunov equation in (12.2.6) is positive. More-
over, A = M*M, where M maps X onto H = MX. As before, H; = M Aker C
and Ho = M ker C. Recall that V is the unitary operator mapping H; onto Ho
determined by VM Ax = Mx where z is a vector in ker C. Finally, the central
extension U, of V relative to H is the isometry on Ko = H & €3 (D;) defined by

V.0 00 M Ho
0 00 0 D, 2

U=|0 1 00 Dl — | D, (12.3.1)
0010

Here D1 = HOo 'Hy and Dy = H & Hos.
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According to Theorem 12.2.3 the function G defined by

G(2) = (C —=T:UMA)N 4 T:U, (21 — Uy) " 'T, (12.3.2)
T, =(M—UMAN (12.3.3)

is a positive real interpolant for the data {A, C, ?} The function G in (12.3.2) is
called the central interpolant for the data {A, C, C}. Let T, = V Py, be the partial
isometry on H determined by V; see (12.1.9).
We claim that the central interpolant is also determined by equation (12.1.12)
in Theorem 12.1.1, that is,
G(z) = CN 4 N*(A*M* — M*T,)M AN
+ N*(M*T, — A*M*)(2I —T,) (M — T,MA)N. (12.3.4)
Using UXH C ‘H and UZ|H = T in the formula for I's in (12.3.3), it follows that
UxT',€ is contained in H. Moreover,
UTo =(T;M — MA)N,
U, = N*(M*T, — A*M™)Py. (12.3.5)
The second equality follows by taking the adjoint. As expected, Py is the orthog-
onal projection onto H. By employing Py U, = T, Py in the definition of T's, we

obtain
Pyl'g = (M —ToMA)N. (12.3.6)

Using (12.3.5), we have

(C —T*U,MA)N = CN — N*(M*T, — A*M*)MAN. (12.3.7)
Substituting (12.3.5), (12.3.6), (12.3.7) and PyU, = TPy into (12.3.2), we see
that the central interpolant for the data {A, C,C} is given by (12.3.4).

Proof of Part (ii) of Theorem 12.1.1. Recall that {U,,T's,T5U,, G(00)} is a con-
trollable realization for the central solution G and {U,,T.} is a controllable iso-
metric pair. Notice that Dy = ker UY where Dy = H © M ker C. By consulting
(12.2.19), we see that Y = WFW where

W = [Fo U, U2T, ]
According to Theorem 5.2.1 in Chapter 5, the function

O(z) = 2llp, (2] —UZ) 'T's = Z 2~ Ip, UZFT, (zeDy) (12.3.8)
k=0

is the maximal outer spectral factor for Y. Recall that I'c = MN — U, M AN;
see (12.3.3). Since Ip,U, = 0, this yields IIp,I's = Hp, MN. Using UT, =
(TxM — MA)N with k > 0 and UZ|H = T}, we obtain

p, UL, = Mp, U U T, = Tp, T 1 (TX M — MA)N.
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Substituting this into (12.3.8) with IIp,T's = IIp, M N, yields

O(z) =Tp,Ts + > _ 2z FIp, U T,
k=1

=Mp,MN + >z Fllp, T;* Y (T3 M — MA)N
k=1
=Tlp, MN + p, (2] —T;) (T M — MA)N.

Therefore © in (12.1.13) is the maximal outer spectral factor for Y¢. O

12.4 Proof of Theorem 12.1.3

In this section we will show that the central interpolant G in (12.1.12) satisfies a
maximum principle. To this end, let F' be a positive real function with values in
L(E,€), and Tp the corresponding positive Toeplitz matrix defined in (12.1.15).
Recall that v(F,u) is the cost in the optimization problem

. tr c
y(Fyu) =inf{(Trg,g9): g = [ U g1 g2 g3 ... ] el (E)}. (12.4.1)
Here u is a specified vector in £ which is also viewed as the first component of g
in £.(€).

Proposition 12.4.1. Let F be a positive real function, and {U on K,T,T*U, Fy}
the controllable realization for F where {U,T'} is a controllable isometric pair. Let
A(F) be the positive operator on & given by

A(F)=T"P.T (12.4.2)
where Pr is the orthogonal projection onto the subspace L = K & UK. Then
(A(F)u,u) =~v(F,u) for all u in E.

Proof. Recall that Y = W!W where W is the controllability matrix determined
by the pair {U,I'}; see (12.2.19). Let S be the forward shift on ¢ (£). Let v =

[ u 0 0 ... }tr where v isin £, and f be any vector in ¢4 (£). Using WS = UW
and P =1 —UU*, we have

(Yr(v—S8f), (v =Sf) =W - Sf)?
= [[Wol* — 2R(Wo, WSf) +|[WSF|*
= [Tul® = 2R(Tu, UW f) + [UW f|?
= [|Pclul|? + [|[UUTul|* = 2R(U*Tu, W f) + [|W f||?
= (T*Pelu,u) + |UTu — W > > (T* PeTu, u).
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This readily shows that (F,u) > (I'* PcT'u, u). Because the span of {UFT'E}5° is
dense in K, we can choose a sequence {fi} in € (€) such that |U*Tu — W fi|?
converges to zero as k tends to infinity. Therefore v(F,u) = (A(F)u,u) where
A(F) = *P,T. O

The following result (which contains Theorem 12.1.3) shows that the cen-
tral solution satisfies a maximum principle, or is the unique “maximal entropy
solution” to the tangential Nevanlinna-Pick interpolation problem.

Theorem 12.4.2. Let {A,C, CN'} be a data set for a tangential Nevanlinna-Pick
interpolation problem. Assume that the solution A to the Lyapunov equation in
(12.2.6) is positive. Finally, let G be the central interpolant and F be an arbitrary
interpolant for the data {A, C, 6’} Then the following holds.

(i) A(G) > A(F) with equality if and only if F = G;

(ii) A(G) = N*M*Pp, M N where Pp, is the orthogonal projection onto the sub-
space Do = H© M ker C.

Proof. Recall that {U, on Ko, T, T'2U,, G(c0)} is a controllable realization for G
where U, is the isometry defined in (12.3.1). Let & = Ko © UoK,. By consulting
the form of U, in (12.3.1), it follows that L, is the subspace of H given by L, =
Dy = H & Hy where Ho = MkerC. Since L, is orthogonal to the range of
U,, we have P; U, = 0. Applying P, on the left of the Lyapunov equation
M =UMA+T,C (see (12.2.20) where {U,,T's} replaces {U,T'}), yields Pz, M =
P; . T,C. Multiplying by N = C*(CC*)~! on the right, gives P, . T'c = P, MN.
According to Proposition 12.4.1, we have

A(G) =T*P; Ty = N*M*Pp,MN.

Therefore part (i) holds.

Let F' be any positive real function satisfying (FC)(A)right = C. Then F ad-
mits a controllable realization {U on IC,T',T*U, Fy} where U is a minimal isometric
extension of V relative to H. Moreover, (12.2.20) shows that M = UM A+ T'C.
Using U|H; =V, it follows that £ = K & UK is orthogonal to Hy = VH;. Let P,
be the orthogonal projection onto £. By applying P, on the left of the Lyapunov
equation M = UM A 4+ T'C, we obtain P M = P;I'C. Recall that H = Ho & Lo.
For any vector « in X, Proposition 12.4.1 and the identity P, , M = P, I';C gives

(A(F)Cx,Cx) = | PLCo||* = [|PeMa|® = || Pe(Pr, + Pr,)Malf?
= | PP, Mz|? < ||Pe,Ma||* = || Pz, ToCx|)? (12.4.3)
= (A(G)Cz,Cx).
Because the range of C' equals £, we obtain A(F) < A(G).

To complete the proof, it remains to show that if A(G) = A(F), then G = F.
To this end, recall that U on K is a minimal isometric lifting for a contraction
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T on Vif V C K is an invariant subspace for U* satisfying U* [V = T* and
the closed linear span of {U kylee equals K. Notice that U, on K, is a minimal
isometric lifting of T,. Finally, it is noted that two minimal isometric liftings of
the same contraction are unitarily equivalent; see Theorem 5.5.1. Now assume
that A(G) = A(F). As before, let {U,T',T*U, F(c0)} be a controllable realization
for F' where U is an isometry. We claim that U is a minimal isometric lifting
for T,. For all z in X, equation (12.4.3) implies that |Py P, , Mzx| = ||Pz,Mx|.
Hence H & Hy = Lo, C L. In particular, U*P,, = 0. Since U|H; = V, we have
U*|Ha = V*. For h in ‘H, we obtain

U*h =U*Py,h+ U*Pp h = V*Pr,h =T h  (h e H).

In other words, H is an invariant subspace for U* satisfying U*|H = T. Since U
is a minimal isometric extension of V relative to H, the space K equals the closed
linear span of {U*H}§°. Therefore U is a minimal isometric lifting of T,. Because
U, is a minimal isometric lifting of T,, the operators U, and U are unitarily
equivalent. So without loss of generality we can assume that U = U,. In this case,
the corresponding Lyapunov equations yield

reC=M-UMA=M-UMA=TC.

Because C' is onto £, we have I'y =T.

Since U, = U and ', = T, the function F(z) = Fy + T Us (21 — U,)~'T,. By
consulting the state space realization for G in (12.3.2), we see that G = D+ F
where D is an operator on £. Hence

C = (GO)(A)yight = DC + (FC)(A)ignt = DC + C.

So DC = 0. Because C is onto, D = 0. Therefore G = F'. O

12.5 The Case when A is Strictly Positive

In this section we will develop explicit state space formulas to solve the tangential
Nevanlinna-Pick interpolation problem when A is strictly positive. If A is strictly
positive, then we obtain the following result.

Theorem 12.5.1. Let {A on X, C, 5} be a data set for the tangential Nevanlinna-
Pick interpolation problem. Assume that the solution A to the Lyapunov equation
(12.2.6) is strictly positive. Then the following holds:
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(i) The central interpolant G for {A, C, 5} is given by the state space realization

G(z) =D — X;'CA A" (21 — J)7'B,

J=A" —C*X;'CAT A,
B = (I - JAAAHC X, (12.5.1)
D=X;'-Xx;lcaCr,

Xo=CAIC.

(ii) The operator J is stable and similar to Ts.

(iii) The operator A(G) = Xy ' and Y¢ is a strictly positive Toeplitz operator on
2(&).

(iv) The outer spectral factor © for Y is an invertible outer function in H*(E,£)
and given by
O(z) = X, 12 = X120 (21 — J)TANTT O XY,
O(2) ' = 2C (21 — AP ATICF X2 (12.5.2)

Finally, TgTe = Yq.

Proof. Since A = M*M and A is invertible, the operator M is invertible. So
without loss of generality we assume that H = X. We claim that M*T, = JM*. In
particular, T, is similar to .J. To see this it is sufficient to show that J* = M ~1T* M
where

J*=A—-ANT'C*X;'C and X = CATIC*. (12.5.3)

First observe that Do = H © M ker C = M~*C*E. By consulting (12.1.9), we see
that TP M —*C*E = 0. So for J* in (12.5.3), we obtain

(MJ*M™' =T} )M ™*C* = M(A — AAN"'C* X, 'C)A~C* — 0
= MAAT'C* — MAAT'C* X' Xy = 0.
Recall that V*M|ker C = M A|ker C. If v is in ker C, then
(MJ*M™ —TYMv=MJ*v —TMv=MAv — V*Mv = 0.
Since X = Mker C @ M—*C*&, this implies that MJ*M~! = T}

given by (12.5.3). In other words, M*T, = JM*.
Now let us show that

where J* is

Pp,=M*C*X;'CM™* (12.5.4)

where Pp, is the orthogonal projection onto Do = H © Hs. Notice that Dy equals
the range of E where F is the left invertible operator from £ into X defined by
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E = M~*C*. Recall that if T' is any left invertible operator, then the orthogonal
projection onto the range of T is given by T'(T*T)~'T*. Since Dy equals the range
of E, we see that

Pp, = E(E*E)"'E* = M*C*(CM~*M~*C*)"*CM™*
=M*CH(CATICH)TICM T = M Cr X oM

Hence Pp, = M—*C*X;'CM~'.
We claim that A is a solution to the following Lyapunov equation:

A= JAJ +C* X 'C. (12.5.5)

Because T, = V Py, is a partial isometry on H whose range equals Ha, we have
I -T.TF = Pp,. Using M*T, = JM* with (12.5.4), we obtain

A—JAT* =M*M — JM*MJ*
= M*M — M*T, T M
= M*(I - T, T;)M
= M*Pp,M = C*X;'C.

Therefore the Lyapunov equation in (12.5.5) holds.
According to (12.1.12) the central solution is given by

G(z) = CN + N*(A*M* — M*T,)M AN
+ N*(M*T, — A*M*)(2I —To) (M — T, M A)N. (12.5.6)

Using M*To = JM* and J = A* — C*Xo_lCA_lA*, we arrive at

N*(M*T, — A*M*)(2I —T,)™' = N*(J — A )M* (21 — T,)™* (12.5.7)
= X 'ON T AT (21 — ) M.

By employing M*M = A and M*T, = JM* with the Lyapunov equation in
(12.5.5), we obtain

M*(M —T,MA)N = (A — JM*MA) = (A - JAA)N

A= JA(A—ANTIC*XIC) — JAANTICH X' C) N
A= JAT* — JAANT'C* X 'O) N

C*X;'C — JAANTIC* X 'C) N

I—JAAANY) C* X! = B. (12.5.8)

= (
=
=
=
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The Lyapunov equation for A in (12.2.6), yields

CN + N*(A*M* — M*T,)M AN = CN + N*(A* — J)M*MAN (12.5.9)
= CN + N*C*X;'CA ' A*AAN
=CN+ X, 'CA~ (A = C*C — C*C)N
=CN+ X;'CN —CN — X;'CA~'C*CN
=X, ' = X;'CATICH = D.

By combining this with (12.5.6), (12.5.7), (12.5.8) and (12.5.9), we obtain the form
of the central interpolant in (12.5.1).

Now let us show that A(G) = X *. According to Part (ii) in Theorem 12.4.2,
we have

A(G) = N*M*Pp, MN. (12.5.10)

Substituting Pp, = M~*C*X;'CM~" into (12.5.10), yields A(G) = X, *.

Now let us show that J is stable. Since J is similar to T it is sufficient to show
that T, is stable. Because T, is a contraction, the eigenvalues of T, are contained
in the closed unit disc. We claim that all the eigenvalues of T, are contained in

the open unit disc. If X is an eigenvalue on the unit circle with eigenvector f for
To , then (12.1.9) and T, f = Af imply that

A= IASI = T 1T = IV Prey £l = (1P fI < (-

Thus || f|| = || Pr, fl|, or equivalently, f = Py, f is contained in H; = M Aker C.
So f = M Ag for some nonzero vector g in ker C. Hence

MAg=MNf =Tof =ToMAg=VMAg= Mg.

Using the fact that M is invertible, AAg = g, or equivalently, Ag = Ag. In other
words, X is an eigenvalue of A. This contradicts the fact that A is stable. In other
words, all the eigenvalues of T, are contained in the open unit disc and .J is stable.
Therefore Part (ii) holds.

For another proof to show that J is stable, recall that the pair {C, A} is
observable. Hence {A*,C*} is controllable. Since J is an operator of the form
J = A* —C*Z, this readily implies that the pair {J, C’*Xo_l/Q} is also controllable.
(One can also apply the Popov-Belevitch-Hautus test to show that {J,C* X 1 2}
is controllable.) Because A is a strictly positive solution to the Lyapunov equation
(12.5.5) and {J, C*Xo_l/Z} is controllable, the operator J is stable. Hence the
contraction Ty, is also stable. Finally, it is noted that zero is an eigenvalue for J.
To see this observe that CA='J = 0. This also follows from the fact that J is
similar to the partial isometry T, and T, has a nonzero kernel.

To obtain Part (iv), let ¥ be the operator from £ into X’ defined by

U=M"*C*"X,"? where Xo=CA 'C". (12.5.11)
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Notice that ¥ is an isometry whose range is Ds. Hence ¥* is unitarily equivalent
to IIp,, that is, ¥* = ®Ilp, where ® is a unitary operator. Recall that the outer
spectral factor is unique up to a constant unitary operator on the left. So without
loss of generality, we can replace IIp, in the formula for © in (12.1.13) with ¥*.
By employing (12.5.11) along with this state space formula for ©, we arrive at

O(2) = V*MN + U* (2] —T2)"Y(T:M — MA)N
= X;PCM ' MN + X, VPCM T (2D = TF) T M(JF — AN
=X, 2CN + X, '*C (21 — J*) "N (J* — AN
=X;? = X7PC(2I — JF) VAN CF X I CN
= X7 - X7 PC(D — JY) T AN O X
In other words, we obtain

O(z) = X, /2 = Xy 20 (2D — J*) AN CT X (12.5.12)

To complete the proof it remains to show that the inverse of © is given by
(12.5.2). Recall that if H(z) is given by the state space realization

H(z) =D+ Co(zI — Z2)™'B,

where {Z, B,,C,, D} are operators acting between the appropriate spaces and D
is invertible, then H(z) is invertible in some neighborhood of the origin and

H(z)"' =D '=D7'C, (21 = (Z = B,D"'C,)) ™ B,D™".

Using this fact on the state space formula for © in (12.5.12), we obtain

()" = (X, - X201 - ) AN o)
= X)?+C(I-A)7 Aot X, P
- (CA‘lC* +C (2] — A)7 AA‘10*> X2
—C (I + (2] — A)7F A) Alerx ;Y2
=2C (21 — A AOr X2

Hence ©(z)~! is given by the state space formula in (12.5.2). Since A is stable,
O(z)~! has no poles in the closed unit disc. In particular, © is an invertible outer
function. Therefore, Y¢ is a strictly positive Toeplitz operator on (3 (£), and
T5Te = Y.
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12.6 The Carathéodory Interpolation Problem

Let {F;}§ be a set of operators with values in £(€, ). The Carathéodory inter-
polation problem is to find the set of all £(&, E)-valued positive real functions F
such that F' admits a Taylor series expansion of the form

oo

F(z) =Y 2 "F. (12.6.1)

k=0

Here {F;}{ are the first n + 1 Taylor coefficients of F. To solve the Carathéodory
interpolation problem, consider the data set {A, C,C} defined by

01 00
00 00

A=1|: © - ¢ | on&",
00 0 I
00 0 0

C=[I 0 0 0]:&" =g,

C=[Fy, Fi + F,» F]:&" ¢ (12.6.2)

Observe that A is the upper shift on €711, that is, the identity I appears imme-
diately above the main diagonal and zero’s appear everywhere else. Clearly, A is
stable. Let F' be a L(&,E)-valued analytic function in D,. Then it follows that
(FC)(A)pight = C if and only if {F;}§ are the first n + 1 Taylor coefficients in
the power series expansion for F(z) = Y 0" 27*F, for F' about infinity. So F is a
solution to the Carathéodory interpolation problem if and only if F' is a solution
to the Nevanlinna-Pick interpolation problem corresponding to the data {4, C,C'}
in (12.6.2).

As before, consider the data {A,C,C} in (12.6.2). Then a simple calculation
shows that the Toeplitz matrix

F‘O‘f'FBk Fl Fn—l Fn
Fy o+ Fy - Fn_s Fna
A=| L : : (12.6.3)
Fr_4 Fr_, Fy + Fy Iy
Fy 1t Ff Fo + Fy

is the unique solution to the Lyapunov equation A = A*AA + c*C + C*C. By
consulting Theorem 12.1.1, we see that there exists a solution to the Carathéodory
interpolation problem if and only if the Toeplitz matrix A in (12.6.3) is positive. In
this case, (12.1.12) provides the central solution to the Carathéodory interpolation
problem. In particular, if A is strictly positive, then Theorem 12.5.1 gives a state
space solution to the Carathéodory interpolation problem in terms of A~!.
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Assume that A is strictly positive. In this case, Theorem 12.5.1, yields the
same solution as the Levinson algorithm in Theorem 7.5.1. To be more specific,
let A be the strictly positive Toeplitz matrix given by

Ry Ry --- R, Rj
Ry Ry - R, o R, ,
A= : : : : . (12.6.4)
Rn—l Rn—2 e RO RT
Rn Rn—l . Rl Ro

Consider the Carathéodory interpolation problem corresponding to the data Fy =
Ry/2 and F, = R} for k = 1,2,...,n. Let {4,C,C} be the data in (12.6.2).
Notice that A is also determined by (12.6.3). Now let G be the central solution
corresponding to the data {F}}{. According to Theorem 12.5.1, the outer spectral
factor © for Y is determined by

O(2)" = 2C (2 — A" A-1C (CA—ter) T2
Observe that
2C(I—A) =) zhcAb =1 27T 271 - 2]
k=0
This readily implies that
Ok)'=[ z'I 2721 - zI|AT'Cr(CATIOT) TV (12.6.5)
Now consider the Levinson system of equations
1 Ry R -+ R} 1 Apta
Ay R, Ry -+ R:_| Ay 0
= . . . . L= . . (12.6.6)
An R, R,.1 -+ Ry A 0

Here {A;}7T and A, 41 are operators on €. There is a unique solution to this system
of equations. In fact, the unique solution to the Levinson system (12.6.6) is given
by

Api1=(CAT'C) ™ and [T A Ay - A]" =AT'CTAL
This readily implies that
I A - AT AR =ATNCr (oA o) VR
So by consulting (12.6.5), we arrive at

—1
@(Z) = A’}L{El <I+ Z_lAl + Z_2A2 R Z_(n_l)An_l + Z_nAn>
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This is precisely the outer spectral factor computed by the Levinson algorithm
presented in Theorem 7.5.1. Moreover, T§Te = Y ¢ where G is the central solution
for the data {A,C,C}. Finally, Theorem 7.5.1 shows that A = Ilgns:1 Y|,
This also follows from Remark 12.1.4 and the fact that for {C, A} in (12.6.2) its
corresponding observability Gramian is given by

C

CA I el €n+1
e |- - 53]

Therefore A = WY oW, = lgn1 TlEm L

12.7 Notes

Sz.-Nagy-Koranyi [196] were the first to use operator techniques to solve the
Nevanlinna-Pick interpolation problem. Here we simply modified their techniques
by adding state space theory and the Naimark dilation to solve the tangential
Nevanlinna-Pick interpolation. The results in this chapter were taken from Frazho-
Kaashoek [98]. It is also emphasized that Sz.-Nagy-Koranyi [196] used an isometric
extension to solve the Nevanlinna-Pick interpolation problem. Isometric extensions
have played a role in characterizing the set of all solutions to the commutant lifting
theorem; see Arocena [13, 14, 15], Bakonyi-Constantinescu [22] and Foias-Frazho
[82]. For some further applications of isometric extensions related to interpola-
tion problems; see Agler-McCarthy [3, 4], Ball [23], Ball-Trent-Vinnikov [26] and
Cotlar-Sadosky [61].

In this chapter, we only presented one solution to the tangential Nevanlinna-
Pick interpolation. The set of all solutions to the tangential Nevanlinna-Pick inter-
polation is parameterized by the unit ball in some H° space. The set of all solu-
tions to the tangential Nevanlinna-Pick interpolation using the Naimark dilation
is presented in Frazho-Kaashoek [98]. The band method is a very powerful theory
for solving and characterizing all solutions to many interpolation problems; see
Gohberg-Kaashoek-Woerdeman [115] and Gohberg-Goldberg-Kaashoek [114]. For
a parameterization to the set of all solutions to the tangential Nevanlinna-Pick
interpolation using the band method see Kaashoek-Zeinstra [137] and Frazho-
Kaashoek [98]. A state space method for solving positive real interpolation prob-
lems is given in Ball-Gohberg-Rodman [24] and Georgiou [107, 108, 109]. A so-
lution for a Nevanlinna-Pick interpolation problem involving a McMillan degree
constraint is presented in Byrnes-Georgiou-Lindquist [46]. A solution to a bilinear
or a certain nonlinear positive real interpolation problem is given in Desai [69],
Frazho [96] and Popescu [177].



Chapter 13

Contractive Nevanlinna-Pick
Interpolation

In this chapter, we will use isometric realizations to solve a contractive tangential
Nevanlinna-Pick interpolation problem. This chapter can be viewed as a contrac-
tive version or dual of the positive real Nevanlinna-Pick interpolation problem
discussed in Chapter 12.

13.1 Isometric Realizations

Recall that an operator T' mapping V into Y is a contraction if ||T]] < 1. We
say that © is a contractive analytic function if © is a function in H*°(£,Y) and
[I1O]lco <1, or equivalently, its corresponding Toeplitz matrix Tg is a contraction.

Let © be a function in H*°(£,)). Then Vg is the upper triangular Toeplitz
operator defined by

0, ©, 0,
voo| ! %O 2E) — B
e — : - 5
0 0 O * *
O(z) =Y z7"0, (13.1.1)
n=0

In this case, © is called the symbol for Vg. Observe that Vg = T(:’; where Tg is

the lower triangular Toeplitz matrix generated by ©(z) = ©(Z)*. Since

1751 = 1Tg]l = 18]l = Olse
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we obtain |Ve| = ||0]|c. In particular, © is a contractive analytic function if
and only if Ve is a contraction. Throughout, Sy is the unilateral shift on ¢2 ().
Moreover, for any © in H>(€,Y), it follows that Ve intertwines S with S35,
that is, S3Ve = Ve S¢. Finally, let V be an operator mapping ¢3 (€) into £3 (J).
Then S5,V = VS; if and only if V = Ve for some © in H>°(£,Y). In this case,
IVell = ||8|lco- This follows by taking the appropriate adjoints in Theorem 2.6.1.

Recall that {A on X, B, C, D} is a state space realization for a L(E,))-valued
transfer function © if

O(2) =D+ C(zI — A)~'B.

The pair {A, B} is controllable if X = \/;” A" BE. The pair {C, A} is observable if
X =\ A™C*Y. The pair {C, A} is observable if and only if {A*, C*} is control-
lable. Two state space realizations {A on X, B,C, D} and {A; on Xy, B1,C1, D1}

are unitarily equivalent if D = D; and there exists a unitary operator ® mapping
X onto X such that

PA = Al(I), B = Bl and Clq) =C.

We say that the system {A, B,C, D} is an isometric realization (respectively a
unitary realization) if its system matrix

| D C] |E€ y
Q_[BA}'[X}_)[X] (13.1.2)
is an isometry (respectively a unitary operator). It is noted that {4, B,C, D} is
an isometric realization if and only if 2*Q = I, or equivalently,

A*A4+C*C=1
B*A+ D*C =0, (13.1.3)
B*B+D*D =1.

The following is a classical result in operator theory.

Theorem 13.1.1. Let © be a L(E,Y)-valued analytic function in Dy. Then © is
a contractive analytic function in H*(E,Y) if and only if © admits an isometric
realization. In this case, all controllable isometric realizations of © are unitarily
equivalent.

Proof. In Section 7.8 we showed that if {4, B,C, D} is a contractive (||Q] < 1)
realization, then its transfer function © is a contractive analytic function. So if Q2
is an isometry, then clearly €2 is a contraction, and thus, © is a contractive analytic
function.

Now assume that © is a contractive analytic function. Then Vg is a con-
traction. To construct a controllable isometric realization for ©, let Dy, be the
positive square root of I — V§ Ve, and Dy, the closure of the range of Dy, . Let
Z be the operator determined by the first row of Vg, that is,

Z:[@O @1 @2 ]ﬁ(é’)—ﬂﬂ
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We claim that there exists an isometry ® mapping Dy, into Y @ Dy, such that

(13.1.4)

[ 8¢
Dy, = [Dvg Sg] .

Recall that I — Sy, is the orthogonal projection onto the first component )
of 2(Y). Using D% = I — V5Ve and S3Ve = VoS, with the fact that the
unilateral shift is an isometry, for h in ¢2 (£) we have
|DveSehl|? = [|Sehll* — (Ve Sehll?
= |ll* ~ (I = SyS3)VeSeh|* — [[SyS5VeSehll?
= [|hl* = 1 ZSeh|* — |Ve Sz Sehl|?
= | Dvohl® = 1 ZSeh]*.

By rearranging the terms, we obtain

2

2 _ 2 2 _ ZSg
IDsohl? = 1Z8eHIP + |Deosenl? = || 2% |

So there exists an isometry ® such that (13.1.4) holds.
Now set X = Dy, and consider the state space system {A on X, B,C, D}
defined by

ADv@ = Dv@ Sg and B = Dv@ Hz,
CDV(_) = ZSg and D= @(OO) = @0. (13.1.5)
Here II} is the natural embedding of £ into the first component of ¢2 (£). We claim

that (13.1.5) defines a controllable isometric realization for ©. Equation (13.1.4)
guarantees that A and C are contractions. In fact, for h in £3(€) we have

C 7S
e [Eal]

By the definition of X, the range of Dy, is dense in X. It follows that [C’ A] o
is an isometry mapping X into ) @ X. In particular, A and C are contractions.
For v in £, we obtain

2}

= | Dvohl*.

= ©ov]* + [ Dyo Iz v]|?

= [©0vl* + |[Tzv]* — [ Vellzv||?
= [180vl* + [|v]* — [|©0v]* = |lv]|*.

So [D B] " is an isometry mapping £ into Y & X. In other words, the columns
of the matrix © in (13.1.2) are both isometries.
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To show that € is an isometry, it remains to verify that the columns of 2 are
orthogonal. For v in £ and h in (2 (£), using VEVell; = Z*0g, we have

( [g] v, m Dy, h) Dv,CDyyh) + (Bv, ADyh)

= (
= (©gv, ZSch) + (DvoIzv, Dy Seh)

= (Z*©gv, Sgh) + (D% v, Sch)

= (Z*Ogv, Seh) + (I — V§Ve)liv, Sch)

= (Igv, Sgh) + (Z*Ogv, Sgh) — (Z*Ogv, Sch)
= (ITzv, Sgh) = 0.

Therefore the columns of 2 are orthogonal and €2 is an isometry.
Now let us show that {A, B,C, D} is a realization for ©. For any integer
n > 1, we obtain

CA"™'B = CA" 'Dy/II; = CDy,S¢ i = ZSEIE = ©,.

Therefore {A, B,C, D} is an isometric realization for ©.
Notice that ¢2 () = \/~ SEIIEE. Using this we obtain

{7 A"BE = (7 A"Dy IIEE = {7 Dy SEIEE = \/ Dy (7€) = X.
n=0 n=0 n=0

Hence {A, B} is controllable. Lemma 13.1.3 below shows that two controllable
isometric realizations of the same transfer function are unitarily equivalent. |

Remark 13.1.2. Let © be a contractive analytic function in H*°(€,)). Then the
system {A, B,C, D} computed by (13.1.5) is a controllable isometric realization
for ©.

Recall that two minimal realizations of the same rational transfer function are
similar. Theorem 13.1.1 shows that controllable isometric realizations of the same
transfer function are unitarily equivalent. However, a controllable isometric real-
ization for a rational transfer function is not necessarily minimal. In fact, the con-
trollable isometric realization for a rational transfer function can even be infinite
dimensional. For example, consider the contractive analytic function 6(z) = v/z
where v is a nonzero scalar such that |y| < 1. Notice that {0,1,v,0} is a mini-
mal realization for . The McMillan degree for € is 1. To construct a controllable
isometric realization for 6, consider the operator A on X = C @ ¢% defined by




13.1. Isometric Realizations 345

and S is the unilateral shift on Hi. Now set

p=[]sc~[S] wa c=b o [5]-e

Then {A, B,C,0} is a controllable isometric realization for 6(z) = v/z. In this
case, the controllability matrix for the pair { A, B} admits a matrix representation
of the form:

(B AB A°B ...]:[1 0 ]on M.

0 V1-]I &1

Clearly, this controllability matrix defines an invertible operator on C & Ei. Hence

the pair {A, B} is controllable. According to Theorem 13.1.1, all controllable iso-

metric realizations for 6 are unitarily equivalent to {A, B, C,0}. In particular, the

state space dimension for any isometric realization of @ is infinite dimensional.
The following result was used to prove part of Theorem 13.1.1.

Lemma 13.1.3. Let {A on X, B,C, D} be an isometric realization for a transfer
function © and W, the controllability matriz defined by

W.=[B AB A’B A*B ... ]. (13.1.6)

Then the following holds.
(i) The matriz W, determines a contraction mapping (2 () into X.

(i) The operator I —V§Ve admits a factorization of the form
1 -VgVe =WiW.. (13.1.7)

In particular, Vg is a contraction.
(iii) All controllable isometric realizations of © are unitarily equivalent.

Proof. First let us show that W, is a bounded operator. Because €2 in (13.1.2) is
an isometry, its last row ¥ = [B A] is a contraction mapping £ @& X into X.
Hence WU* = BB* 4+ AA* is a contraction on X. In other words, I > BB* + AA*.
This implies that

I>BB*+ AA* > BB* + A(BB* + AA")A*
= BB* + ABB*A* + A%?A*?
> BB* + ABB*A* + A*(BB* + AA*)A*?
2
= AIBB A% 4+ A*A%,
Jj=0
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By continuing in this fashion, we see that

n—1 n—1
I> Z ATBB* A 4+ A" A*™ > Z AJ BB* A%
j=0 j=0

for all integers n > 1. This readily implies that
B*

B*A*
E=| pra2 | 1 X > B(©E)

is a contraction. Since W, is the adjoint of =, it follows that W, is also a contraction.
Therefore Part (i) holds.
Let © = 7" 27 "0, be the Taylor series expansion for ©. Recall that
©=D and ©,=CA*'B (k>1). (13.1.8)
Observe that the first row of Vg is given by
Z=[D CW.]=[D CB CAB CA’B ---]:0%(&)— ).

Moreover, the operator Vg admits a matrix decomposition of the form

z D CW,]
ZS: D CW.]S:
Ve = |z8:2| = |[D COW.]Sz2| - (13.1.9)

Now let f = [fo f1 [ '~~]tr be any vector in % (£). By employing (13.1.9)
and (13.1.3), we obtain

(I =V&Ve)f, f) = IIfI° = IVefl?

=IA=Y_I[D ow]se fl
k=0

=[£Il = D _IIDfi + CWeSE £
k=0

— £l = 3 (IDfull® + 2R(D fi, CW.SHH )
k=0

HICWeSE )
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= (IBfsll? + 2R(f, B* AW S f))
k=0

+ > (IAWSFH |2 — [WeSEE £I)
k=

(=)

= (IIBfi + AW S F|I? = [WeSEE£1)
k=

=3 (IIWeSE*fII* — [IWeSg* £11%)
=0

o

n

= Jim 37 ([WeSEE I~ [Wesg £1)
k=0

IWe 2 = T [ WS = W f.

In other words, (I — V§Ve)f, f) = (WIW.f, f). Therefore Part (ii) holds.

Assume that {A on X, B,C, D} and {4; on X1, By, C1, D1} are two control-
lable isometric realizations of ©. Let W, be the controllability matrix correspond-
ing to the pair {A1, By}, that is,

Part (i) shows that W,y is a contraction mapping ¢2(€) into X;. According to
Part (ii), we have
WiW,=1-V§Ve = WiWe.

Since {A, B} and {A1, B1} are both controllable, the range of W, is dense in X
and the range of W, is dense in X;j. So there exits a unique unitary operator ®
mapping X onto X; such that ®W,. = W,;. In particular,

A1 OW, = AiWe = W1 Se = PW. .5 = PAW...

Hence AW, = ®AW,. Because the range of W, is dense in X, it follows that
AP = PA. Now observe that

By = Wulli = ®W,II; = ®B.

In other words, By = ®B.

Let ©(z) = Y, 2 "0, be the Taylor series expansion for ©. Using the
fact that {A, B,C, D} and {A1, B1,C1, D1} are two controllable realizations of
0, we have CA"'B = ©,, = C1A?"'B; for all integers n > 1. By virtue of
DAIB = A{ B, for all integers j > 0, we obtain

C1®A'B=C1AJB, =CA'B (5 >0).
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Because the pair {4, B} is controllable, { A BE} spans a dense set in X. Therefore
C1® = C. Finallyy, D = ©¢p = D;. Therefore ¢ is a unitary operator which
intertwines {A, B, C, D} with {4y, B1,C4, D1}. Hence Part (iii) holds. O

We say that an operator A on X is strongly stable, if A™ converges to zero
in the strong operator topology as n tends to infinity. If X is finite dimensional,
then A is strongly stable if and only if A is stable.

Proposition 13.1.4. Let {A on X, B,C, D} be a controllable isometric realization
for a contractive analytic function © in H>®(E,Y). Then © is an inner function
if and only if A is strongly stable. In this case, its observability operator

C

CA
W, = |caz| : X = 3(D) (13.1.11)

is an isometry, and the pair {C, A} is observable.
Proof. Assume that A is strongly stable. Then using I = A*A + C*C recursively,
we have
I=C"C+A*(C*C+ A*A)A

=C*C + A*C*CA + A*?A?

= C*C + A*C*CA + A™(C*C 4 A*A) A2,
By continuing in this fashion, we obtain

n—1
I=> AYC*CAI + A A"

J=0

for all integers n > 1. Because A is strongly stable, I = > A*¥C*CA’. This
readily implies that I = W;W, and W, is an isometry. In particular, the pair
{C, A} is observable.

Since {A, B, C, D} is a realization for ©, we have ©,, = CA" !B for alln > 1
and D = Oy where O(z) = >_° 27"0,,. Hence the Toeplitz operator Te admits a
matrix decomposition of the form

To=[T SyI' S3T - ]:65(6) — (),

=[] e [ty

where Sy is the unilateral shift on ¢2 (). To verify that © is inner, it is sufficient
to show that Tg is an isometry. Notice that Tg is an isometry if and only if all
the columns of Ty are isometric and orthogonal to each other. Due to the Toeplitz
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structure, Tg is an isometry if and only if I' is an isometry and I'€ is orthogonal
to SHI'E for all integers n > 1. Using D*D + B*B = I (see (13.1.3)), we obtain

"'r'=D"D+B*W;W,B=D*"D+B*B=1.
In other words, I' is an isometry. Observe that S3,W, = W, A. For n > 1, we have
(S3T)*T =T*Sy'T =T*55" " 'W,B =TI*W,A"'B

CA™'B
W,A"B

=D*CA" 'B+ B*AA™ 'B =0.

o o

The last equality follows from D*C'+B*A = 0; see (13.1.3). So SHI'E is orthogonal
to I'E for all n > 1. Therefore Ty is an isometry and © is inner.

Assume that © is an inner function. Let G be the function in L*°(€, Y) defined
by G(e*) = ©(e™ ™). Because © is inner, G is rigid, that is, G(e*) is almost
everywhere an isometry. In particular, its Laurent operator Lg is an isometry
mapping ¢2(€) into £2()). Notice that G admits a Fourier series expansion of the
form G(e") = Y_° "0, where {0,}§° are the Fourier coefficients of ©, that
is, ©(e™) =Y ;" e "0, Hence

T @0 @1 @2
Loe=1] - 0 O - | 1 03E) = Q) (13.1.12)

0 0 O

is an upper triangular isometric Laurent matrix. (The box around © represents
the {0,0} entry.) The operator Vg = Héi(:y)LG'éa_(g). For f in (2 (£), we obtain
IDve fII? = I£17 = IVe fI* = I fI* = [T 3 La fII?
= fI” = I fII” + |2 (y)La fI°
— U oy Lo f |2 = |[Ho f* (13.1.13)

Here Hg is the Hankel matrix obtained by rearranging the rows of 1,2 (y)Lc;Mf_ &)
in the following way:

0, 0, O3
Oy O3 O4 - , ,
Ho=lo, ©, ©5 ---| &) —EW). (13.1.14)
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Clearly, [Tz (y) Lo f| = [[He f||- Since || Dy, f|| = ||[He f|| for all f, there exists a

unitary operator ¥ mapping X = Dy, onto H, = ranHg such that YDy, = He.
It is easy to verify that S3,Ho = HeSg. Therefore H, is an invariant subspace for
the backward shift operator 55,.

Consider the operator A, on H, defined by A, = WAU*. Using the definition
of Ain(13.1.5) with S3,He = HeSg, we obtain

A,Ho = A, WDy, = VADy, = VDy, Se¢ = HoSg = 55 Ho.

Hence A, = S;|HT. Since H, is an invariant subspace for the backward shift and
S3, is strongly stable, A, is strongly stable. Therefore A is also strongly stable.
Using (13.1.5), we obtain

CDvy, ZSe ©1 O O3
CADy, 7S¢ O ©3 O4 .-
WODV(_) = CA?DV(_) = ZS?: = @3 0, @5 ...| =Hg = \IJDV(-r

Hence W, = ¥ is an isometry mapping X into [i(y). In particular, the pair
{C, A} is observable. O

Remark 13.1.5. Recall that a minimal realization for a rational transfer function in
H>(E,Y) is stable. Let {A on X, B,C, D} be a controllable isometric realization
for a rational contractive analytic function © in H*°(&,)). Proposition 13.1.4
shows that A is stable if and only if © is inner. In other words, {4, B,C, D} is a
minimal realization if and only if © is inner. In fact, if © is not inner, then X is
infinite dimensional.

Remark 13.1.6. Assume that © is an inner function in H*°(€,)). Consider the
state space realization ¥, = {A, on H,, B, C,,©¢} defined by

O
O7
A, =Sy|H,, B,= Q;| 1€~ M, and C,= Iy|H, : Hy — Y.

As before, H, = ranHg. Here IIy is the operator which picks out the first com-
ponent of 3 (Y). It is noted that %, is the restricted backward realization for ©;
see Section 14.6.2. Then Y, is a controllable and observable isometric realization
for ©.

To see this, it is sufficient to show that the unitary operator ¥ intertwines
Y ={A,B,C,0¢} in (13.1.5) with X,. We have all ready seen that A, = WAV*.
Notice that

UB =UDy,I; = Holl = B,.
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Hence ¥ B = B,.. Moreover, (13.1.5) yields
C,¥Dy, =C,Hg =1lyHo = ZSg = CDyy,.

Thus C,.¥ = C. So V¥ intertwines ¥ with ¥,.. In other words, 3, is a controllable
and observable isometric realization for ©. Finally, it is noted that one can also
directly verify this fact.

Corollary 13.1.7. Let © be a function in H*(E,Y). Then © is a two-sided inner
function if and only if © admits a controllable and observable unitary realization
{A, B,C, D} such that A and A* are strongly stable. In this case, if {A, B,C, D}
is a controllable, isometric realization for ©, then {A, B,C, D} is an observable,
unitary realization where A and A* are strongly stable.

Proof. If © admits a controllable and observable unitary realization {A, B,C, D}
such that A and A* are strongly stable, then Proposition 13.1.4 shows that © is
inner. Since { A*, C*, B*, D*} is a strongly stable, isometric controllable realization
for ©(z) = ©(2)*, it follows that © is inner, and thus, © is two-sided inner.

Now assume that ¥ = {A, B, C, D} is a controllable, isometric realization for
a two-sided inner function ©. Proposition 13.1.4 shows that ¥ is observable and A

is strongly stable. Without loss of generality we can assume that ¥ is determined
by (13.1.5). We claim that

Dy, = Px where Dy, =X =3 (€) e Lgli (). (13.1.15)

Let us first show that ker Dy, = Lgf3(Y). Recall that G(e') = O(e™) =
©(e™)*. Hence the Laurent operator Lg = L*é. Because O is two-sided inner,

the Laurent operator Lg is unitary. According to (13.1.13) there exists a unitary
operator ¢ mapping the closure of H[i(y)L*éﬁ_(E) onto Dy, such that

Dye = ¢llgz () LEE (E).

Notice that Dy, h = 0if and only if h € ¢% (€) and Iz (y)Lgh = 0, or equivalently,
h € (2 (&) and Lih e (2. (Y). Since Lg maps €3 (Y) into ¢34 (€) and Lg is unitary,
Dyoh = 0 if and only if h is in Lgl3 (Y). Therefore ker Dy, = Lgl3(Y). In
particular, the subspace Dy, is determined by (13.1.15).

Now let us show that Dy |X is an isometry. A vector g is in X, if and only if
g € (3 (€) and g is orthogonal to Lgf% (Y), or equivalently, g € /3 (£) and Lygis
orthogonal to zi(y), which is equivalent to g being in 63_ (&) and v = L*ég where
v is in €2 (Y). Hence g is in X if and only if g is in 3 (£) and g = Lgv where v is
in ¢2 (). Using this form for g € X, we obtain

1Dvegll = ez () Lggll = [Tz 3y LE Lgvll = (vl = [lg]l-

Therefore Dy, |X is an isometry and Dy, |X+ = 0. Because Dy, is a positive
operator, Dy, maps X into X, and thus, Dy, admits a matrix representation of
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d 0 X
pea =[5 1] o 7]
where ® is a positive isometry on X. In particular, ® = ®* and ®2 = &*® = I.
So the unique positive square root ® of ®? equals I. Therefore Dy, = Px is the

orthogonal projection onto X and (13.1.15) holds.
We claim that A = IIxSg|X. For x in X, we have

the form

Ax = APXx = ADv(_)x = Dv(_)Sgl‘ = HXng.

Hence A = ILySg|X. Notice that X+ = Lg% (V) = Tgl:(Y) is an invariant
subspace for Sg. So X is an invariant subspace for S%, and A* = S| X. Since S}
is strongly stable, A* is strongly stable.

Using B = Dy Il = IIxII%, we have

B* =1l II% and C* = S:Z*.
To verify that C* = Sz Z* notice that
C = CIIxII} = CDy I3 = ZSeIly,.

By taking the adjoint C* = II1xS; Z*, we claim that the range of S3Z* is contained
in X. For ¢ in Y and y in ei(y), we obtain

(SeZ%¢, Lgy) = (Z7¢, SeTgy) = (Tpl1y¢, TgSyy) = (I13,¢, Syy) = 0.

Here we used that fact that the Toeplitz operator Tg is an isometry. Thus SgZ*)
is orthogonal to Lééi (¥). In other words, the range of S§Z* is a subspace of X.
In particular, C* = xS Z* = Sz Z*.

Since {A, B, C, D} is a strongly stable, controllable and observable isometric
realization for © and A* is stable, it follows that {A*, C*, B*, D*} is a strongly

stable, controllable and observable realization for ©. To complete the proof, it

remains to show that
0 — D* B*| |)Y . &
T|lor Af| | X X

is an isometry. Since © is two-sided inner, the first column Z* of Tg is an isometry.
Hence

So the first column of 2* is an isometry. To show that the second column of Q* is
an isometry, notice that

BB* + AA* = T IIpeITy + My SeSeIly = HaIlh = 1.
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To verify that Q* is an isometry, it remains to show that the two columns of Q*,
are orthogonal, that is,

DB* + CA* = O¢lleIly + ZSe SgIly = ZIT% = 0.

The last equality follows from X = (3 () © Lg(3 () and the fact that the space
Z*Y = Lgll5Y is orthogonal to X'. So ©* is an isometry, and 2 is unitary. ]

Finally, it is noted one can use the restricted backward shift realization in
Remark 13.1.6 to prove Corollary 13.1.7.

13.1.1 Rational contractive realizations

In this section, we will develop a finite sections algorithm to compute a contractive
minimal realization for a rational contractive analytic function © in H*(€,)).
Recall that {A, B,C, D} in (13.1.5) is a controllable isometric realization for ©.
Let X, be the observability subspace defined by X, = \/;° A*kC*Y. Consider the
state space system {A. on X, B., C., D} determined by

A, =Ty, AlX,, B,=Tx,B and C.=C|X,. (13.1.16)

Because {A., B.,C., D} is obtained by extracting the observable part from the
controllable realization {A, B, C, D}, it follows that {A., B.,C., D} is a control-
lable and observable realization for ©. In particular, due to the fact that © is
rational, A. is stable. Moreover, {A., B., C., D} is a contractive realization, that

is, its systems matrix
| D C.| | & y
Qc—[BC AC}'[XC]_){X } (13.1.17)

is a contraction. To see this simply observe that

-l 213 5] )

CT 10 Ta, B A 0 Iy |-

Since Q in (13.1.2) is an isometry, €. is a contraction. Therefore {A., B.,C., D}
is a stable contractive minimal realization for ©.

Now let us develop a finite sections method to compute the realization
{A., B.,C.,D}. To this end, let X,, be the subspace of X = Dy, defined by
X, = Dyo&". (Here E™ is embedded in the first n components of ¢2 (£).) Notice
that {X,}3° is a sequence of increasing subspaces (X,, C X,,4+1) whose closed linear
span equals X'. So the orthogonal projections Pk, , are increasing (Px, < Px,,,)

and Py, converges to Iy in the strong operator topology. By consulting (13.1.5),
we see that AX,,_1 C X,,. Consider the system {A,, on X,,, By, Cy,, D} defined by

o

An = APXn—l |Xn7 B’I’L = B and Cn = CPX"’71|XTL
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The operators A,,, B, and C,, respectively, converge to A, B and C in the strong
operator topology as m tends to infinity. Using the fact that AX,_; C A&, it
follows that

AIB,=A'B forj=0,1,...,n—1.

Since A’B = Dy, SIIT; and " = @8_15%1_[}5, the span of {A{;Bng}g_l equals
X,,. Hence the pair {A,, B, } is controllable. Furthermore, C, A*~1B,, = Oy, for
k=1,2,...,n—1 where ©(z) = ° 27"0,. Finally, it is noted that the systems
matrix for {A,,, By, Cy, D} is determined by

S A A | A [ AP
"7 | B, A, | |0 Py, B A 0 Px, _,|X.|°
Because € is an isometry, 2, is a contraction. Therefore {A,, B,,C,, D} is a
controllable contractive realization.
If |O]lcc < 1, then A, is stable. To verify this, recall that 4, = APx, ,|X,
and A is a contraction. So A,, is also a contraction, and all the eigenvalues for
A,, are contained in the closed unit disc. Now let us proceed by contradiction.

Assume that X is an eigenvalue for A,, on the unit circle and z is its corresponding
eigenvector. Then Ax = A,z yields

2]l = Az = [|Ane| = [[APx, 2| < [|Px, 2l < =[]

Thus ||z|| = ||Px,_,z| and z is a vector in X,,_1. In other words, there exists a
vector f in £"~! such that z = Dy, f. Using (13.1.5), we obtain

Dv@ )\f =A\r = Anx = Aan@f = ADv@f = Dv@ng.

Because ||©]| < 1, the operator Dy, is invertible. Hence \f = Sgf, and A
is an eigenvalue for the unilateral shift Se. However, the unilateral shift has no
eigenvalues, and f must be zero. So x is also zero, and this contradicts the fact
that an eigenvector is nonzero. Therefore A,, has no eigenvalues on the unit circle
and A, is stable.

Now let us find an approximation for the contractive minimal realization
{A., B.,C., D} of ©. For for n sufficiently large, compute the singular value de-
composition

UAV* = [C; ArCr A2C: - AvCr] (13.1.18)

where v > §(0), the McMillan degree of ©. Here U and V are unitary matrices
and A is the diagonal matrix consisting of the singular values in decreasing order.
Then A will contain p = §(©) significant singular values. Let & = U|C* be the
isometry mapping C* into X}, obtained by keeping the first p columns of U. Then

Ae~ ®*A,®, B,~®B, and C.~ C,®. (13.1.19)

If {A., B, C., D} is not a realization for ©, then one must choose a larger n.
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To implement this algorithm, we need a computational method to compute
the controllable realization {4,, By, Cy, D}. To this end, let Vg, be the upper
triangular block Toeplitz matrix mapping £" into V" determined by Vg, =
Vo|E™, that is,

O O1 - Ous Ons
0 0 - Ous Ons
Ven=|: 1 . i &Y
0O 0 -+ 0O 6,
0 o - 0 Oy

We claim that there exists a unitary operator ¥ mapping X;, onto Dy, ,, satisfying
VDyo,h = Dy, h (he&m). (13.1.20)

(If M is any contraction, then D), is the positive square root of I — M*M and
Dy is the closure of the range of Djy.) To see this, simply observe that the upper
triangular structure of Vg yields

IDvohl* = [IRl* = IVeh|* = l|hl* = [Ve.nhl* = [| Dy . 2>

Hence (13.1.20) holds.
Let J, and @,, be the operators defined by

In = {é} :5n—1 N {5’;1] and Qn = B] :Sn—l — [55_1} . (13_1.21)

By consulting (13.1.5) and (13.1.20), we see that up to the unitary operator W,
the operators A,,, B, and C,, are determined by

AnDV@,n Jn = DV@,nQTL and Bn = DV@,nHzV
CDve,.Jn=[00 ©1 - ©na O,.1]Qn (13.1.22)

Here II} is the natural embedding of £ into the first component of £". By taking
the Moore-Penrose pseudo inverse (denoted by M ~"), we obtain

An = DV@,nQn(DV@,an)_T and Bn = DV@,nHzV
Ch=1[01 02 -+ On_y O, 1| (Dvgy,Jn)". (13.1.23)

So to approximate {A., B., C.,©(c0)}, compute {A,, B,,Cy} in (13.1.23). Then
compute the singular value decomposition in (13.1.18). Form the isometry ® by
keeping the appropriate number of significant singular values. Then the minimal
contractive realization { A, B, C., ©(c0)} of © is given by (13.1.19). Finally, it is
noted that this algorithm is more efficient when ||©|o < 1.



356 Chapter 13. Contractive Nevanlinna-Pick Interpolation

Ezxample. Let us demonstrate how this algorithm works on the example in Section
7.8.13. To this end, consider the transfer function in (7.8.13) given by

6(z) = —0.716522 + 0.17962z — 0.0706 (13.1.24)
T 23-0.282422 — 0.0580z + 0.0003° o

A simple computation using the fast Fourier transform shows that ||0||.c = .92.
We ran Matlab on this example for n = 100. It is noted that one can use the
fast Fourier transform or state space techniques to compute the Taylor coeffi-
cients {0} for 6(z) = Y o° 27 "0,. This immediately yields the upper triangu-
lar Toeplitz matrix Vg, (the Matlab command is “toeplitz”). Then we used
“sqrtm” in Matlab to compute the positive square root Dy, ,. Next we com-
puted {A,, B,,Cy, D} by using (13.1.23). The spectral radius for 4,, is 0.7117.
For v = 10 in (13.1.18), we discovered that the corresponding matrix has only
three significant singular values {0.759,0.1934,0.0163}. So we formed the isome-
try ® mapping C? into C'°° by keeping the first three columns of U. Finally, our
approximation to {A¢, Be, C., 0(c0)} in (13.1.19) is given by

0.0983 —0.2506 —0.0026 0.9577
A. = |—-0.6529 0.1097 —0.0825|, B.=—|0.1721},
0.0789  0.9595 0.0744 0.2305

C.=[0.7447  0.0226  —0.0025].

Here D = 6(c0) = 0. Notice that our state space realization {A., B.,C¢,0} is
different from the state space realization of the same transfer function 6 = g in
Section 7.8.1; see (7.8.15). However, they both realize the same transfer function.
In fact, using the fast Fourier transform in Matlab, ||Ce(2I — A.) "1 B. — 0|00 =
1.0825 x 10715, Finally, ||Q.|| = 1 where Q. is the systems matrix for {A., B., C.,0}
in (13.1.17).

13.2 Tangential Nevanlinna-Pick Interpolation

In this section, we will employ the method of Agler-McCarthy to solve the tan-
gential Nevanlinna-Pick interpolation problem for contractive analytic functions.

The classical Nevanlinna-Pick interpolation problem for contractive analytic
functions is: Given a distinct set of complex numbers {o;}7 in Dy and a set
of complex numbers {v;}7, then find a contractive analytic function f in H*
satisfying the following conditions

flog) =7 (for j =1,2,...,n). (13.2.1)

The classical Nevanlinna-Pick interpolation problem in (13.2.1) is a special case
of a more general tangential Nevanlinna-Pick interpolation problem. To introduce
this Nevanlinna-Pick problem, let {E,A} be an observable pair, where A is a
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strongly stable operator on H, and F maps H into £. By strongly stable we mean
that A™ converges to zero in the strong operator topology as n approaches infinity.
Let E be an operator from H into Y. Let W and W be the observability operators
defined by

E E

EA . EA
W= pga2 | i H—-(E) and W= | gpo | :H—G(). (1322)

Throughout we assume that both W and W are operators, that is, bounded linear
maps. In particular, if A is a stable operator and H is finite dimensional, then W
and W are well-defined operators. Let © be a function in H*(&,Y). As before, Vg
is the upper triangular Toeplitz operator defined by (13.1.1). Recall that ||Ve|| =
10

Definition 13.2.1. The tangential Nevanlinna-Pick interpolation problem for the
data {A, F, E'}, is to find a contractive analytic function © in H*°(&,Y) such that
VoW = W. In this case, O is called a contractive interpolant or solution for the
data {A, E, E}.

Assume that {A, E, E} a data set. Let © = >0 2 "0, be any function in
H(&,Y). Then it follows that

VoW =W ifandonlyif Y ©,EA"=FE. (13.2.3)

n=0

So © is a solution to the tangential Nevanlinna-Pick interpolation problem if and
only if © is a contractive analytic function in H>(€,Y) satisfying Y o° O, EA™ =
E.

To show that this interpolation problem covers the classical Nevanlinna-Pick
problem, let {c;}T be a finite set of distinct points in Dy and {v;}} a set of com-
plex numbers. Let A be the diagonal matrix on C™ defined by A = diag[{1/a;}7].
Let E and E be the row vectors of length n given by

E=[11 - 1] and E=[m 7 - 7] (13.2.4)

Let f be an analytic function in Dy. Then (13.2.1) is equivalent to > ° f, EA™ =
E, where f(z) =30 27" fn. In other words, (13.2.1) is equivalent to VW = W;
see (13.2.3). So the classical Nevanlinna-Pick interpolation problem of finding a
contractive analytic function f satisfying (13.2.1) is a special case of our tangential
Nevanlinna-Pick interpolation problem.

The tangential Nevanlinna-Pick interpolation problem also includes the clas-
sical Schur interpolation problem. To see this, let {0,177~ be a specified set of
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operators with values in £(€,Y). The Schur interpolation problem is to find the set
of all contractive analytic functions © in H*(€,)) such that © admits a Taylor
series expansion of the form

0(z) = iz‘ka. (13.2.5)
k=0

Here {©;}0~" are the first n Taylor coefficients of ©. To convert this to the tan-
gential Nevanlinna-Pick problem, consider the data set {A, E, E} defined by

01 - 00
00 -+ 00
A=1|: .t | oné&"
00 0 I
00 0
E=[I 0 0 0]:&"—¢,
E=[0 ©1 + ©,2 ©,.1]:" = V. (13.2.6)

Observe that A is the upper shift on £, that is, the identity I appears immediately
above the main diagonal and zero’s appear everywhere else. Clearly, A is stable.
Let © be a function in H*°(£,Y). Then

Y O.EAN"=[6) 61 -+ On o O, 4]
n=0

where {0,101 are the first n Taylor coefficients of ©. So according to (13.2.3), it
follows that © is a solution for the Schur interpolation problem with data {©;}5
if and only if © is a solution to the tangential Nevanlinna-Pick interpolation prob-
lem with data {A, F, E} determined by (13.2.6).

The fundamental Lyapunov equation. Now assume that © is a solution to the
tangential Nevanlinna-Pick interpolation problem with data {A, E, E}. Then we
claim that there exists a positive solution () to the Lyapunov equation

Q=ANQA+EE—E*E. (13.2.7)

Moreover, Q@ = W*W — W*W is the unique positive solution to (13.2.7). Using
the fact that Vg is a contraction, for all x in H we have

W*Wz,z) = [|[Wz|]?> = |[VoWa|? < |Wa|? = (W Wz, z).
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Hence Q = W*W — W*W is positive. Then using S;W = WA and S;,W = WA,
we obtain
Q— N QA =W*W — N*W*WA — W*W + A*W*WA

= W*(I — SeS2)W — W*(I — SyS5)W

=W*PeW — W*Py,W = E*E — E*E.
(Here Py is the orthogonal projection onto the first component U of ¢% (U/).) There-
fore @ is a positive solution to the Lyapunov equation in (13.2.7).

Notice that there is only one solution to the Lyapunov equation in (13.2.7).

If @ is another solution to (13.2.7), then subtracting Q1 = A*Q1A+ E*E — E*E
from the Lyapunov equation in (13.2.7), shows that A = A*AA where A = Q—Q);.
By recursively substituting A*AA for A, we see that A = A*AA™ for all integers
n > 0. Because A™ converges to zero in the strong operator topology, A = 0. In

other words, @ = @1 and the solution to the Lyapunov equation in (13.2.7) is
unique.

Contractive coupling. Now assume that @) is a positive solution to the Lyapunov
equation in (13.2.7) with data {A, E, E}. Let M be any operator from H into M
such that M*M = @ and the range of M is dense in M. Let ®; and ®2 be the
operators defined by

_[ B, £ _[E]. y

By employing the Lyapunov equation (13.2.7), we arrive at
i) = N*QA+ E*E = Q + E*E = ®5®,.

This implies that there exists a unitary operator V from Hj, the closure of the
range of @1, onto Hs, the closure of the range of ®3, such that V®; = ®5. We say
that U is a contractive coupling for the data set {A, E, E} if U is a contraction
mapping EB X into Y& X such that M C X and U|H; = V. By choosing X = M,
we see that U = V Py, mapping £ ® M into Y & M is a contractive coupling of
{A,E,E‘}. In other words, one can always construct a contractive coupling of
{A,E,E}.

Let U be any contractive coupling of {A,E,E}. Then U admits a matrix
representation of the form

(3SR e

The subspace X is referred to as the state space for the coupling U. We say the
coupling U is controllable, if the pair {A, B} is controllable. The coupling U is
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controllable if

X = \/ (PxUPx)"PxUE. (13.2.10)

n=0

Finally, it is noted that U is a contractive coupling of {A, E, E‘}, if and only if U
admits a matrix representation of the form (13.2.9), the subspace M C X and

HAE

The central isometric coupling. Assume that there exists a positive solution @
to the Lyapunov equation (13.2.7) corresponding to the data {A, E, E}. We will
construct a special isometric coupling U, of {A, E, E‘} which plays a fundamental
role in our solution to the tangential Nevanlinna-Pick interpolation problem. To
this end, let D; and D9 be the subspaces defined by

Di=EeMeH, and Dy=(YdM)S Ha. (13.2.12)

Now consider the isometry defined by

V0 0 0 0 Hy Ho
0 0 0 0 O D, Dy
0 7 0 0 O D, D,
U, = 0 0TI 0 0 Dy — D . (13.2.13)
0 0 0 I O D, D,

Recall that E P M = H; @Dy and Y & M = Hy & Dy. So U, is an isometry
mapping K1 = & & M @ (% (Dy) into Ko =Y & M @ (2 (Dy). Since Us[Hy =V, it
follows that U, is an isometric coupling of {A, E, E}. The isometry U, in (13.2.13)
is called the central coupling for the data {A, E, E}

For another representation of the central isometric coupling, recall that V Py,
mapping £ & M into Y & M is a contractive coupling of {A, F, E} Notice that
V Py, admits a matrix representation of the form

: [/‘;} - [/\th] (13.2.14)

Then the central isometric coupling U, of {A, E, E’} also admits a matrix repre-
sentation of the form

V=[2G

B, A,

D, C, 0 £ N%
Uo=|Bo A 0 |:| M |=| M |. (13.2.15)
By Ay Sp, (3 (Dy) 2 (Dy)
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Here By and A; are the operators defined by

IIp, |E IIp, M
0 0
B; = 0 1€ =2 (Dy) and A = 0 : M — 2(Dy).

Moreover, IIp, is the operator from £ & M onto D; defined by IIp, = Pp, where
Pp, is the orthogonal projection onto D;. In this case, the isometric realization
{A, B,C, D} for the central isometric coupling U, is determined by the matrix
representation

g Y
Uoz%ﬂ{/w H[M],
2. (Dy) (3(Dy)
A= | O ] on | 4™ ]
=4, Sp, oy
B . [ M
B= _BJ £ [éi(Dl)]’ (13.2.16)

In this case, the state space X = M @ (2 (D;). We refer to this realization

{A, B,C, D} as the central isometric realization for the data {A, E,E’} In a mo-
ment we will see that {A, B} is controllable. Observe that both {A,, Bo, Cs, Do}
and {A, B,C, D} have the same transfer function, that is,

O(z) = D+ C(2I — A)"'B = Do + Co (21 — Ao) ™' Bo. (13.2.17)

Finally, O(z) = D + C(zI — A)"' B is called the central interpolant for {A, E, E}.
Because U, is a contraction, the central interpolant © is a contractive analytic
function; see Theorem 13.1.1. Finally, Theorem 13.2.2 below shows that © is indeed
a contractive interpolant for the data {A, E, E}.

A computational algorithm in the finite dimensional case. As before, assume that
there exists a positive solution @ to the Lyapunov equation (13.2.7). According
to Theorem 13.2.2 below, the transfer function © in (13.2.17) is a solution for
the data {A, E, E‘} Recall that {A on X, B,C, D,} is the isometric realization in
(13.2.16), and {A, on M, B,,C,, D} is the contractive realization for © deter-
mined by (13.2.14). Clearly, dim M < dim X. In most cases, the state space X
is infinite dimensional even when H is finite dimensional. Since dim M < dimH,
it follows that {A,, Bo,Cs, Do} is a finite dimensional realization when H is fi-
nite dimensional. If H, is finite dimensional, then one can use Matlab to compute
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{4, B,,Cs, Do}, and thus, the central interpolant © for {A, E,E‘} In the finite
dimensional case, the pseudo-inverse in Matlab (“pinv”), yields

D, C) [ E E 17
B, A, | M MA '
Here —r denotes the Moore-Penrose restricted inverse. Later we will show that

the pair {A., Bo} is controllable. If ®1®; = Q + A*QA is invertible, then Py, =
1 (®®1) 1P, In this case,

VPy, = VO (P1D)) 107 = Oy (D]D1) ']
_ L\Z] (Q+ A QML [E A*M*] = {BO 4
In other words, when @ + A*QA is invertible:
Ao =M (Q+ A*QA) " A*M*,
Bo =M (Q+AQA)' E",
Co=E(Q+ANQA)"A*M*, (13.2.18)
Do =E(Q+ A*QA) ' E*.

In particular, {A,, Bo, Cs, Do} is a contractive controllable realization of the cen-
tral interpolant © for the data {A, E, E}.

Now assume that @ is invertible. Then M is an invertible operator mapping
H onto M. Consider the system {A., B.,Ce, Do} defined by A. = M~1A,M,
B.= M"'B, and C, = C,M. By consulting (13.2.18), we see that
Ae=(Q+A"QA) I AQ,
B.=(Q+AQAN)EY,
C.=E(Q+AQA) ' A*Q, (13.2.19)
Do=E(Q+ A QA) ' E*,
Then M is an invertible operator which intertwines the system {A., B., C¢, Do}

with {4, Bo, Cs, Do}. In particular, {A., B., C., Do} is a controllable realization
for the central solution © for the data {A, E, E'}.

The basic coupling theorem. The following result describes the set of all contrac-
tive interpolants in terms of isometric couplings.

Theorem 13.2.2. Let {A,E,E’} be the data for the tangential Nevanlinna-Pick
interpolation problem. Let Q) be the solution to the Lyapunov equation

Q=ANQA+E*E—E*E. (13.2.20)
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Then there exists a solution to this Nevanlinna-Pick interpolation problem if
and only if Q is positive. In this case, the set of all contractive interpolants for
{A, E,E} is given by

O(z) =D+ C(2I — A)~'B, (13.2.21)

(B L[E3] e

is any controllable isometric coupling of {A,E,E’}. (The isometric couplings are
unique up to unitary equivalence.) In particular, the central transfer function ©
determined by (13.2.14) and (13.2.17) is an interpolant for the data {A,E,E}.

where

Proof. We have already seen that if © is a solution to the tangential Nevanlinna-
Pick interpolation problem, then Q@ = W*W —W*W is the unique positive solution
to the Lyapunov equation in (13.2.7).

Now assume that @ is a positive solution to the Lyapunov equation in
(13.2.7). Let U be any contractive coupling of {A, F, E}. Using the matrix repre-
sentation for U in (13.2.22) with (13.2.11), we obtain

5 Sl -[a ] a2

Rewriting this equation yields
M = AMA+ BE and E=CMA+ DE. (13.2.24)

By recursively solving for M, we have
n—1
M =Y A/BEN + A"MA™. (13.2.25)
j=0
Because U is a contraction, A is a contraction. Hence A™ is also a contraction for
all integers n > 1. Using the fact that A is strongly stable, we see that A" MA™

converges to zero in the strong operator topology. By taking the limit in (13.2.25),
we arrive at

M= ABEN. (13.2.26)

j=0
The sum converges in the strong operator topology. Now let © be the contraction
given by ©(z) = D+C(zI—A)~1B. Observe that © admits power series expansion

of the form © = Zgo 27 "0,, where ©g = D and 6,, = CA® !B for all integers
n > 1. By employing (13.2.26) with the second equation in (13.2.24), we obtain

> O,EA" =0yE + Y CA"BEA"A = DE+CMA = E.
n=0

n=0
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Therefore © is a contractive interpolant for {A, E, E}.

Assume that © is a contractive interpolant for {A, E,E} Then © admits a
unique controllable isometric realization {A on X, B,C, D} for ©. According to
Lemma 13.1.3, the controllability operator

W.=[B AB A’B ... ] (13.2.27)

is a contraction. Since W is an operator, we see that

N=W.W = i A"BEA"™

n=0

is a well-defined operator. Notice that SgW = WA and AW, = W.S¢. Using this
along with the fact that I — S¢S} = Pg is the orthogonal projection onto the first
component £ of £% (£), we obtain

N — ANA = W, W — AW, WA = W, W — W,SeSEW
=W, (I - SeSE)W = W,PsW = BE.

In other words, N is a solution to the Lyapunov equation N = ANA + BE. By
employing the fact that £ = ) o~ ©,, EA™, we have

E=DE+Y CA"BEA"A = 6yE + CNA.

n=0

This readily implies that

HAIFABH!

Because the 2 X 2 matrix is an isometry, we see that
A*N*NA + E*E = N*N + E*E.

In other words, N*N = @ is the unique solution to the Lyapunov equation in
(13.2.20). So without loss of generality we can assume that M is the operator
mapping H into M = NH defined by N = M. By replacing N by M in (13.2.28),
we see that U is an isometric coupling of {A, E, E} Since all controllable isometric
realizations of © are unitarily equivalent, this completes the proof. |

The controllability of the central solution. Let {A, E, E’} be the data for a tan-
gential Nevanlinna-Pick problem. Moreover, assume that the Lyapunov equation
(13.2.20) admits a positive solution @ and Q = M*M where M is an operator
mapping H into a dense set of M. Then we claim that {4, B,} is controllable,
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where {A,, Bo,Cs, Do} is the contractive realization for the central solution ©
determined by (13.2.14).

To see this, simply observe that by replacing {A, B} with {A., Bo} in
(13.2.26), we have M = Y ;° AZB,EA7. Hence M is a subspace of \/~ AZB.E.
Because A, acts on M, the pair {4, Bo} is controllable.

Now let us show that {A, B} is controllable, where {A on X, B,C, D,} is the
isometric state space realization for central solution ©; see (13.2.14) to (13.2.17).
Recall that X = M@ (2 (D;). According to (13.2.26), we have M = >°° A/ BEMN.
Because the range of M is dense in M, we see that M @ 0 is contained in X, =
Vo A"BE. Since X, is an invariant subspace for A, the subspace \/;~ A" M is also
contained in X.. By consulting the form of A and B in (13.2.16), we obtain

0® B1E = (I - Pu)BECBE\/ M C X,
0@ AM = (I — Pp)AM C AM\/ M C X,

By taking the closed linear span of both of these spaces, we see that 0D, H0P0 - - -
is contained in X,. Because X, is an invariant subspace for A, we have

X, D \!OA (0@1)1@0@0"')— \!0 [S%I(Dl@o@o...)] - |:€3_(D1)]

So X, contains both M & 0 and 0 @ ¢2 (D;). Therefore
X =MoL} (D) C X =\/A"BE.
0

In other words, the pair {4, B} is controllable.

13.3 Isometric Realizations Revisited

In this section we will use the central isometric coupling to show that any con-
tractive analytic function © in H*°(£,)) admits an isometric realization. This
provides another proof of part of Theorem 13.1.1. To this end, let A = S% be the
backward shift on X = (3 (£). Let E = Il¢ be the operator mapping (3.(€) onto
& which picks out the first component of a vector in fi(é'). Let F be the operator
mapping Zi (€) into Y given by the first row of Vg. To be precise,

E=[1 0 0 --]:0(—¢,
E=[6 61 0 - ]:2(&—4x (13.3.1)

where O(z) = Y7 270, is the power series expansion for ©. In this case, W = I

and W = V. We claim that () = I - V§ Vg is a positive solution to the Lyapunov
equation o
Q=MNQA+E'E*—E'E. (13.3.2)
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Using the fact that Vg intertwines Sg with S3,, we obtain

Q—-—NQA=T-VEVe — SeS; + SeVEVeSE
=P: =V (I - 5yS3) Ve
= E*E —V5P:Veo = E*E — E*E.
Because the Lyapunov equation in (13.3.2) admits a positive solution, there

exists a solution to the tangential Nevanlinna-Pick interpolation problem with
data {S%, E, E} in (13.3.1). To construct a solution, let

& y
o S ) L) o

be the cental isometric coupling for {A, E, E}; see also (13.2.13). (To construct
this coupling we did not use the fact that a contractive analytic function admits
an isometric realization.) Then ¥ = D + C(zI — A)~!B is a solution to this
Nevanlinna-Pick problem, that is, ¥ is a contractive analytic function satisfying
VoW = W. Since W = I and VgW = W, we must have ©® = W. Therefore
{A, B,C, D} is a controllable isometric realization for ©. Combining this analysis
with Lemma 13.1.3, we obtain another proof of Theorem 13.1.1. In other words, ©
is a contractive analytic function in H*(E,Y) if and only if © admits an isometric
realization. In this case, all controllable isometric realizations of © are unitarily
equivalent. (Section 7.8 shows that if © admits an isometric realization, then © is
a contractive analytic function.)

The previous analysis yields another method to construct an isometric re-
alization for a contractive analytic function ©. To this end, consider the data
{S,E,E} in (13.3.1). Since W = I, there is a unique solution to VoW = W.
In other words, there is only one solution © to the Nevanlinna-Pick problem with
data {S¢, E, E}. To construct a controllable isometric realization for ©, let M be
any operator mapping ¢2 (€) into M such that I — V§Ve = M*M and the range
of M is dense in M. Let U, be the central isometric coupling of {S;,E,E} in
(13.3.3), obtained by constructing the corresponding matrix representation for U,
in (13.2.13). Then {A, B,C, D} is a controllable isometric realization for ©.

13.4 The Maximum Principle

In this section we will show that the central solution satisfies a maximum principle.
To this end, assume that the tangential Nevanlinna-Pick interpolation problem
with data {A, E, E} admits a solution. In other words, there exists a positive
solution @ to the Lyapunov equation in (13.2.20). Let U mapping K = £ ® X into
K1 =Y & X be any controllable isometric coupling for {A, F, E} Fix y in Y and
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consider the optimization problem
6(y,U) =inf{lly—Ugll: g€ K}  (y€)). (13.4.1)

Let £ = ker U*. Then we claim that 6(y,U) = || Pzyl|. To verify this, let R = UK
be the range of U. Recall that £ = kerU* = K; © UK. Using the fact that
P, =1 — Pr, we have

6(y,U) = inf{[ly — Ugl| : g € K} = |ly — Pryll = || Pyl

Therefore 6(y,U) = || Pzy|| for all y in Y.
Recall that Dy = (Y & M) © Ha where Hs is the closure of the range of ®s.
We claim that §(y, U) < || Pp,y||. Since U|H1 = V, the subspace Hz C R. Hence

6(y, U) = nf{lly = Ugl| : g € K} <inf{|ly — Vgl : g € Ha}
= inf{lly — gl : g € Ha} = |ly = Proyll = |1 Ppoyll-
Hence §(y,U) < || Pp,y||. Motivated by this we say that U is a mazimal coupling
of {A, E, E} if U is an isometric controllable coupling for {A, E, E} and 6(y,U) =
|Pp,y|| for all y in Y.
Let U, be the central isometric coupling of {A, E, E} determined by (13.2.13)

or (13.2.15). Then U, is a maximal coupling of {A, E, E}. To see this, observe that
the kernel of U equals Dy, that is,

kerU; =00 Dy 000 .

Since U, maps (H1 @ Dq) @ £2 (D) into (He & D2) & £2 (D) and Ha & D5 is just
another orthogonal decomposition of ) & M, we see that

5(y7 UO) = ”Pkcr U:y

| = [Pp,yl-

Therefore the central coupling U, is a maximal coupling of {A, E, E‘} The following
result shows that U, in (13.2.13) is the only maximal controllable coupling of

{A,E,E}.

Theorem 13.4.1. Assume that the tangential Nevanlinna-Pick interpolation prob-
lem with data {A,E,E} admits a solution. Then the central coupling Us in
(13.2.13) is the only mazimal controllable coupling of {A, E, E}. In other words, all
mazximal controllable couplings of {A, E, E} are unitarily equivalent to the central
isometric coupling Us,.

Proof. Assume that U is an isometric controllable coupling of {A, E, E’} such that
[Pyl = (y, U) = || Pp,yll

for all y in ) where £ = ker U*. We claim that Pp,|) = Pr|Y. By employing
IPzyll = || Pp,y|| with y in Y, we obtain

1Proyll* = Iyll* = 1 Pooyll® = llyll* = 1Pzl = [1Pryl*.



368 Chapter 13. Contractive Nevanlinna-Pick Interpolation

In other words, ||Pr,y|l = ||Pryl|- Since Hz is a subspace of R = ranU, we have
P,y = Pry for all y in Y. Thus
Pp,y=(I—Pu,)y = (I — Pr)y = Pry.
Therefore Pp,|Y = Pr|Y.
We claim that £ = D5. To see this first observe that for h in H, we have
Prdoh = PeV®h = PrUDB A = 0.

Hence 0 = Pg|Hsz. Clearly, 0 = Pp,Hz. By consulting (13.2.8), we see that Y & M
equals the closed linear span of {),Hz}. Thus Pz(y ® m) = Pp,(y @ m) for all
y@®m in Y & M. Since Ds is a subspace of YV & M, it follows that Dy is a subspace
of L.

Recall that U admits a matrix representation of the form

U= D C | | €& . Yy
| B AT X X |-
Using the fact that P.U = 0 and Pp,|Y = P,|Y with Dy C L, for g in £ we obtain
PﬁBg = ngng = PﬁUg — PgPyUg
= —PDQPyUg = PDZP)(Ug — PDQUQ
= PDZP)(Ug - PDQPLUQ = PDQP.)(UQ
= PDQBg.
Thus Pz B = Pp,B. For any integer n > 1, we have

PrA"Bg = P PxyUA" 'Bg
= P,UA""'Bg— P.PyUA" 'Bg
= —Pp,PyUA" ' Byg
= Pp,PxUA" 'Bg — Pp,PLUA" 'Byg
= Pp,PxyUA" 'Bg = Pp, A" By.
Because the pair {A, B} is controllable, Prx = Pp,x for all z € X. Since P¢|)Y =
Pp,|Y and Y @ X is the whole space, Pz = Pp,. Therefore £ = Ds.
Now let us show that U is unitarily equivalent to the central isometric cou-

pling U, in (13.2.13). Since £ = Dy, the isometry U admits a matrix representation
of the form

V. 0 0 H, Ho
u=|l0 o o0 |: Dy - D, . (13.4.2)
0 Usp U, X oM X oM

In particular, X & M is an invariant subspace for U, and Uy = U|(X © M) is an
isometry on X & M.
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Because U is an isometry, Uss is an isometry mapping D; into X & M.
Moreover, Us2D; is orthogonal to the range of Uy, or equivalently, UsoD; is in the
kernel of U} . Hence UsoD; is a wandering subspace for Uy of dimension dim D;.
In this setting, A and B admit matrix representations of the form

R 0] [ M
| Usellp, M U XoeM|’
_ B, e [ M
B= [USQHD1|(€:| 24 {X @M} . (13.4.3)

Since X © M is an invariant subspace for U and A = [IxU|X, it follows that A
admits a lower triangular matrix representation of the form in (13.4.3) where the
lower right-hand corner is given by Uy. Using U Py, = V Py, the lower left-hand
corner of A is determined by

HXeMU|M e HX@MU(PDl + PH1)|M = U32HDI|M.
The second component of B is given by
H)(@MU|5 = HX@MU(Pbl + PH1)|5 = U32HD1|5~
Since {A, B} is controllable, the form {4, B} in (13.4.3) yields
XoM=\/TxomA"BE C \/ UlUs D1 C X © M.
n=0 n=0

In other words, X © M = @§°U}U32Dy, and Us2D; is a cyclic wandering subspace
for U,.. Because Us2D; and D; have the same dimension, U, is unitarily equivalent
to the unilateral shift Sp, on ¢2 (D;). By consulting the (13.4.2) and (13.2.13), we
see that U is unitarily equivalent to the central isometric coupling U,. O

Computing the cost. Assume that @ is a strictly positive solution to the Lya-
punov equation (13.2.20), corresponding to the Nevanlinna-Pick data {A, F, E}.
Recall that the cost in the optimization problem (13.4.1), associated with the
central coupling U, is given by

(y,Us)* = ||Pp,|* = (MyPp,y,y)  (y€ ).
This cost is determined by the positive operator Iy Pp,|Y. If @ is invertible, then
IyPp,|Y = (I +EQ 'E*)". (13.4.4)
To verify this notice that Hy equals the range of ®,, and thus,

Py, = §a(@302) 105 = Oo(E*E + Q) 03;
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see (13.2.8). This implies that

My Pp,|y =1 —TlyPy,|y = I — E(E*E + Q)" E*
=] -EQ 'E*E+1)"'Q'E*
=] - FEQ 'E*(EQ'E*+1)""
—(EQ'E*+1)"1.

Therefore (13.4.4) holds.

13.5 Notes

For completeness we added this short chapter on contractive Nevanlinna-Pick in-
terpolation. We also wanted to develop a connection between Nevanlinna-Pick
interpolation, isometric realizations and contractive analytic functions. The main
ideas behind the results in this chapter were taken from Agler-McCarthy [3, 4]. It is
emphasized that Agler-McCarthy [3, 4] developed a contractive interpolation the-
ory for complex functions of several variables; see Agler-McCarthy [4] for a history
of this subject area, and Ball [23], Ball-Trent-Vinnikov [26] and Cotlar-Sadosky
[61] for further results in this direction.

Theorem 13.1.1 is a classical result in operator theory. Our approach to con-
structing a contractive isometric realization is a minor modification of the de
Branges-Rovnyak model theory [40, 41]. For some further results on this model
theory see de Branges [38, 39]. The theory of unitary systems started with Livsic
[163, 164]. Then using dilation theory Sz.-Nagy-Foias developed the characteristic
function; see [198]. The characteristic function plays a fundamental role in oper-
ator theory. The Sz.-Nagy-Foias characteristic function can be used to study the
spectrum and invariant subspaces of contractions. For further results on unitary
systems; see Brodskii [43, 44], Chapter 28 in Gohberg-Goldberg-Kaashoek [114],
Arocena [15] and Arov [19, 20].

The literature on H*° interpolation theory is massive. Here we only pre-
sented one solution, that is, the central solution to the tangential Nevanlinna-Pick
interpolation problem. The set of all solutions is parameterized by the unit ball in
some H°(-,-) space. For example, see Ball-Gohberg-Rodman [24] or Foias-Frazho-
Gohberg-Kaashoek [84]. The Sz.-Nagy-Foias [197] commutant lifting theorem is a
general theorem for solving interpolation problems, including Nevanlinna-Pick, Ne-
hari, Sarason and many other H* interpolation problems. The commutant lifting
theorem was motivated by the interpolation results of Sarason [190]. For further
results and a history of the commutant lifting theorem see Foias-Frazho [82], Foias-
Frazho-Gohberg-Kaashoek [84] and Rosenblum-Rovnyak [182]. For some nice re-
sults on the Nehari interpolation problem see Adamjan-Arov-Krein [1, 2]. The
band method is also a very powerful theory for solving many interpolation prob-
lems; see Gohberg-Kaashoek-Woerdeman [115] and Gohberg-Goldberg-Kaashoek
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[114]. The state space method for solving H*° interpolations problems started with
Glover [111]. For further results on state space methods in H* interpolation the-
ory; see Ball-Gohberg-Rodman [24], Green-Limebeer [123] and Zhou-Doyle-Glover
[204].
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Chapter 14

A Review of State Space

In this chapter we will review some of the state space methods and terminology
which will be used throughout the monograph. All the results in this chapter are
classical.

14.1 State Space Realization Theory

Let us introduce some standard terminology and results from systems theory; see
(60, 140, 189] for further details. The discrete time state space system is defined
by

z(n+1) = Az(n) + Bu(n) and y(n)= Cz(n)+ Du(n). (14.1.1)

Here A is an operator on a space X’ and B is an operator mapping £ into X while
C'is an operator from X into ) and D is an operator mapping £ into ). The state
z(n) is in X, the input u(n) is in € and the output y(n) is in Y for all integers
n > 0. The initial condition is x(0) = xo. The space X is called the state space,
while £ is the input space and Y is the output space. Finally, the state space system
in (14.1.1) is denoted by {4, B,C, D}.

By recursively solving for the state z(n) and the output y(n) in the discrete
time system (14.1.1), we see that

n—1
x(n) = A"zo+» A" *'Bu(k)  (x(0) = xo), (14.1.2)
k=0
y(n) = CAxo + Du(n) + ”i CA" =1 Bu(k). (14.1.3)
k=0

Let {F,}$° be the sequence of operators defined by

Fo=D and F,=CA" 'B (ifn>1). (14.1.4)
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Then (14.1.3) shows that

y(0) C FK 0 0 - u(0)
y2)| = |caz|z0)+ | r, B F - u(2)]| - (14.1.5)

Let Tr be the lower triangular Toeplitz matrix corresponding to {F,}5° and W,
the observability matrix defined by

Kk 0 0 - C
P F, 0 - CA

Tr=|F R Fy - and W, = |cAa2]|. (14.1.6)

Then (14.1.5) shows that
= Wox(0) + Tri (14.1.7)

where @ = [u(0) wu(1) u(2) -~-]tr and 7 = [y(0) y(1) y(2) --~]tr are the
input and output vectors. Finally, it is noted that T and W, are not necessarily
operators, that is, bounded linear maps. However, because T is lower triangular,
all the multiplications are well defined.

The transfer function for the state space system in (14.1.1) is defined by

F(z)= i 27",
n=0

By employing (14.1.4), we obtain

F@):Siz”wg=1)+§ié%CAw4B
n=0 n=1

=D+ 'C(I-2""A)"'B
=D+C(zI - A)'B.

In other words, the transfer function for {A, B,C, D} is given by
F(z)=D+C(zI — A)™'B.

Finally, it is noted that F(z) is analytic in some neighborhood of infinity, that is,
F(1/z) is analytic in some neighborhood of the origin.

To provide some further insight into the notion of a transfer function, let U(z)
and Y'(z) be the functions formally defined by taking the following z transforms of
the input and output sequences U(z) = Y ;" 27 "uy, and Y (2) = Yo" 27 "y,. The
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input sequence {u,}5° and U(z) (respectively {y,}5° and Y (z)) uniquely deter-
mine each other. In systems theory, the transfer function is the unique function ¥
determined by Y (z) = F(2)U(z) where all the initial conditions are set equal to
zero. By employing (14.1.3) or (14.1.5), we arrive at

Y(z)=C(zI — A) "o+ (D + C(2f — A)"'B) U(2).

If the initial condition zy = 0, then the output Y (z) = F(2)U(z) where the
function F(z) = D + C(zI — A)~!B. In other words, the transfer function F for
{A,B,C,D} is given by F(z) = D+ C(2I — A)~'B.

By a slight abuse of terminology we say that a function G(z) is analytic
in some neighborhood of infinity if G(1/z) is analytic in some neighborhood of
the origin. Notice that G is analytic in some neighborhood of infinity if and only
if G admits a Taylor series expansion of the form G = > ;°27"G,, for some
|z]| > r > 0. For example, z is not analytic in some neighborhood of infinity.
Let G be a rational function, that is, assume that G = N(z)/d(z) where N is a
L(&,Y)-valued polynomial and d is a scalar-valued polynomial. (It is emphasized
that N and d are polynomials in z and not 1/z.) We say that G is a proper rational
function if the degree of IV is less than or equal to the degree of d. Finally, it is
noted that a rational function G is analytic in some neighborhood of infinity if
and only if G is a proper rational function.

We say that {A on X, B,C, D} is a realization for a function F with values
in L(&,) if

F(z)=D+C(zI - A)™'B (14.1.8)

in some neighborhood of infinity. Here A is an operator on X', the operator B maps
£ into X, while the operator C' maps X" into ) and D is an operator from & into ).
The state space is X, while £ is called the input space and Y the output space. In
systems theory F is referred to as the transfer function for {A, B,C, D}. Because
(2I — A)~! is analytic in some neighborhood of infinity, F' is also analytic in some
neighborhood of infinity. Motivated by this, we say that F' is a transfer function
if Fis a £(&,Y)-valued analytic function in some neighborhood of infinity. The
realization {A, B,C, D} is finite dimensional if the dimension of the state space
X is finite. Finally, throughout this chapter, we assume that the input space £ and
output space Y are both finite dimensional.

Assume that {4, B, C, D} is a realization for some transfer function F. Let

F=) 2"F, (14.1.9)
n=0

be the Taylor series expansion for F. Clearly, |27*A| < 1 for all z such that
| A]| < |z|. Observe that (21 — A)~' = 2711 — 271 A)~!. Hence (21 — A)~! admits
a Taylor series expansion of the form

IR = R
(zI-A) =" A (12 > || Al (14.1.10)
n=0
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Combining this with (14.1.8), we obtain
o0 oo 1
> 2 "F,=F(z)=D+C(zI—A)'B=D+>» —CA"'B.
z
n=0 n=1

So by matching like coefficients of z~", we see that
Fo=D and F,=CA"'B (foralln>1). (14.1.11)

On the other hand, if F(z) = >.;° 27 ™F, is analytic in some neighborhood of
infinity, and {A, B, C, D} is a state space system such that (14.1.11) holds, then
{A, B,C, D} is a realization for F. Therefore {A, B,C, D} is a realization for F if
and only if (14.1.11) holds.

We say that ® is an operator intertwining
{Aon X,B,C,D} with {A; on X1, By,C1, D1}
if ® is an operator mapping & into A} such that
A=A, ®B=DB;, C19=C and D= D;. (14.1.12)

We say that ¥ = {A, B,C, D} is similar to (respectively unitarily equivalent to)
¥ = {A1, B1,C4, Dy} if there exists a similarity (respectively unitary) transfor-
mation intertwining ¥ with 3;. Notice that ¥ is similar to (respectively unitarily
equivalent to) X if and only if ¥; is similar to (respectively unitarily equiva-
lent to) 3. Finally, it is noted that similar realizations generate the same transfer
function.

14.2 Controllability and Observability

The pair {A on X, B} is controllable if X equals the closed linear span of { A" BE}.
The pair {C, A} is observable if CA™x = 0 for all integers n > 0, then z = 0.
Controllability is the dual of observability, that is, the pair {C, A} is observable if
and only if {A*, C*} is controllable.

Let W, be the controllability matrix defined by

W, = [B AB A?’B ... ] . (14.2.1)
The pair {4, B} is controllable if and only if W.£5 (€) is dense in X. If the state
space is finite dimensional, then due to the Cayley-Hamilton Theorem, the pair

{A, B} is controllable if and only if

X:ran[B AB A%B ... A"_lB]



14.2. Controllability and Observability 379

where v is the dimension of X. Let W, be the observability matrix defined by

C

CA
o= 2 . /N
w. CA (14.2.2)

The pair {C, A} is observable if and only if W, is one to one. If the state space is
finite dimensional, then due to the Cayley-Hamilton Theorem, {C, A} is observable
if and only if

{0} =ker[C CA CA? ... CcA"Y]".

Finally, it is noted that W, and W, are matrices and not necessarily operators.

For the moment assume that the state space X is finite dimensional. The
Popov-Belevitch-Hautus controllability test says that the pair { A, B} is controllable
if and only if

dim X =rank [A — A B] (for all A € C).

In a similar fashion, the Popov-Belevitch-Hautus observability test states that the
pair {C, A} is observable if and only if

Ker {A — A

c ] = {0} (for all A € C).

We say that the realization {A, B, C, D} is controllable (respectively observ-
able) if the pair { A, B} is controllable (respectively the pair {C, A} is observable).
Assume that {A, B,C, D} is a realization for F. Let H be the Hankel matrix
defined by

F, Fy, Fj
I F3 Iy

H=\|\p rp B - |- (14.2.3)

Here F(z) = > 2~ "F, is the Taylor series expansion for F. Moreover, H is called
the Hankel matriz generated by {F;}5° or F. Using the fact that F,, = CA""'B
for all integers n > 1, it follows that H = W,W,. In particular, rankH < dim X.
So if the state space is finite dimensional, then the rank of H is also finite. It is
well known that a transfer function F' admits a finite dimensional realization if
and only if the rank of H is finite. Recall that the rank of the Hankel matrix H
in (14.2.3) is finite if and only if F' is a rational function. So a transfer function F'
is rational if and only if F' admits a finite dimensional realization.

We say that {A on X, B, C, D} is a minimal realization for F if the dimension
of X is less than or equal to the state dimension of any realization for F', that is, if
{41 on Xy, By,Cy, D} is any realization for F, then dim X < dim X;. Now assume
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that F' admits a finite dimensional realization, or equivalently, F' is a rational
transfer function. Then it is well known that {A, B, C, D} is a minimal realization
for F if and only if {A, B, C, D} is a controllable and observable realization for F'.
Moreover, in this case, all minimal realizations of F' are similar. The dimension
of the state space X’ for a minimal realization {4, B,C, D} of F is called the
McMillan degree of F, denoted by §(F). Finally, it is noted that the McMillan
degree for F' equals the rank of its corresponding Hankel matrix H in (14.2.3).
Let us conclude this section with the following useful results.

Remark 14.2.1. Assume that {A, B,C, D} is a realization for a transfer function
F with values in £(€,)). If D is invertible, then F'(z) is invertible in some neigh-
borhood of infinity. Moreover,

»={A-BD'C,BD',-D7'C,D™'}
is a realization for the inverse of F, that is,
F(z)'=D'—D'C(:I-(A—BD"'C))”' BD™". (14.2.4)

To show this simply verify that F(z)F(z)~! = I where F(z)~! is given by (14.2.4).
Finally, {A, B, C, D} is respectively, controllable, observable, minimal if and only
if ¥ is respectively, controllable, observable, minimal.

For a state space derivation of F((z)™1, recall that F(z) is the transfer function
for the state space system

z(n+1) = Az(n) + Bu(n) and y(n) = Cz(n)+ Du(n). (14.2.5)

Since D is invertible, the input u(n) = D~'y(n) — D='Cx(n). Substituting this
into (14.2.5) yields the state space system

z(n+1)= (A - BD'C)x(n) + BD 'y(n),
u(n) = =D~ Cx(n) + D 'y(n). (14.2.6)

It is emphasized that F(z)~! in (14.2.4) is the transfer function for this state space
system. The state space system in (14.2.5) maps u(n) into y(n), while the system
in (14.2.6) maps y(n) into u(n). In other words, the state space system in (14.2.6)
is the inverse of the system in (14.2.5). Therefore F~1 in (14.2.4) must be the
inverse of F' the transfer function for (14.2.5).

Remark 14.2.2. Let 31 = {41 on Xy, B1,C1, D1} be a realization for a L(V,))-
valued transfer function Fj, and Yo = {43 on X, By, Cy, D2} a realization for a
L(&,V)-valued transfer function Fy. Observe that the output space V for F» equals
the input space for F}. The product F}F; is also a transfer function. Moreover, a
realization {A, B, C, D} for Fy F5 is given by

_ Al Bng X o Bi1D, N X
= P e ] o= [ e 3

0 A
X
C=[C1 DiCy] {XJ —Y and D= DiD,. (14.2.7)
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To show that {A, B,C, D} is a realization for Fy F» observe that
Fi(2)Fs(2) = (D1 4 Ci(21 — A) 7' By) (D2 4 Ca(21 — A2) ™' By)
= DDy + Cy(2I — Ay) " By Dy + D1Co(2I — As) ™' By
+ Oy (2I — A)) " BiCo(21 — As) ™' By
= DDy + [C1 D1Cy]
(21 — Ay)™Y (21 — A) 71 B1Coy (21 — Ag)_l] [Bng]

0 (ZI—AQ)_l B>
-1
I-A —-BC B1D
Soicier [T PG B

=D+ C(zI - A)'B.

Therefore {A, B,C, D} in (14.2.7) is a realization for Fi Fb.
For a more intuitive approach based on discrete time systems, observe that
F1 and F5 are the transfer functions for the linear systems

z(n+1) = Az(n) + Bivi(n) and  y(n) = Crz(n) + Divi(n),
&n+1) = Ax€(n) + Bau(n) and wv(n) = C2€(n) + Dau(n).

In other words, F; is the transfer function from v;i(n) to y(n), and Fy is the
transfer function from u(n) to v(n). By setting vi(n) = v(n), we see that Fy F5 is
the transfer function from w(n) into y(n). Substituting v1(n) = C2&(n) + Dau(n)
into the first two equations yields

I(TL—Fl) _ A1 Bng [E(TL) B1D2
L(n + 1>} - [ 0 A | ew] T B |1
_ z(n)
=i D[
So F1Fy is a transfer function for the discrete time system in (14.2.8). In other
words, {4, B,C, D} in (14.2.7) is a realization for F} F5.

To conclude this section, it is noted that the realization {A, B,C, D} in
(14.2.7) may not be minimal even if both ¥; and X5 are minimal realizations. For
example, {0,1,—1, 1} is a minimal realization for F; = (z —1)/z and {1,1,1,1} is
a minimal realization for F5 = z/(z — 1). However, the corresponding realization
{Aon C? B,C,1} in (14.2.7) is not a minimal realization of 1 = Fy Fy.

14.3 A Canonical Realization

Recall that a rational transfer function is a proper rational function. Any scalar-
valued rational transfer function admits a representation of the form:
bo+ b1z +boz? + -+ by_12V 7!

F(z) = I +d. (14.3.1)
apt+ a1z +asz+---+a,_1z¥"" + 2%
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Here {a;}4~" and {b;}§~" and d are all scalars. Furthermore, any £(E,Y)-valued
rational transfer function F' admits a representation of the form

F(z) = Ci0(2)"'T(2) + D
Q(z) :A0+A12’—|—A222+...+Au_1zu—1_|_Z,,I
['(2) =By + Biz+ B3z +---+ B, 12", (143.2)

Here Q is a polynomial with values in £(Y,)), and T is a polynomial with values
in £(&,Y). Moreover, C is an operator on ), and D is an operator mapping £ into
Y. By choosing Cy = I and Q(z) = a(z)I where « is a monic-valued polynomial,
it follows that any rational transfer function has a representation of the form
(14.3.2). (A monic polynomial is a scalar-valued polynomial a(z) of degree p such
that 1 is the coefficient of z#.)

To construct a realization {A, B, C, D} for the transfer function F' in (14.3.2),
let A on V¥ and B mapping £ into ¥ and C' mapping )" into ) be the operators
defined by

[ —A,1 T 0 0 0 B, 1
—Ay2 0 1 0 0 B, s
A= : I , B= : , and
—4 0 0 -+ I 0 By
-4 0 0 0 I By
| -4 0 0 0 0 | | Bo |
c=[ ¢ 00 - 0 0]. (14.3.3)

(If £ is a vector space, then £¥ = @Y€ denotes v copies of £.) The identity I on
Y appears immediately above the main diagonal of A, the operators {—Aj}g_l
appear in the first column of A in decreasing order, and all the other entries are
zero. We claim that {A, B,C, D} is a realization for F, that is,

F(2)=C(2I — A)™'B+D. (14.3.4)

Clearly, this realization is finite dimensional. Hence any rational transfer function
admits a finite dimensional realization. Moreover, if C; is invertible, then the pair
{C, A} is observable. Furthermore, det[€2(z)] is the characteristic polynomial for
A, that is,

det[Q2(z)] = det[z] — A]. (14.3.5)

(The determinant of any operator T on a finite dimensional space is denoted by
det[T]. To be precise, det[T] is the determinant of any matrix representation for 7'.)
In particular, if Q is a scalar-valued polynomial, then 2 equals the characteristic
polynomial for A. Finally, it is noted that A is stable if and only if all the zeros of
det[Q(z)] are contained in the open unit disc D = {z : |z| < 1}. (An operator on a
finite dimensional space is stable if all of its eigenvalues are contained in the open
unit disc.)
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To show that {A, B, C, D} is a realization for C1Q~'T" + D, first observe that

[ 2I+A,_, —I 0 0 0 ]
AV_Q zl -1 0 0
T A= : P Do (14.3.6)

A,y 0 0 -I 0
A1 O O ZI -1
Ao 0 0 0 2l |

Using this we obtain

[z~ 272 2 I)(zI—A)=[2z) 0 0 0 0].
Multiplying by (21 — A)~! on the right and Q! on the left, we arrive at
Qz) ' [zv7 T 2R zZI Il=1[1 0 0 0 0](I—z4)""

Multiplying by C; on the left and B on the right yields

v—1

C19(2)7'T(2) = C1Q(2) ' Y "2 B; = C(sI — A)7'B.

=0

In other words, {4, B,C, D} is a realization for C1Q(z)~'T" + D.
Now assume that the operator C; is invertible. To show that {C, A} is ob-
servable, simply observe that

C [Cy 0 0 0 0
CA * C; 0 0 0
A2 * x4 0 0

:l,_l * ok ok Ci O

cA | x % *x O]

As expected, x denotes an unspecified entry. Because the matrix on the right-hand
side is invertible, the pair {C, A} is observable.

The scalar case. Let F be the scalar-valued transfer function presented in (14.3.1).

Then an observable realization for F is given by {A, B, C, d} where

—Qy—1 1 0 O O bu—l
—a,—2 0 1 00 by—2
A= s s B=| * |, and
—ay 0 O 1 0 b2
—aq 0 0 0 1 bl
| —ap 0 0 0 0 | bo |
cC=[ 1 00 0 0]. (14.3.7)
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In this case, det[z] — A] = ag + a1z + -+ + a,_12""1 + 2”. Finally, it is noted
that {A, B,C,d} is a minimal realization for F' if and only if there is no pole zero
cancellation in F, that is, ag+a12+- - -+a,_12° "1 +2” and bg+biz+- - +b,_1 2771
have no common zeros.

14.3.1 A Schur decomposition perspective

Now let us use the 2 x 2 Schur matrix inversion formula to show that det[Q(z)] =
det[z] — A], and {4, B,C, D} in (14.3.3) is a realization for C1Q(2)~'T'(z) + D.
To this end, let T be a block operator matrix of the form

T:[;/( ?,/}on[;} (14.3.8)

Assume that Y is invertible. Then the Schur complement for T with respect to V
is defined by A = V — WY 1X. In this case, T is invertible if and only if its Schur
complement A is invertible. Moreover,

A1 —ATtwy -1
-1 _
= [ YIXATT YTl 4y lXAT WY ! ] (14.3.9)
and A = (II,T~I})~* where IIy = [I 0] maps V& Y onto V.

To obtain the matrix inversion formula in (14.3.9), observe that 7' admits a
factorization of the form

T:[I Wy—le—Wy—lx OHYI 0]. (14.3.10)

0 1 0 Y “IxoT

Because Y is invertible, T is invertible if and only if A = V - WY 1 X is invertible.
By taking the inverse of T in (14.3.10), we arrive at

. I 017 At 0 I —wy-!
T —ylx T 0o Y ']||o I :

By performing these matrix calculations, we obtain the form for the inverse of T
in (14.3.9). Finally, it is noted that (14.3.10) also yields

det[T] = det[A] det[Y]. (14.3.11)

Now let us use the Schur decomposition to show that det[2(z)] = det[z] — A].
The matrix representation for T'= 21 — A in (14.3.6), yields

vV w
zI—A:{X Y]on{y,%}_l].
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Here V=z2I+A,_1 and W = [—I o0 --- 0 O] maps Y¥~1into Y, while
(A, _5] (2 —I 0 --- 0 0]
A, _3 0 2 —-I --- 0 0
A,y 0 0 =zI --- 0 0
X=| . |:Yy=y~!' and Y=|. . . . .| ony”h
Aq 0 0 0o - zI —-I
| Ao | K 0 0 - 0 =zl

The matrix Y has zI on the diagonal, —I immediately above the main diagonal
and zeros elsewhere. For nonzero z the inverse of Y is the upper triangular Toeplitz
matrix given by

V72 Y3 .. zl I
) 0 Y72 .. 221 2l
Y l=— : . : on YV 1.
zl/— . . . . .
0 0 R ) Lty |
0 0 e 0 22T

To verify this simply observe that YY~! = I. The Schur complement A(z) for
V =2zI+ A,_; is given by

Alz)=z[4+A,1+[I 0 -~ 0 0]Y'X
1 v—2 .
= ZI—FA,,_l + F ZZJAJ'
7=0
1
=5 Q(z).

In other words, A = Q/z”~! where A is the Schur complement with respect to
zI + A,_1. Recall that A is an operator on ). Hence

A(z) = ——0(2) and det[A}:w(_kf;Egm (= #£0).

Since det[Y] = (z¥~ 1)) equation (14.3.11) yields
det[z] — A] = det[A] det[Y] = det[Q2(z)]
for all nonzero z. Because det[2(z)] and det[z] — A] are both polynomials which

are equal for all nonzero z, it follows that det[Q(z)] = det[z] — A] for all z.
To complete this section, let us show that {A, B,C, D} is a realization for



386 Chapter 14. A Review of State Space

C1Q7T + D. The matrix inversion formula in (14.3.9) yields

Bu—l
Bu—2
ClzI-A)'B=C[A7" —AT'WY ] ,
By
Bu—2
v—3
=2""'CQ7'B, 1 +CiATHT 0 - 0 0]Y T
By

v—1
=107 2B = () ().
§=0
Therefore {A, B, C, D} is a realization for C1Q~'T' + D.

14.4 The Controllability and Observability Gramian

We say that an operator A on X is stable if the spectrum of A is contained in some
compact subset of the open unit disc D. So a finite dimensional operator is stable
if and only if all of its eigenvalues are contained in the open unit disc. We say that
{A, B,C, D} is a stable realization if A is a stable operator. If {A, B,C, D} is a
stable realization for a transfer function F, then F' is analytic in {z: 2| > 1 — €}
for some € > 0, and thus, F is a function in H*°(€,)). In other words, if F' admits
a stable realization, then F is in H>(€,)).

For the moment, assume that F'is a rational transfer function. Then F' admits
a minimal finite dimensional realization {A, B, C, D}. Moreover, it is well known
that « is a pole of F' if and only if « is an eigenvalue of A; see Theorem 6.3.1 page
78 in [60]. Finally, A is stable if and only if all the poles of F' are inside the open
unit disc D = {z : |2| < 1}, or equivalently, F' is in H>(€,)).

Let {C, A} be a stable pair. The observability Gramian P is the solution to
the Lyapunov equation

P =A*PA+ C*C. (14.4.1)
The solution P to this equation is unique and given by
P=> A"C*CA". (14.4.2)
n=0

Notice that P is positive. Furthermore, if the state space is finite dimensional, then
P is strictly positive if and only if the pair {C, A} is observable. If A is stable,
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then the observability matrix

C

CA
W, = |caz| : X — 2(Y) (14.4.3)

is a well-defined operator from X into ¢2 (). Finally, it is noted that the observ-
ability Gramian P = W;W,,.

Assume that {C, A} is an observable pair and the state space is finite dimen-
sional. Then there exists a strictly positive solution P to the Lyapunov equation
P=A*PA+ C*C if and only if A is stable.

Let {A, B} be a stable pair. The controllability Gramian Q is the solution to
the Lyapunov equation

Q = AQA* + BB*. (14.4.4)

The solution @ to this equation is unique and given by

Q=) A"BB*A™. (14.4.5)

n=0

Notice that @ is positive. If the state space is finite dimensional, then @ is strictly
positive if and only if the pair {A, B} is controllable. If A is stable, then the
controllability map

We=[B AB A’B ---]|:03(&)—X (14.4.6)

is a well-defined operator from Ei(é‘ ) into X. The controllability Gramian @ =
W.WE.

Assume that {A, B} is a controllable pair and the state space is finite di-
mensional. Then there exists a strictly positive solution to the Lyapunov equation
P = APA* + BB* if and only if A is stable.

Finite rank Hankel operators. Let H be the Hankel matrix defined in (14.2.3)
where {F;}5° is a sequence of operators with values in £(€,Y). Recall that H is
a Hankel operator if and only if

F Fy, Fj
H= Fo Bl (02 (E) — 2 14.4.7
=\ R F F - | 5E)—6E0) (14.4.7)

defines a bounded linear map. Now assume that the Hankel matrix H is finite rank,
or equivalently, F(z) = >.{° 27 "F, determines a rational transfer function. Let
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{4, B,C,0} be a minimal realization for F'. We claim that H is an operator if and
only if A is stable. If H is an operator, then the first column of H is an operator
from € into €3 (Y), that is, " FF, < oo, or equivalently, F is in H?*(E,)).
Hence all the poles of F are in D. Because {A, B,C,0} is a minimal realization
for F', the operator A must be stable. On the other hand, if A is stable, then the
controllability matrix W, in (14.4.6) and observability matrix W, in (14.4.3) are
well-defined operators. Since H = W,W,., we see that H is also an operator.

Now assume that {A, B,C,0} is a stable, minimal realization for a transfer
function and H is the corresponding Hankel operator. Let P = W W, be the
observability Gramian for {C, A} and Q@ = W.W. be the controllability Gramian
for {A, B}. Let 01 > 03 > --- > 0, be the nonzero singular values of H. Then we
claim that {07 }} are precisely the eigenvalues of PQ. In particular, |H||* equals
the largest eigenvalue of P@Q. To see this, recall that H = W,W.. Hence H*H =
WIW W W, = W;PW,.. So H*H and W} PW, have the same eigenvalues. Since
{o7}} are the nonzero eigenvalues of H* H, we see that {07 }{ are also the nonzero
eigenvalues of W* PW.. Recall that if M and N are two operators acting between
the appropriate spaces, then M N and NM have the same nonzero eigenvalues.
Hence {07} are the nonzero eigenvalues of PW.W;} = PQ.

14.5 The Kalman-Ho Algorithm

The Kalman-Ho algorithm allows us to compute a minimal realization for a ratio-
nal transfer function from a finite section of its corresponding Hankel matrix. This
algorithm also provides an effective method to compute a reduced order model for
a rational transfer function.

Let {F;}§* be a sequence of operators with values in £(£,)). A state space
system {A on X, B, C, D} is called a partial realization for {F;}i" if

Fo=D and F;=CA"'B (for 1<j<m).

The system {A, B,C, D} is a minimal partial realization of {F;}" if it is a partial
realization of {F}}{* of the lowest state dimension. Clearly, a minimal partial real-
ization is controllable and observable. It is emphasized that not all minimal partial
realizations of the same sequence {F;}{* are similar. For example, {0,1,1,0} and
{1,1,1,0} are both minimal partial realizations of the sequence {0,1} and they
are not similar. For another example, the minimal partial realizations

oo 3] omofma {5 o [V] 00 010)

of the sequence {0,0, 1} are not similar.

Remark 14.5.1. Let ¥; = {A; on X}, B;,C;,D,}, for j = 1,2, be two partial
realizations of the sequence {F;}2¥~*. Furthermore, assume that k > dim X; for

1 =1,2. Then X and X5 determine the same transfer function.
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To see this, let {A on X @& Xs, B, C, 0} be the state space system defined by

Al 0 Bl
A:|: 0 A2:|, B—|:B2:| and C:[Cl —CQ]. (1451)

Because both ¥; and X are partial realizations of {Fj }2]“ 1 it follows that
CA'B=0for0< j < 2k—2. However, the degree of the characteristic polynomial
for A must be less than or equal to 2k — 2. By the Cayley-Hamilton Theorem, this
readily implies that CA7B = 0 for all integers j > 0. Hence, C1 A By = C2 A} By
for all j > 0. Obviously, D; = Fy = Ds. Therefore, ¥; and X5 determine the same
transfer function.

Remark 14.5.1 readily yields the following result.

Remark 14.5.2. Let F be a rational transfer function of McMillan degree v, and
{F;}2F71 the first 2k — 1 Taylor coefficients of F = >.0° 27 F; where k is any
integer such that k > v. If {A, B,C, D} is a v dimensional part1al realization for
{F;}2*7! then {A, B,C, D} is a minimal realization for F.

Finite rank Hankel matrices. Let {A on X, B, C, D} be a minimal realization for
a L(&,Y)-valued rational transfer function F, and let F' = > ° 277 F be its Taylor
series expansion. Let Hj, be the Hankel operator mapping £* into Y* contained
in the upper k x k left-hand corner of the Hankel matrix H generated by {F};}{°
n (14.2.3), that is,

F1 F2 F3 ce Fk
F2 F3 F4 e Fk+1

H, = F3 Fy Fy ce Frqo : gk — yk, (1452)
Fp Fri1 Fryo -0 Fopa

(As expected, LF = @¥ L consists of k orthogonal copies of a Hilbert space £.) Let
Wk be the controllability operator and W, be the observability operator defined
by

W =[B AB A?B ... AF'B]:&k - x,
W =[C CA CA2 ... CAM1".x )t (14.5.3)

Using the fact that ; = CA7~1 B for all integers j > 1, we see that Hy, = W, Wey.
Now let v be the dimension of X. By the Cayley-Hamilton Theorem, W,y is one
to one and W,y is onto for all integers k > v. Hence rankHy = v for all integers
k > v. This fact allows us to work with finite Hankel matrices Hy to compute a
minimal realization for F'.
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The Kalman-Ho Algorithm. Let Hy be the Hankel matrix generated by a se-
quence of operators {F;}271 with values in £(E,)); see (14.5.2). Assume that
v = rankHy = rankHy_;. Using the singular-value decomposition find a factor-

ization for Hj, of the form Hy = LR where L = [Ll Ly --- Lk]tr is a one to
one operator mapping C¥ into Y* and R = [Rl Ry - Rk] is an operator
mapping ¥ onto C¥, that is,
L,
Ly
H,=LR=| . [Rl Ry - Rk] . (14.5.4)
Ly,

As expected, v is the number of significant singular values of Hy, that is, v equals
the rank of Hy, computed numerically. (Notice that Fj1;_1 = L;Rg.) To be precise,
let UAV* = Hy, be the singular value decomposition of Hy, where U and V are
unitary operators and A is a diagonal matrix consisting of the singular values of
Hj, in decreasing order. Then for example, one could choose

L =UIIg. and R=AJcV* or
L=UTEAY? and R= AT V™ (14.5.5)

where A, is the diagonal matrix on C” contained in the upper left hand corner of
A.
A minimal partial realization {A on C, B, C, Fy} for {F;}2*~! is given by

k—1 k—1
a= (Y] (Sona].
j=1 j=1
B=R; and C=1L;. (14.5.6)

Finally, it is noted that if we take L = UII. to be an isometry, then
k—1
A=(T-LiLe) ™ | Y LiLij
j=1

In this case, if k is large and the minimal realization is stable, then Lj ~ 0 and
state space operator A = Z;:ll LiLjy1.

To derive the Kalman-Ho Algorithm, first observe that Hy_1 = Hk_lHk|€k_l.
Here II;_; is the orthogonal projection from V¥ onto Y*~1 which picks out the
first k—1 components of Yk, So using Hy, = LR, we obtain Hy_ = Hk_lLR|5k‘1.
Since rankHy, = rankHy_1, we can say of the operators that

1L = [Ll Ly --- Lk_l]tr : C¥ — V¥~ is one to one and
R|<€'k_1 = [Rl Ry - Rk_l] &1 ¢ is onto CV.
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By exploiting the form of the Hankel matrix Hy, we arrive at

Lo I Fyo-- Iy,
L3 3 Fy oo Fep
: [Bi Ry - Ria] = : : . :
Ly Fp Fepy oo Fopo
L,
Ly
— ' [R2 Rz -+ Rul. (14.5.7)
Ly
Because R|<€'k_1 is onto, the range of [Lg Ly --- Lk]tr must be contained in
the range of [Ll Ly --- Lk—l] tr. This implies that there exists an operator A
on C¥ such that
Lo Ly
Ls Lo
L= . A=1I,_,LA. (14.5.8)
Ly, Ly

Recall that II;_; L is one to one. By taking the pseudo inverse in (14.5.8), we
arrive at the formula for A in (14.5.6). To be more explicit, multiplying on the left
by [L*{ Ly --- LZ—l]: we obtain

k—1 k—1
D LiLin = | X _LiL; | A
j=1 j=1

This readily yields the formula for A in (14.5.6).

Set C' = L;. Then (14.5.8) implies that Lo = 1A = CA and L3 = Ly A =
C A%, By continuing in this fashion, we see that L; = CA7~! for j =1,2,...,k. In
other words, L = W, where W,y is the observability operator defined in (14.5.3).
By substituting (14.5.8) into (14.5.7), we obtain

Hk_lLA [Rl R2 s Rk—l] =111 L [RQ R3 s Rk] .
Since IIx_1 L is one to one, this implies that
A [Rl Ry - Rk_l] = [Rg Ry --- Rk] .

Setting B = Ry, we see that Ry = AR; = AB and Rz = AR, = A%B. By
continuing in this fashion, we obtain R; = A’"'B for j = 1,2,...,k. Thus R =
Wer where W,y is the controllability operator defined in (14.5.3). This readily
implies that

H, = LR =W, We.
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In other words, { A, B, C, Fy } is a partial realization of {Fj}gk_l. Because L = W,
is one to one, the pair {C, A} is observable. Since R = W, is onto, the pair
{4, B} is controllable. Therefore {A, B,C, Fy} is controllable and an observable
partial realization of {F;}2*~'. This completes our derivation of the Kalman-Ho
algorithm.

To compute a controllable and observable realization for a rational transfer
function F(z) = Y " 27/ F}, simply apply the Kalman-Ho algorithm to the Taylor
coefficients {F;}2*~! for F' where k > v the McMillan degree of F. Then the
Kalman-Ho algorithm yields a realization {A on X, B,C, D} for F'; see Remark
14.5.2. In fact, the degree of X may be less than the McMillan degree of F.
This can happen because the Hankel matrix determined by F' may have several
small nonzero singular values, and the Kalman-Ho algorithm will eliminate the
insignificant singular values. So the Kalman-Ho algorithm can also be used to find
a reduced order model for F' or any realization. Ruffly speaking, a reduced order
model of {A on X, B,C, D} is any state space system {4 on X', B, C, D} such that
dim X < dim X and these two systems have “approximately” the same transfer
function.

The Kalman-Ho algorithm works especially well when the rational transfer
function F' is in H*°(£,)), or equivalently, the corresponding Hankel matrix is
bounded. In this case, one can use large data sets to compute a minimal realization.
If H is not bounded, then || H| approaches infinity as k tends to infinity, and this
may cause numerical problems for large data sets.

The Kalman-Ho algorithm can be used on experimental data to find a state
space realization. Since the singular value decomposition is very efficient, one can
apply the Kalman-Ho algorithm on large data sets when the underlying system is
stable.

Ezample. Let us show how the Kalman-Ho algorithm can be used to compute a
reduced order model for a nonrational function. Consider the transfer function
f(z) = e'/#. Clearly, this transfer function is not rational, and thus, there is no
finite dimensional realization for f. By applying the Kalman-Ho algorithm on the
corresponding Hankel matrix of length 200, we arrived at the following second-
order model:

A= | 04319 0'2333], B:{—1.0079] and C = [-1.0079 0.1257].

T 1-0.2333  0.0491 —0.1257
As expected, D = f(o0) = 1. The transfer function for {A, B, C, D} is given by

22 +0.5161z + 0.09196
22 —0.4839z + 0.07578"

Clearly, {A, B,C, D} is not a realization of f. However, it turns out that
IIf — glloo & 0.0014 and || f|jec = e = 2.7183. So the realization {A, B,C, D} is a
“fairly accurate” reduced order model for e'/#. Finally, it is noted that one can
obtain a more accurate approximation of e'/# by choosing a higher order state
space model.

g(2)=D+C(zI - A)™'B=




14.6. The Restricted Backward Shift Realization 393

14.6 The Restricted Backward Shift Realization

Recall that a rational transfer function is a proper rational function. Section 14.3
shows that any rational transfer function admits a finite dimensional realization.
In this section, we will use the backward shift to construct a minimal realization
for a rational transfer function F with values in £(£,)). To this end, let S* be
the backward shift given by

0 Iy 0 0 - Yy
u 0 0 Iy 0 - Y
S*=10 0 0 Iy ---|on |y (14.6.1)

Here S* is viewed as a linear map acting on the space £ () of all unilateral vectors
of infinite length with values in ). We do not need a topology on £ ()). However,
if F is a function in H%(£,Y), then we can take S* = S* to be the backward shift
on (2 (Y); see Section 14.6.2 below. Let H, be the range of the Hankel matrix H
in (14.2.3), that is,

M, =span{S*"E€ :n >0} where E=[F F F ---]7. (146.2)

Here = is the first column of H, and F =) ;° 27" F, is the Taylor series expansion
for F. Notice that H, is an invariant subspace for S*. Because F is rational, H,
is finite dimensional. Let A,. be the linear map on H,. defined by A, = S ti|7"(T, and
B, the linear map from & into H, determined by B, = =, and C,. the linear map
from H, into Y given by

CT[JJO T1 X2 -~-]tr:x0 where [1'0 T1 T2 -~-]treHr. (14.6.3)

We claim that {A,, B,, C,, Fo} is a controllable and observable realization for F.
This realization is called the algebraic restricted backward shift realization of F.

To show that {A,, B,,C,, Fy} is a realization of F, observe that for any
integer n > 1, we have

CoA B, = C, 8" ' 2= C [ Fy Fugi Fuyo - |7 =F,.

Hence (14.1.11) holds, and thus, {A,, B,,C,, Fy} is a realization for F. Because
H, is invariant for S* and A4, = S”'HT, we have

H, = span{S*"ZE : n > 0} = span{A"B,£ : n > 0}.

So the pair {A,, B, } is controllable. Let x = [ o X1 Lo - ]tr be any vector
in ‘H,. Notice that C;, Al'x = x,,. So C, A}z = 0 for all integers n > 0 if and only
if x = 0. Thus the pair {C,, A,} is observable. Therefore {A,, B,,C,, Fy} is a
controllable and observable realization for F'.
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It is well known that a finite dimensional realization is controllable and ob-
servable if and only if it is minimal. Let us directly show that the restricted back-
ward shift realization is minimal. To this end, let {A on X', B,C, D} be a finite
dimensional realization for F. Let W, be the observability matrix defined by

W,=[C CcA CA2 -7 X =)

Notice that S#W, = W, A. Using F,, = C A" !B for all integers n > 1, we see that
= = W,B. Hence

H, = Span{Sﬁ”EE :n >0}
= span{S*"W,BE : n > 0}
= span{W,A"BE : n > 0}
CW,X. (14.6.4)

In other words, H,, C W,X. So dimH, < dim X'. Since H,. is the state space for
{4;, B, C,, Fy}, the restricted backward shift realization is minimal.

Now let us show that all minimal realizations of the same rational transfer
function are similar. Assume that {A, B, C, D} is a minimal realization for F'. Then
dim H, = dim X'. This with H,, € W,X implies that W, maps X one to one and
onto H,. Let ® be the similarity transformation mapping & onto H, determined
by ® = W,. Then using S*W, = W, A, we obtain

A, ® = S'W, = W,A = ®A,
®B=W,B=E5=B,,
C.d=C,W, =C. (14.6.5)

Therefore ® is a similarity transformation intertwining {A, B, C, D} with the re-
stricted backward shift realization. So all minimal realizations of the same transfer
function are similar to the restricted backward shift realization. Because similar
realizations are transitive, all minimal realizations of the same transfer function
are similar.

Now let us show that a finite dimensional realization is controllable and
observable if and only if it is minimal. A minimal realization is similar to the
restricted backward shift realization. Because the restricted backward shift re-
alization is controllable and observable and controllability and observability are
preserved under a similarity transformation, a minimal realization must be con-
trollable and observable. On the other hand, if {A, B,C, D} is a controllable and
observable realization of F', then observability shows that W, is one to one. By
consulting (14.6.4), controllability implies that H, = W,X. In other words, W,
maps X one to one and onto H,. Therefore X and H,- have the same dimension.
Because the restricted backward shift realization is minimal, {A, B, C, D} is also
minimal. So any controllable and observable realization is minimal. In other words,
a finite dimensional realization is controllable and observable if and only if it is
minimal. In this case, all minimal realizations of the same transfer function are
similar.
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14.6.1 Rational functions in H?*(£,))

Throughout we assume that £ and ) are finite dimensional spaces. Recall H 2(8 V)
is the Hilbert space formed by set of all £(&€,Y)-valued analytic functions F in D4
such that the trace F*(e")F(e*) is summable. In this case,

| F||? = trace Z FrF, where F(z)= Z 2 "F, (14.6.6)
n=0

n=0

is the Taylor series expansion for F. Finally, it is noted that if F' is a rational
function in H?(€,)), then F must be a proper rational function.

Remark 14.6.1. Let F(z) be a proper rational function with values in £(&,)).
Then the following holds.

(i) The transfer function F is in H?(€,)) if and only if all the poles of F are
contained in the open unit disc D. In particular, F is in H2(£,)) if and only
if Fis also in H*(€,)).

(ii) The function F is in H*°(€,)) if and only if F' admits a stable, finite dimen-
sional state space realization {A, B,C, D}. In this case,

|F||3 = trace (D*D + B*PB) where P=A*PA+C*C.  (14.6.7)

Part (i) follows from the partial fraction expansion for a rational function, and
is left as an exercise. According to Part (i) a rational function F is in H*(£,))
if and only if all the poles of F' are contained in . So F' is a rational func-
tion in H*(&,)) if and only if F' admits a stable, finite dimensional realization
{4, B,C, D}, that is,

F(z2)=D+C(zI - A)'B

where A is a stable operator on X. In particular, this implies that the Taylor
coefficients {F}, }5° of F are given by

Fo=D and F,=CA"'B  (foralln>1). (14.6.8)

To obtain the formula for the H? norm of F in (14.6.7), recall that the observability
Gramian P is the unique solution to the Lyapunov equation in (14.6.7). Moreover,
P =3 A*"C*CA". This and (14.6.8) yield

> F;F,=D*D+ Y B*A™ 'C*CA"'B=D"D+ B*PB.

n=0 n=1

Therefore H? norm of F is given in (14.6.7).
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14.6.2 The restricted backward shift realization in H?

Previously we presented the algebraic restricted backward shift realization. If F’
is a function in H%(£,)), then we can introduce a topological structure on this
realization. To this end, let F be a transfer function in H2(£,Y), and F(z) =
o 2 ™F, its Taylor series expansion. Let = be the operator defined by

E=[FRA B F - ]":£=20)

Let S be the unilateral shift on ¢2(Y), and H, the invariant subspace for S*
determined by

M, =\/ S"EE. (14.6.9)

n=0

Let IIy be the orthogonal projection mapping ﬁ_(y) onto )Y which picks out the
first component of £2 (), that is,

My=[I 0 0 ---]:2()— .

The restricted backward shift realization of F' is the controllable and observable
realization {A, on H,, B, C,, Fy} defined by

A, = S*|H, on H,,
B.==:&—>H,,
Cp =Ty|H, : Hy — V. (14.6.10)

It is left as a simple exercise to verify that {A,, B,., C,, Fy} is indeed a controllable
and observable realization for F. Finally, it is noted that F' is a rational function if
and only if H, is finite dimensional. In this case, 4, is stable. (Since S*™ converges
strongly to zero, and A, = S*|H,, we see that A7 converges to zero. Because H,
is finite dimensional, A, is stable.) The dimension of H,. is the McMillan degree
of F.

Now assume that {A on X, B,C, D} is a minimal realization for a rational
transfer function F in H?(€,Y). Then the operator

C

CA
®=|ca2|: X > H, (14.6.11)

is a similarity transformation intertwining {4, B, C, D} with the restricted back-
ward shift realization {A,, B;, Cy, D,.} for F.
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14.7 Notes

All the results in this chapter are classical; see [53, 60, 67, 68, 140, 149, 189, 193]
for further results on state space and realization theory. For a nice paper on the
Kalman-Ho algorithm see Damen-Van den Hof-Hajdasinski [63]. The restricted
backward shift realization is now classical. Our approach to the backward shift
realization was taken from Helton [132] and Fuhrmann [105]. For a shift realization
approach to certain nonlinear systems see Frazho [92], Rugh [188] and Wong [201].



Chapter 15

The Levinson Algorithm

In this chapter we will develop the Levinson algorithm. We will also present the
Gohberg-Semencul-Heinig inversion formula for strictly positive block Toeplitz
matrices.

15.1 The Levinson Recursion

To present the Levinson algorithm, consider the strictly positive Toeplitz matrix
T, on £" defined by

Ry Rf - R,
R, Ry - R,
T, = . . i ) on &". (15.1.1)
R,_1 Rp,—2 --- R

The Levinson system of equations is defined by

I A, Bn.o 0
A 0 B 0
T, | An2 | = | 0| and, : =|:]. (15.1.2)
: : B2 0
An,n—l 0 1 An

Here A,, ;, By, Ay, and A,, are all operators on £. Moreover, we set A,, o = I and
By.n—1 = 1. To simplify some notation, let us also set
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Ap=[An1 Ans - Apni]":E—ET,

B, = [Bn,o Bni - Bn}n_ﬂ”‘ L& Enl
Xo1=[Ri Ry - Roi]":E—&", (15.1.3)
Yoo = [Rno1 Ru—a -+ Ry | EL S €l

Using this notation, we see that Y, admits two different matrix decompositions
of the form

_ Ry X;;—l & T, 1 er—l gn—1
T, = |:Xn—1 TH_J on Lgn_l] and [Yn—l Ro on s | (15.1.4)

Moreover, the Levinson system in (15.1.2) is equivalent to
Ry X: 1[17 _ [An Tho1 Y, 4| |Bn| _ |0
[Xn_l Tn—1:| [AJ = [ 0 and Y.\ R 7= Al (15.1.5)

Remark 15.1.1. Assume that Y,,_; is strictly positive. Then the solution to the
Levinson system in (15.1.2) or (15.1.5) is unique and given by

A,=Ro— X Y:'' X, 1 and A,=-".' X, 1,
Ap=Ro—Y, 1Y, Y:, and B,=-T,1Yr,. (15.1.6)

Furthermore, Y, is strictly positive if and only if A,, is strictly positive, or equiv-
alently, A, is strictly positive. Finally, A,, is the Schur complement for Y,, with
respect to Ry in the upper left-hand corner of Y.

By consulting the Levinson system in (15.1.5), we obtain T,,_1 A, = =X, _1
and Y,,_1 B, = -Y* ,. Because Y,,_; is strictly positive, both of these equations
have a unique solution. Moreover, these solutions are given by A,, = —T;ian_l
and B,, = =Y, Y* . This yields the second and fourth equation in (15.1.6). Sub-
stituting A, = —T;ian_l into Ro + X;_1 A, = A, we arrive at the first equa-
tion in (15.1.6). Finally, substituting B,, = —T;ilYn*_l into Rg +Y,,_1B, = A,
yields the third equation in (15.1.6). Because A,, and B,, are uniquely determined,
A, and A, must also be unique. Therefore the solution to the Levinson system in
(15.1.2) is unique and given by (15.1.6).

Now let us show that Y, is strictly positive if and only if A, is strictly
positive. According to (15.1.6), the operator A,, is the Schur complement for the
first matrix decomposition of T, given in (15.1.4). By Lemma 7.2.1, the operator
T, is strictly positive if and only if its Schur complement A,, is strictly positive.
A similar argument shows that T,, is strictly positive if and only if A,, is strictly
positive.

The Levinson algorithm. Let Y, be a strictly positive Toeplitz matrix on E".
Then the solution to the Levinson system in (15.1.2) is recursively computed by
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[ Apiia ] [ Anq ] [ Bno ]
A D = R e
An—i—l,n—l An,n—l Bn,n—2
L An+1,n ] L 0 h L I a
[ Bniio ]| o 1 [ I ]
Bt B, A1 .
) = . — . AQr, (15.1.7)
_Bn+1,n—l_ _Bn,n—Z_ _An,n—l_
Apy1 = A, —QUATIQ,,
Apy1 = Ay — Q,A01Q7
n—1
j=1
The initial conditions for the Levinson algorithm are given by
Ay =Ry — RiR;'R; and A1 =—Ry'Ry,
Ay =Ro— RiRy'R; and Bao= —R;'R}. (15.1.8)
To derive the Levinson algorithm observe that (15.1.5) yields
1 A, B,| |0
1] we n[3]-[0] s

Using the structure of the Toeplitz matrix T, in (15.1.4), we see that Y, 1 admits
a matrix decomposition of the form

R, X', R £
Tn—i—l =1 Xp1 Tho er—l on |&n1 (15110)
R, Y,1 Ry E

By employing (15.1.3) and (15.1.9), we arrive at

X1 R;
Tho1 Yoy
Yn—l RO |
no1 Ry
Too1 Yoy
Yn—l RO |

(17 A
Al =10,
o] |
0] [o,
Bn| =10
1] A

Here Q,, and ®,, are the operators on £ determined by

Qn =R, + Yn—lAn

and &, =R+ X _|B,.
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Notice that Q, = R, + Z;’:—ll R,_;A, ; is precisely the last equation (15.1.7).
Now observe that

(A, — A0, ]

Tn+1 A;1 Qn = 0 )

0
B,

I

I 1 T 0
A, | AM, | = 0 .
0 A — QAL D, |

I
An

0

0
Tn+l Bn
1

To obtain the next step in the Levinson algorithm, set

/ I 0
{ ]_ A = [ [Ba] | A,
An+1 0 I
B [fol] [[I]]
[ ’}*1] = |Ba|| — ||An]| | A D, (15.1.11)
I 0

An-‘,—l = An - (I)nA;,lQna
Mgt = An — QAT

Then equation (15.1.9) holds for n + 1. In a moment we will show that &,, = Q.
This with (15.1.11) yields the Levinson recursion (15.1.7).

To complete the proof, it remains to show that ®,, = Q). Recall that Y | =
—Y,-1B, and X,,1 = —=Y,,_1A,. Using Y,,_1 = —B}Y,,_1, we obtain

Qn = Rn + Yn—lAn = Rn - B;Tn—lAn

=R, + B X, 1= (R, +X;_B,)"
=

Therefore ®,, = Q.

Remark 15.1.2. Since A; is the Schur complement for Y;, the operator T, is
strictly positive if and only if A; is strictly positive for j = 1,2,...,n where
A1 = Ry; see Lemma 7.3.1. So one can use the Levinson algorithm to determine
whether or not Y,, is strictly positive. In this case, let L,, be the lower triangular
matrix defined by

Ao 0 0 -0 0
An An—1,0 0 0 0
n,2 An—11 Apn—20 - 0 0
Lo=|"" . (15.1.12)
: : : . : 0
Apn—2 An-1n-3 An2n-a -+ Ao 0
_An,n—l An—l,n—Q An—2,n—3 e A2,1 Al,O_
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Here A,; = Ap AnY? for all j = 0,1,2,...,n — 1 while Ajo = Ry /% and
A\k,o = A;l/Z. Finally, L,, is a lower triangular factorization for T !, that is,

Y. '=L,L:. (15.1.13)

The operator T, is strictly positive if and only if A, is strictly positive
for j = 1,2,...,n where A; = Ry. Now consider the upper triangular matrix
determined by

I én,O Bin—l,O e és,o §2,0 El,o_
Bna Bpnaa oo+ Bzn Baa 0
B2 By,_12 -+ B3a O 0

Bn,n—? §n—l,n—? T e 0 0

_§n’n_1 0 0 0 |

Here §n7 = Bn,jA;l/2 for all j = 0,1,2,...,n — 1 while §1,0 = Ral/Q and
Ek,k_l = A,;l/?. Finally, U,, is an upper triangular factorization for Y, 1, that is,

Y, ' =U,U;. (15.1.15)

Because L,, is a lower triangular matrix with diagonal entries /Alk,o = A,;l/ 2
for k = 1,2,...,n, the operator L, is invertible. By inverting L,, and L}, we
see that Y,! = L,L? if and only if L, 'Y 'L * = I. By taking the inverse,
Y. ! = L,L} if and only if L:Y,L, = I. Now let us use induction to show
that LXY,L, = I. Since Y1 = Ry and Ly = Ry /2, we have LiY L, = I. To
complete the induction argument, assume that Ly Y, _1L,,_1 = I. The operator
L,, admits a matrix decomposition of the form

—1/2 1
L, = An 0 on [55_1]. (15.1.16)

A A Ly

Using the first Levinson system in (15.1.5) with (X,—1+Y,_14,)* = 0, we obtain

Ry X: ][ a0
Xn—l Tn—l AnAﬁl/Q Ln—l

_ A A;UQA;} {A}/Q X;;_an_l}

LiYnL, =L [

0 ;;_1 0 Tn—an—l
[ AP (X ALY ) L
0 L:_lTn—an—l

[ o
“lo 1)
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Therefore LY, L, = I, or equivalently, Y,;* = L, L.
To complete the proof, observe that Y, = U, U if and only if UY,,U,, = I.

As before, let us use an inductive argument. Since Y1 = Ry and Uy = Ro_l/2, we
have UfT1U; = I. Assume that U}_,Y,,_1U,_1 = I. The operator U,, admits a
matrix decomposition of the form

BnAgl/Q Un—l

Un == _
A2 0

on {57;1] . (15.1.17)

Using the second Levinson system in (15.1.5), we obtain

* —-1/2
U*TnUn — U;Lk |:Tn—1 Yn_1:| BnAn Un—l

" Yn—l RO A;1/2 0
C[APBE AR 0 TuaUna
B ;—1 0 A111/2 Yn—l Un—l

AP (BEY oy + Y1) Uy
U;_lrn—l Un—l

0

i

Therefore U Y,U, = I, or equivalently, Y,;} = U,U;.

Assume that T,, is strictly positive. By mimicking the computations in Re-
mark 7.1.3, or by a direct computation, we see that the solution to the Levinson
system is unique and also given by

oo

1

( IH*) ,

= (T, Y, 11'[*) Y
1H*An_[I Ana - Apna]”, (15.1.18)
11—[* [BnO Bni -+ Bpms []tr’

—[I 0 -~ 0 0]:6"=¢,

=0 0 0 I]:&"—=¢€.

Finally, it is noted that the operators II; and II,, depend on n.

15.2 The Scalar Case

Now assume that T, is a strictly positive Toeplitz matrix on C™. In this case, the
entries of T, are all complex numbers. In other words, Y, is a matrix of the form
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To T1 Tn—1
71 ro - Tp—2 "
T, = : } . ) on C". (15.2.1)
Tn—1 Tn—2 e To

In the scalar setting, the Levinson system of equations is defined by

1 En
an,l O

T, | a2 | =|0]. (15.2.2)
An.n—1 0

Here a,, ; and ¢, are all scalars. (We set a, ; = A, j and e, = A, and p, =Q,.)
As expected, a0 = 1. In this case, the Levinson system in (15.2.2) is recursively
computed by

Gn41,1 an,1 an,n—l
_ on |
= _— . 5
Gn+1,n—1 Gn,n—1 En an,1
Ap+1,n 0 1
2
_ |on|
5n+1 =&n — )
En
n—1
On =Tn + g Tn—jln,j- (15.2.3)
j=1
The initial conditions for the Levinson algorithm are given by
2
T1 1
g9 =19 — u and ag1=——. (15.2.4)
To To

The Toeplitz matrix T,, on C" is strictly positive if and only if ; > 0 for j =
1,2,...,n where €1 = 7.
To prove this recursion it is sufficient to show that A, = ¢, and

[Bn,O Bn,l e Bn,n—Z 1] " = [an,n—l an,n—2 Tt an,l 1] o (1525)

solves the second Levinson equation in (15.1.2), or equivalently, (15.1.9). To this
end, let J be the unitary operator on C™ with 1’s on the off diagonal and zeros
elsewhere, that is,

o0 --- 01
00 --- 10
J=1|: t ¢ | onC" (15.2.6)
0 1 0 0
10 0 0
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A simple calculation shows that JY,J = Y, = YTir. As expected, Y, is the
matrix formed by taking the complex conjugate of the entries of T,,. Using this
with (15.2.2) and J? = I, we arrive at

0 En 1 An.n—1

0 0 an,1 An.n—2
=J || =JdT.dg| | =7Y

0 0 Ap on—2 Gn,1

En 0 an,n—l 1

By taking the complex conjugate, we obtain the second equation in the Levinson
system (15.1.2), that is,

Tn [anm—l Apn—-2 **° Qp1 1] = |:0 0o --- 0 En ]* .

(The {B,,;} are defined in (15.2.5) and A,, = £,,.) This with the Levinson recursion
in (15.1.7) yields the Levinson recursion for the scalar case in (15.2.3).
The following is a scalar version of Remark 15.2.1.

Remark 15.2.1. Let T,, on C"™ be the Toeplitz matrix in (15.2.1). Then T, is
strictly positive if and only if €; is strictly positive for j = 1,2,...,n where ; = 7o.
So one can use the Levinson algorithm in (15.2.3) to determine whether or not 1,
is strictly positive. In this case, let L,, be the lower triangular matrix defined by

no 0 0 00

ZL\n,l Ein—l,O 0 0 0

Qn,2 an—1,1 an—2,0 T 0 0
L, = (15.2.7)

0

Gpn—2 Op—1pn—3 GQn-2n-4 -+ a0 0O

|Ann—1 OAn—-1n-2 0ap-2n-3 ~°°° (A21 (10 ]

Here Gy ; = for all j = 0,1,2 1 while @10 = rg /2 and Gpo =
ere n,j = an,;j/\/En for all j =0,1,2,...,n — 1 while @, o = r and Qo =

1//2k. Finally, L, is a lower triangular factorization for Y, !, that is, T,! =
L,L}.
Now consider the upper triangular matrix determined by

[ En,O En—Lo e ES,O §2,0 2?\1,0_
211,1 211—1,1 e 23,1 bo1 0O
bn.2 bp—12 -+ b32 O 0
U= | . . . . - (15.2.8)
/l;n n—2 /l;n—l,n—Q 0 0
j;n n—1 0 0 O R
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The entries of U, are formed by taking the complex conjugate and reversing the
order of the {ay ;}, that is,

~ ~ ~ ~ tr 1 _ _ t
[bk}o bk}l bk}k_g bk;7k;—1:| = —F [ak,k—l Gk k-2 Akl 1] " .

NG
(15.2.9)

Finally, U,, is an upper triangular factorization for Y1, that is, T, ! = U, U}.

15.3 The Gohberg-Semencul-Heinig Inversion Formula

In this section we will present the Gohberg-Semencul-Heinig formula for inverting
a strictly positive Toeplitz matrix. To this end, let T,, be the strictly positive
Toeplitz matrix on £ presented in (15.1.1). Let {A, ;}0~" and {B,;}5~" be the
operators on & in (15.1.2) where A, o = I and B,,,—1 = I, or equivalently, the

~

solution to the Levinson system in (15.1.7). Let {4, ;}27* and {B,;}5~" be the
normalized Levinson operators on £ defined by

[ I i [ A’il/:n,O ]
A ,1 An,l
Ay =T AGAY? = | An2 | A2 = | Ans |
_An,n—l_ An,n—l
[ Bn,O T -/B?:n,O
Bn,l Bn,l
B, =T UAY2=| o A= |, (15.3.1)
Bn,n—Z En,n_Q
L 1 - Bn,n—l

An = (LY and A, = (I,

Notice that A\n and En are operators mapping & into £", while A, and A,, are
operators on £. One can compute A, and B,, directly without using the Levin-
son algorithm. However, the Levinson algorithm is numerically more efficient. As
before, II; is the operator which picks out the first component of £7, and II,, is
the operator which picks out the last component of £7; see (15.1.18). Consider the
lower triangular block Toeplitz matrices on €™ determined by

Ano 0 0 0
An,l An,O 0 0
L, = Ao 1 Ano 0 ,
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0 0 0 0

Bn,O 0 0 0

Ly = Bml Bn,O 0 0
En n—2 §nn’L—S §n 0 0

Notice that En,o appears on the main diagonal of L,, while the main diagonal of
Ly is zero and B, appears immediately below the main diagonal. Consider the
upper triangular block Toeplitz on £™ matrices defined by

[ Bn,n—l §n7n—2 En,n—?) En,o
0 Bn,n—l Bn n—2 Bn,l
Uy, = 0 0 Bn,n—l Bn,g ,
L 0 0 0 An n—1
i 0 A\n n—1 A\n,n—Z A\n 1
0 0 An,n—l n,2
U, = : :
0 0 0 A\n,n—l
L 0 0 0 0

Here the entries {Enj} of Up and {Enj} of U, appear in reverse order. Moreover,
By, .n—1 is on the main diagonal of Uy, while the main diagonal of U, is zero and

A, n—1 appears immediately above the main diagonal. It is emphasized that L,
Ly, U, and U, all depend upon n. The inverse of T, is given by

Y, ''=L,L; — LyL; = U Uy — U,U:. (15.3.2)

In particular, if T, is a strictly positive Toeplitz matrix on C", then A,, = A,
and By ; = Appn—j—1 for 5 =0,1,2,...,n — 1. In this case, Uy, = L} and U, =
L}; see (15.2.9). The inverse of Y, in (15.3.2) is referred to as the Gohberg-
Semencul-Heinig inversion formula. Finally, it is noted that the Levinson with
the Gohberg-Semencul-Heinig inversion formula provides a numerically efficient
method to compute the inverse of Toeplitz matrices.

To prove the Gohberg-Semencul-Heinig inversion formula, let I be the op-
erator which picks out the last n — 1 components of £™, that is,

I, = [0 I]: [gf_l} — &l
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Notice that T, admits a Schur type factorization on £ @ £*~! of the form

_[Ry X;
Tn B _Xn Tn—1:|

[ o xz, 1A, 0 I 0
- I 0 Tn—l 0 T,:il Xn—l Tn—l

K X0 1] -1
_ _O] AL 0]+ [Tn_j T K Taod]
= AL + YL, T, (15.3.3)

Recall that X,,_; is defined in (15.1.3), and A,, is the Schur complement for Y,
with respect to Ry, that is,

A, = Ro—X: Y5 X, 1.

It is noted that A1 = II; Y, 'TI;. Multiplying the last equation in (15.3.3) by
T, on the right and left with (15.3.1), we arrive at

Yo=Y ALY T, T,
= A AN T T, (15.3.4)

Now let IIx be the operator which picks out the first n — 1 components of
E™, that is,
gn—l
IF=[I 0]: { P ] — &t
The operator T,, admits another Schur type factorization on £~ @ &£ of the form

T, = [Tn—l Yn*—l]

Yn—l RO
[T 0 .10 Too1 Yo,
T Yo I 0 A, 0 I
=TI A,IL, + VLI TLEY,. (15.3.5)

Recall that Y;,_; is defined in (15.1.3), and A,, is the other Schur complement for
T,, that is,
Ap=Ro— Y, X1 Y5 . (15.3.6)

Furthermore, A;! = IL,, Y 'II* . Multiplying the last equation in (15.3.5) by T, !
on the right and left with (15.3.1), we obtain

Tt =, ALY+ I, T
= B, B + 0, 5. (15.3.7)
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By combining (15.3.4) and (15.3.7), we arrive at the following two formulas for
the inverse of T,,:

Yol = AL AN IR T,
B, Bl 4 I, T x. (15.3.8)

Let Z,, be the lower shift on £", that is,

0 0 0
I 0 0 0
Zpy= |t ¢ . 1 | oné&m™.
0 0 0 0
0 0 I 0

The identity appears immediately below the main diagonal and zeros elsewhere.
Now observe that

H/;Zn = H]: and H]:Z:; = H[.
In particular,

Y, e = Z30 Y, e 2y,
1030 OO 1 /0 1 5 G | P/

Using this with (15.3.8), we obtain

T} + I, T,
+ Z, 00 N M 20

v Z, (T;l . J§n1§;;) zr.

A, A%
A, A%

|
)

Y

3

The yields the following Lyapunov equation for the inverse of Y,:

Yol = 2,712 + A A — Z,B,B:Z;

nTn’

Yo' =20 Z, + BB — Z: A, A% Z,. (15.3.9)

The second equation follows by a similar calculation involving (15.3.8).
Because Z' = 0, the solution to the first Lyapunov equation in (15.3.9) is
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given by
n—1 . A o
T, =Y 7} (A4, - 2,B.B,2;) 2)
7=0
A
N N ALZy
- A, z.A, zp A, | ,
Ax zxn-
B;
. ~ B Z;,
-2, B, 7.B, 7B, | . z;
B zxn—1

= L,L: — LyL;.

This yields the first Gohberg-Semencul-Heinig inversion formula in (15.3.2).
To obtain the second Gohberg-Semencul-Heinig inversion formula, observe
that the solution to the second Lyapunov equation in (15.3.9) is given by

n—1

T =3z (Ené;; - Z;Enﬁ;gzn) Zi
5=0
B zpt
R R R B;zn—?
- [ 2B, 7B, ... Bn} _
B;
A\* n—1
R R R A\;ZTL—Q
-7y zir'A, zpA, o A, Z,

=U,U; — U,U>.

This yields the second Gohberg-Semencul-Heinig inversion formula.

15.4 Notes

The Levinson algorithm is classical and due to Levinson [156]. For further results
on the Levinson algorithm and historical comments; see Caines [47], Kailath [138]
and Kailath-Sayed-Hassibi [143]. For some applications of the Levinson algorithm
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to signal processing see Kailath [141], Marple [167] and Stoica and R. Moses [195].
The Levinson algorithm also plays a basic role in geophysics; see Claerbout [57],
Foias-Frazho [82] and Robinson-Treitel [181]. The Gohberg-Semencul-Heinig in-
version formula is now a classical and widely used result. The seminal papers are
Gohberg-Semencul [120] and Gohberg-Heinig [118, 119]. This inversion formula
also works for Toeplitz matrices which are not positive. In this case, one needs
four different operators mapping £ into £™ to compute the inverse. Our approach
was taken from Gohberg-Kaashoek-van Schagen [121]; see also Frazho-Kaashoek
[99]. For some applications of the Gohberg-Semencul-Heinig inversion formula see
Kailath-Kung-Morf [142] and Constantinescu-Sayed-Kailath [58].
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